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Chapter 1

Ridge estimators

We start these lectures with a particular learning problem in high dimension
that we solve using generic arguments. The proof can easily be adapted
to more involved problems, see in particular the problem at the end of the
chapter, and motivates the development of probabilistic tools in the following
chapters.

1.1 Setting

Consider the high dimensional Gaussian linear regression setting where we
observe i.i.d. couples (z;,¥;), ¢ € {1,...,n}, distributed as (z,y) and such
that

y=1(0",z)+ o0& .

In all the chapter, we assume that z,0* € R? = O, y,0,¢ € R, with d
possibly much larger than n. The parameters 6* and o are fixed, while
x,y,& are random and satisfy x ~ N(0,%), £ ~ N(0,1) are independent.
We will also write X ~ N(0,1) a standard Gaussian vector in R? such that
r=X2X.

Given A > 0, the ridge estimator is defined as

0 € argming.g Poly + |03

where the loss is the square loss fy(z,y) = (y — (x,0))? and the empirical
means are denoted P,g =n~1 3" | g(z;,y;) for any function g taking values
in a convex set C.

The goal of our analysis is to bound the excess risk of é,\, P(EéA — Ly« ),
where Pg = E,,[g(x,y)], so, if g is measurable with respect to D, =
{(zi,yi),i=1,...,n}, Pg=Elg(z,y)|Dy,]. To state the result, we introduce
the effective dimension

oy
i+

Dy=TeS(S+AD) =)
=1
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where A1 > ... > A\g = 0 are the eigenvalues of . Note that the effective
dimension always satisfies Dy < d, but the inequality can be pessimistic:
It also holds that D) < Tr(X)/A for any A > 0, so Dy can be finite even
if d = oo provided that Tr(X) = Y. T )\; < co. We will also repeatedly
use the notation ||ul|a, defined for any Vector u and positive semi-definite
matrix A, by ||lulla = VuTAu = |AY?u||s = \/(u, Au). When A is non
singular, Cauchy-Schwarz inequality shows that

(u,0) = (A2, A720) < fJula o] a1 -
We prove the following result.
Theorem 1. Assume that x ~ N(0,%¥) and £ ~ N(0,1) are independent,
then, if Dy < n/100, the Ridge regressor 0y satisfies, for any z € (0,1/100),
with probability 1 — 2exp(—=z),

D)\—i—z
n

P(fé)‘—fg*)<0< —|—)\2”9*”2 > .

One can make a few remarks to appreciate this result:

1. The complexity term can be bounded from above, for any k € {1,...,d},

by
1 d
D) < k—l—x Z i
i=k+1

For example, if the spectrum satisfies A\; < i~ for some a > 1, we see
that this bound is optimized for k =< A~/® and gives Dy < A~/

2. The regularization term can be written using the decomposition of
0* onto the orthonormal basis of eigenvectors of X: writing u; these

vectors, we write * = Zz 1 0Fu; and
d
(65)°
10715+ =>_ =~
i=1 "

As expected, this term is smaller if 8* is well represented on the direc-
tions of ¥ associated with its largest eigenvalues: In the extreme case

where
. . 16%13
R
while if
* * * 9*
0 = g, 1% =< 11

Ad
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3. Combining these two bounds, we get an upper bound on the Ridge
estimator equal to
)\—l/a
n

+N[10%5

where a > 1 depends on the spectrum of ¥, it is minimal for A =
(1/|]9*||%_1n)a/(20‘+1) and gives the rate H@*HZE/_(?O‘H)TL_QO‘/(MH).

In the remaining of the chapter, we prove the main theorem. The proof
is decomposed to be easily generalized to other frameworks.

1.2 Localization using deterministic arguments

The purpose of this section is to show that it is sufficient to bound localized
linear and quadratic processes to bound the excess risk of ). To proceed
with this step, we do not use any probabilistic argument.

Step 1: If there exists an ellipsoid C centered in 6* such that any 6 ¢ C
satisfies
Pyl + 0|3 > Pulo- + M|67]3 ,

then éA eC. X
This elementary remark follows directly from the definition of 8y. Indeed,

Pty + AOAl5 < Polo- + Al6%13 -

Therefore, by definition of C, 9)\ cannot belong to the complementary of C.

Remark 2. Step 1 would be true for any form of the set C. The focus on
ellipsoids will become clear later in Step 3.

Step 2: If all § in the frontier JC satisfy
p(0) = Palo + A01I3 — (Pale- +A67]3) > 0, (1.1)

then éA eC.

This second elementary remark follows from the convexity of square loss.
As ¢ is strictly convex and non negative on 9C. Therefore, if 6 ¢ C, there
exists a € (0,1) such that § = af + (1 — a)8* € [0*,0] N AC. Thus, by strict
convexity,

0 < @(f) < ap(f) + (1 —a)p(d¥) ,
that is

0 < a(Poly + A|0]15 — (Pale- + A[|67]3)) -
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As this is true for any 6 ¢ C, the conclusion follows from Step 1.

Discussion: Step 2 would be true for any convex set C. In the following,
we focus on the function ¢ defined in Eq and our goal now is to choose
C such that ¢(f) > 0 on JC. In particular, it will become clear why C is
chosen as an ellipsoid, and which ellipsoid we should choose.

Step 3: The following decomposition of ¢ holds: Let %,, = P, (z2T) denote
the matrix of empirical second moments of the design =,

2(0) =110 = 0% 3, x + 20 ( Pal€X), T30 = 0%) ) + 22 (6 — 67,67) .
(1.2)

The key to prove this bound is the following simple quadratic/multiplier
decomposition of the square loss:

lo(z,y) — Lo~ (2,y) = ((z,0 — 0°) + 0€)* — (0€)?
=20 (2,0 — 0%) + (x,0 — %)% |
Writing z = 172X, we get
lo(r,y) — Lo- () = 20 (6X, 5120 = 0°) ) + ((z2T)(6 — 6%),6 - 67) .
Thus
Pa(ty — o) = 20 ( Pa(€X), SY2(0 = 0%) ) + (S(6 - 67),0 — %)
Together with the bound
AI0113 = 116%13) = (AL(0 — 6%),0 — 6%) + 21 (6%,0 — 6*)
we get
@(8) = 20 (Pal€X),51/2(0 = 07) ) + (S + AD)(0 — 6%),0 — 6%)

LN (0%,0— 0%) .

This is equivalent to the desired conclusion.

Discussion: 'The decomposition given in Step 3 suggests to take for C

the ellipsoid
C={0eR 003 <r’}, (1.3)

where r is an hyperparameter that remains to be calibrated. Indeed, this
choice makes the positive term || — 9*|]22n+/\I in the decomposition of ¢(0)
as large as possible, provided that the random matrix 3, + AI is close to its
expected value X + AL

Then, to conclude, we have two remaining tasks:

1. Bound the linear process (P, (£X), »12(0 — 6*)) for all 6 € C.

2. Check that the quadratic process [|§—6* (|3, |,y behaves as its expected
value ||6 — 6*[|3, \; uniformly over the frontier OC.
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1.3 Bounding the linear process

In this section, we focus on obtaining upper bounds on the supremum of the
linear process

sup ( P(6X),2%(0 - 67) )
oeC

Let us reparametrize the problem to simplify notations and write
T={t=3"Y20-0%/r, 6cC},
so we have

sup (Pu(¢X),SY2(0 — 0°)) = rsup (Pa(6X),1) -
oeC teT

We decompose this control into elementary steps.

Control for a single t in the unit sphere. The purpose of this para-
graph is to bound the Laplace transform of (P,(£X),t), for any t in the
unit sphere. Fix i € {1,...,n} and ¢t € R? such that [|t||2 = 1, we start
by computing the Laplace transform of (§;X;,t). For any s € R, we have
(X,t) ~N(0,1) is independent of &;, so

26
Elexp(s&; (Xi,t))|&i] = exp < 252 ) .

We deduce that, for any |s| < 1/v/2,

Elexp(s; (Xi,t))] = /eXp <_y2(12_ SQ)) \;1577

B 1

V1= s2

52 1/2
=11
( +1—52)

< exp (32) .

By independence, we deduce that, for any |s| < n/v/2,

Efexp(s (Pa(€X),1))] = HE[xp (Z@- (X0, 1) )] < oxp (Z) |

As we shall see in Chapter 3, it is possible to derive directly from this up-
per bound on the Laplace transform a concentration bound for (P,(£X), ).
We do not pursue this path here and use a more involved consequence of
this bound on the Laplace transform given in Chapter 7, that directly allows
to derive from a uniform deviation bound on sup,cr (P, (£X),1).
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From a single ¢ to uniform bounds over ellipsoids In Chapter 7 at
the end of the lecture notes, we develop the PAC-Bayesian method which
allows to deduce uniform upper bounds over processes from bounds on the
Laplace transform for a single t. The conclusion of the previous paragraph
is that the vector P,(£X) satisfies the sub-Gamma assumption with
b=+2/nand K = 1/\/n.

To use the results of this section, we also have to write the ellipsoid T’
properly. We have

T={t=5"20-0%)/r: |0—6" 3 <’}
={t=2"%u: |ullfn <1}
={t: S+ D223 <1
The conclusion of this is that

T={t:|L""%y<1}, with T=XE+A)"".

To express the result, we define, for any matrix A, its operator norm ||A||
and effective rank r(A) = Tr(A)/||A||. By the Pac-Bayesian bound (5.6),
w.p.l.t. 1 —exp(—=2),

sup(Pn(gX),t><m<4 @ﬂ/m( 4 3\/174(71“))+3ﬁ(1+2)> |

—FV
teT Vn n
We can rearrange this result saying that
[Clr(@) =Dy, T <T,

we deduce that

Dy, 4 3v2Dy\ | 3V2(1+2)
igjg(]%({X),t)<4\/7+\/1+z(\/ﬁ\/ - )+ - :

Finally, we can use the assumptions stated in the theorem D) < n/100 and
z < n/100 to say that

3v2Dy _ 3 3v2(1 + 2) C3VIte
no o 2yn’ n S VB0n

we conclude that, w.p.l.t. 1 —exp(—2z)

sup (Pa(€X),1) < 4y 22 5/ 102 (1.4)
teT n n
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1.4 Bounding quadratic processes

In this section, we are interested in the quadratic process. We write, for any

0 < ac,
16 — 6% [1%:, 1 r = (P — P)[(,0 — 6%)%] + 1

> r2<1 — sup t' (P, XXT - I)t’) , (1.5)
tt'eT

where the ellipsoid 1" was defined in the previous section. We proceed in

two steps as in the previous section to bound this term.

Step 1: Bounding the Laplace transform. Let us first fix u and v in
the unit sphere and compute the Laplace transform of u? (X; X} — I)v. We
write v = au + z, with a = (u,v), 2z = v — (u,v) u L u and, for any s € R,
Elexp(sul (X; X1 — T)v)| (Xi,u)] = Elexp(s((Xi, u) (X, v) — (u,v))] (X;, u)]
= exp(sa((X,-,u>2 — 1))E[exp(s (X;, u) (X;, 2) | (Xi, u)]

201,12
= exp <<sa + 2 |22|| ) (Xi,u)? — sa> .

We deduce that, for any s such that |2sa + s2||z|?] < 1/2,

Elexp(s (X; X — E,uvT>F)] = exp(=sa) <exp(s?) .

- V1 —2sa — s2|z]]2
As ||z||? = 1 — o2, we have, for any |s| < 1/6,
2sa + 52 2))* < |s|(1 4+ 2 — a?) < 1/2 .

By independence, we obtain that, for any |s| < n/6,

Elexp(s (Po(XXT) = S, w”) )] = [[E [exp (Z (KX =2t )}

52
< exp <> .
n

Step 2: Uniform bounds using the PAC-Bayesian approach. As
for the linear process, we can now move from simple bounds to uniform
bounds using the Pac Bayesian approach of Chapter 7. The conclusion of
the previous paragraph is that the matrix P,(XX7) — I satisfies Assump-
tion with b = 6/n and K = 1/y/n. We will use inequality with
&y = Ey =T, the ellipsoid defined for the linear process:

T={t:|T7%,<1}, T=%E+A)"".
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The conclusion is that, for all z > 0, with probability 1 — exp(—z),

sup £1(Po(XXT) = D' < |7 (\/4(T(F) Fl+2),, 240d)+1 +z)> .

tt’'eT n n

Using as in the previous section that ||T'||r(T') = Dy and ||T'|| < 1, we can
rearrange the terms to get

sup tT(P(XXT) - I)t' €

t,t'eT

< 4(DA+1+Z)V24(D>\+1—|—Z))
h n n ’

Now, we use the bounds D) < n/100, z < n/100 to say that, with probability
1 — exp(—n/100),

sup t1(P(XXT) —I)t' <
tt'eT

N

Plugging this bound into the basic lower bound ([1.5]) gives the final lower
bound on the quadratic process: with probability 1 — exp(—n/100), for any
0 € oC,

T2

16 =013, ax > = (1.6)

[\

1.4.1 Conclusion of the proof

To conclude the proof, we go back to (1.2). By (1.6), with probability
1 — exp(—n/100), for any 6 € 9C,

T2

10 — 9*||%n+,\1 2 5

Besides, by ., with probability 1 — exp(—=z), for any 6 € 9C,

20< L (£X), S12(0 — 67) > 07“( \/>+10 Hz)

Finally, we always have, by Cauchy-Schwarz inequality, for any 6 € 9C,

N — 0%,0%) > —2)r 0|1

Together, these three informations show that, with probability 1—exp(—z)—
exp(—n/100), for any 6 € 0C,

D 1
o(6) > ;<r— a<1m/A +20 +Z) —4)\|]9*HE_1> .
n n

This last lower bound is clearly > 0

if
D 1
:0(16\/A+20\/ “LZ) N0 g1
mn mn
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It follows therefore from Step 2 of Section that, with probability 1 —
exp(—2z) — exp(—n/100), 0 € C for r = r*, that is, by definition of this set,
we have proved that R

10x = 0%[|sar < 7°

The theorem is proved as we have

Pl — o) = 16x — 6°I1% < 16 — 0" 301 -

1.5 Problem

In this problem, we try to replicate the analysis we developed for linear re-
gression into the slightly more challenging problem of logistic regression. We
present typical steps that can be followed to analyse other M-estimators.
Recall that logistic regression produces a linear classifier in a high dimen-
sion setting where we observe n couples (z;,y;) independent and identically
distributed, where the couples (z,y) € X x ), with X = R? (with possibly
d>n) and Y = {—1,1} and where, for each §# € © = R, we define the loss

bo(z,y) = p(—y(0,z)),  ¢(u)=1log(l+exp(z)) .
We analyse the estimator
05 € argmingeg{Pals + A|0]3} -

1. The purpose of this question is to adapt the localization argument,
the question is decomposed in two steps.

(a) Show that, if there exists a neighborhood V(6*) of 6* such that,
for all # in the frontier 9V(6*),

Poly + X|6||3 > Pl + X|60*|5 .

then 6y € V(6*).
(b) Explain why we will consider as neighborhood V(6*) an ellipsoid
E(r) of the following form
E(r)={0€©: (Hp: (0 —0%),0 — %) <r°}

where the matrix Hp« = P[¢" (—y (z,0%))xzT] + 2AI. We expect
a heuristic argument here, the purpose of the following questions
is to formalize arguments that can be used to actually prove that
this heuristic is correct.

In the following, we fix V(6*) = £(r) as in question 1.(b) and focus on
proving the equation proposed in question 1.(a). We consider

p(0) = Pty — o) + A(10I* — [167]%) -
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2. Show that

1
2(0) = (PaVolo,0 = 0%) + 5 (Hal0 = 07),0 = 0) + 2 (0 — 0%,0°)

where Vgly (x,y) = @' (—y (x,0")(—yz),

1
Hn:/ Pule”(—y (.40 + (1 — )0 a2 "]t + 22T |
0

. Give a concentration inequality for the linear process (P, Vglyp+,0 — 6*)

using the PAC-Bayesian approach mentioned in Section [T.3]

. Show that

| (x,0 —6%)| .

N

1
/0 &=y (10 + (1 — 07t — ¢ (—y (z,07)| <

Deduce that

1
(H,(0 —0%),0 —6%) > (H:(0 —0%),606 —0") — 3 (R,(0—0%),0 —6%) |
where

HY = Po[¢" (—y (z,0"))zzT] + A, Rp = Po[| (x,0 — 0% |z2”] .
We see here that the analysis of the quadratic process in general can
be handled by finding lower bound on the quadratic process (H}t,t)
over ellipsoids, which can be done using the PAC-Bayesian approach
presented in Section [1.4. Then we have to bound from above the pro-
cess (Rn(0 —0%),0 —0%) = P,[|{x,0 — 0*)|?] which is a remainder
term as it is at first order of order r® compared to the quadratic term
(Hp«(0 — 0%),0 — 0*) = r% on the frontier OE(r). Note that the con-
centration of this term is not easily derived from classical tools as the
Laplace transform Elexp(s (x,0 — 0*)3)] is not defined, for any s # 0.



Chapter 2

Community detection

Community detection is a basic problem of clustering in graphs, where we
want to recover well connected nodes. In this chapter, we present spectral
strategies to solve this problem in the toy statistical model of balanced two-
classes SBM.

2.1 Graphs

Hereafter, a graph G = (V, E) is a couple where V' = {1,...,n} is a finite
set of wvertices or nodes and E C V x V is a set of edges. All graphs here
are undirected, meaning that E is a set of pairs {i,j} or that, (i,j) € E iff
(j,i) € E. A graph is represented by its adjacency matriz A, which is the
n X nm matrix such that

1 if{i,j}eE |
Aij = e
0 if{i,j}¢FE .

The matrix A is symmetric as the graph is undirected. A graph G = (V, E)
is random if the set F of edges is random. For example, the Erdos-Renyi
graph G(n,p) is the random graph where

Vi < 7, A, ; are i.d.d. Bernoulli random variables B(p) .

In these graphs, we are typically interested in the asymptotic behavior when
n — oo and p — 0. For example, we may wonder, as n — oo, the smallest
p such that the Erdos-Renyii graph has an infinite connex component.

2.2 Two-classes stochastic block model (SBM)

The balanced two classes SBM is an extension of Erdos-Renyi model, de-
noted by G(N,p,q), where 0 < ¢ < p < 1. The set of vertices V. =
{1,..., N}, where N is odd (N = 2n) is divided into two communities

17
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C} and C*, of equal size |C}| = n and the set of vertices is random: Vi < j,
A; j are independent random variables with parameters

{ p if 4, j belong to the same community ,

q if 7,7 belong to different communities .

The goal of community detection is to recover the communities from the
observation of the adacency matrix A.

Community detection aims at discovering a partition of {1,...,2n} or,
equivalently, an element of the hypercube © = {—1,1}?". Indeed, each
partition C_; U Cy of {1,...,2n} is encoded by the vector § € {—1,1}?"
such that #; =1if i € C7; and 6; = —1 if i € C_1. We denote by 6* € O the
vector of the hypercube encoding the true partition of interest, i.e. the one
with coefficients 87 =1if ¢ € C] and 07 = -1 if i € C* .

To evaluate a community detection algorithm, we define, for each 6 € O,
the proportion of indices where # and 6* disagree, that, is the risk of 6 is
defined by its Hamming distance to * divided by 2n:

2n

1. o1
R(e):%#{ze{1,...,2n}:9i#9i}=%Zl{eﬁée;} -
i=1

2.3 Spectral strategies

2.3.1 General remarks

Spectral estimation strategies are based on the elementary remark that, up
to renumbering of the nodes, one can assume that C_; = {1,...,n} and
Cy = {n+1,...,2n}. In this case, writing J, = 1,11 the n x n matrix
filled with 1, it holds that the adjacency matrix A of the graph satisfies

o pdn qdn
ElA] = [qJn pJJ

This elementary remark shows that E[A] is rank 2, that its largest eigenvalue
A1 = n(p + q) is the average degree of the random graph with distribution
G(2n,p,q), it is associated to the (normalized) eigenvector u; = 1g,/v/2n.
The second eigenvalue of E[A] is Ao = n(p —¢). The most important remark
is that this second eigenvalue is associated with the (normalized) eigenvector

= |5
2 2n _]—n

In words, the second eigenvector uy of E[Z] classifies perfectly the
communities.
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2.3.2 Preliminaries

Spectral strategies consist in building unobserved matrices R, based on E[A]
in particular, admitting us as i-th eigenvector. Then, we estimate uy as the
i-th eigenvector of an estimator R of R (obtained by replacing E[A] by A in
the definition of R for example). Then, we classify each i according to the
sign of the i-th coordinate ; of 4, that is, we build

0= (Sign(ﬁi))ie{l,...gn} . (2.1)
In this case, assuming ||@t||2 = 1 and writing v = v/2nus, ¥ = v/2n4,
L
il = 5, 5= 0

As v; € {—1,1} and Sign(v;) = Sign(4;), for any 7 misclassified by our
algorithm, we have
(Ui — f)i>2 >1.

Therefore,
1 m 1 2n
R(0) = o ;]I{z misclassified } < on ;(Uz —9;)? = |la—uslf3 -

Let a denote the angle between uy and 4, we have
@ — ugl|3 = 2(1 — cos(a)) < 2(1 — cos?(a)) < 2sin’(a) .

This last remark is useful since sin(a) can be bounded from above using
Davis-Kahan theorem.

Theorem 3 (Davis-Kahan). Let S, T denote two symmetric n X n matrices.
Fizie {1,...,n} and assume that the i-th eigenvalue of S is well separated
from the rest of the spectrum

min\)\i(S) — )\](S)‘ =0>0 .
J#i
Then the angle a between u;(S) and u;(T) satisfies
. 2
sin(a) < 21 T .

where || - || denote the operator norm, that is the largest singular value.

We do not prove Davis-Kahan Theorem in these notes, a reference where
it is done is given in Slack.
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Therefore, as us is the i-th eigenvector of the matrix R, we can bound
the risk of 6 by computing the spectral gap

5 = min [\ (R) — Ay (R)| - (2.2)

JF#i

By Davis-Kahan theorem, we obtain then that the risk is bounded by
. 8 -
R(0) < IR - B[ . (2.3)

The final task is thus to bound from above the operator norm of the random
matrix ||[R — RJ|. In the following, we present two strategies based on this
principle.

2.4 The spectral clustering algorithm

The spectral clustering algorithm (SCA) is the algorithm given in ({2.1))
when the reference matrix R = E[A] and its estimator R is the adjacency
matrix A. For clarity’s sake, let us recall here this algorithm.

Algorithm 1: Spectral clustering for community detection. Com-
pute the second (normalized) eigenvector i of A and classify each i according
to the sign of the ith coordinate of i, 6; = sign(;), that is 1 € Cy iff 6; =1
or classify i € C .

According , the proportion of misclassification of this algorithm is
bounded by

"8
R(O) < llA-EA]*

where ¢ is the spectral gap of E[A] corresponding to its second eigenvalue,
which is, according to the general remarks of Section [2.3.1}

d = min(A; — A2, A2) = np, @ =min(p — q,2q) .

To conclude the analysis of this algorithm, it remains to bound ||A —E[A]]|.
In Chapter {4| (more precisely, in Theorem , we will prove that, with

probability 1 — 9, ||A — E[A]|| < Cmax(y/nplog(n/d),log(n/J)), this shows
that, for the SCA,

Rid) < Coms (P80, (180D

Equivalently, we get that R() < e if

2
L loa(n/)
P €

)

as the second condition nu 2 log(n/d)//€ is then automatically satisfied.
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2.5 Guedon-Vershynin spectral algorithm

The material of this section is borrowed from the paper “Community detec-
tion in sparse networks via Grothendieck’s inequality” by O. Guédon and
R. Vershynin.

2.5.1 Critical discussion of the SCA bounds

There are two main limitations to the SCA algorithm. The first one is that
the quality of the algorithm gets worse as g decreases, which is non-satisfying
as ¢ = 0 would mean that both communities are disjoints so recovering them
should be easier. The reason is that the first two eigenvalues of A have to
be different for SCA to succeed.

The second limitation is that the rate log(n)/n is slightly sub-optimal.
The reason here is that we don’t exploit the important information that the
second eigenvector belongs to the hypercube.

The purpose of the new strategy is to bypass both issues.

2.5.2 Definition of the new algorithm

To build a new spectral algorithm, we have to build a new reference matrix
R as a solution of a tractable problem that can easily be approximated,
then, we estimate R by the solution R of an approximating problem.

Building the reference matrix R. We proceed in two steps to define
R. In the first step, we build a preliminary matrix P by removing from
E[A] the uninformative part regarding its main eigenvalue. This makes our
informative eigenvector us the first eigenvector of this preliminary matrix
P. This can easily be done. Indeed, write the eigendecomposition of E[A]

as

J
E[A] = )\1% + )\211211%1 s

S0 Uy is also the largest eigenvector of the preliminary matrix

J2n )\2 Jn _Jn
P=E[A] - \—=—
4] Yon T 2n {—Jn Jn}
The second problem is a bit more tricky. A first idea would be to simply
say that

V2nuy = argmax{x! Px, x € {—1,1}*"} .

Exploiting this idea would yield to a strategy that is statistically optimal
(look at the problem at the end of the chapter), but that cannot be ex-
ploited in practice. Indeed, the max-cut problem defining y/nuy in the last
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formula is NP-hard. Therefore, we propose here a convex relaxation of it
(this construction based on a SDP relaxation is extremely classical). Write

x!'Px = <P, XXT>F ,

where (-, -) - denote the Frobenius inner product between matrices. To build
a convex relaxation of
max P, xx! ,
x€{—1,1}2n { )k

we just need to build a convex set that contains the matrices xx”, with
x € {—1,1}?". The idea of the algorithm is to choose

Indeed, S, is a convex set and all matrices X = xx’, with x € {—1,1}?" are
symmetric positive semi-definite and satisfy X;; = 1, hence &4 D {xx”
x € {—1,1}"}. The maximization of (P,X) over Sy is easy: Define

o Jn _Jn . 2n _ T
R= |:_Jn Jn:| = )\2P—2nu2u2 .

First remark that
A2

2n

<X7 P>F = <Xa R>F .

Then, by Cauchy-Schwarz inequality, for any X € S,
X, R)p < [X[[pIIR*F -

Then, as X € Sy, there exists X such that X7 X, so X; ; = (C;(X), C;(X)),
where C;(X) denote the i-th column of X. The condition X;; = 1 then
means that ||C;(X)||2 = 1, thus by Cauchy-Schwarz inequality, all |X; ;| < 1,
therefore,

IX/r < 20 = | Rllx .

As R belongs to Sy, we have thus, for any X € S,
(X, R)p <IIX|F|RlF < |RIF = (R.R)p -

By the equality condition in Cauchy-Schwarz inequality, we have thus

argmaxycs, (P, X) =R = [_th }Jn] . (2.4)
n n
The matrix R defined above has clearly us as first eigenvector. We use the
representation of R as solution of the convex problem R = argmaxycs, (P, X)
to estimate it and classify finally according to the general spectral scheme
described at the beginning of the chapter.
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Step 2: Building R. The construction of R is then a plugging strategy:
we estimate P by an estimator P and then R by

Re argmaxyegs, <P,X> . (2.5)

To build an estimator P of P, we estimate E[A] by A and we need an
estimator of \; = n(p + ¢). We have

Z Aijl = Z Aigl + EZA“: p+q)+np

1<i<j<2n 1<4,5<2n

This shows that

1<i<j<2n

is an asymptotically unbiased estimator of A\;. We deduce from this estima-
tor our approximating matrix
R A
P=A——1J,, . 2.6
2" 2" (26)

2.5.3 Bounding the risk

Guedon and Vershynin’s algorithm can now be formally defined:
Algorithm 2: (GVSA) GV Spectral algorithm. Compute the
first (normalized) eigenvector U of R defined in and classify each 1
according to the sign of the ith coordinate of u: 6; = sign(t;), that is i € Cq
zﬁ@ =1 or classify i € C
The performance of th1s algorithm is controlled by our general bound
(2.3)). Here, the spectral gap § is simply

Therefore, it is sufficient to bound the operator norm of R — R. As the
operator norm ||R — R|| is the sup-norm of its spectrum, it is bounded from
above by its f3 norm, which is ||R — R||p. We deduce that

R(O) < 51— Rl = (113 + |RIF ~2(R R) ).

We have ||R||% = 4n? and ||R||% < 4n? as we have seen that its entries are
all in [—1,1]. We get that

RO) < (1RI%~ (R.R) ). (27)

Thus, our main task is to bound from bellow the inner product <f?,, R>F.
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Step 1: Basic remarks. To proceed, we first use repeatedly that

J, —=Jn| _2n
R—[_Jn Jn]_Mp.

Indeed, we get

<R’ R>F - i:

(#

-2 ((rp), - (RP-P) )

S ((82), - (epr), )
>S5 P), - e (P -r), )

> (P (RP=P)= s (x.P-P) )
> t((R,Ph—? sup | (X, P~ P) |

XeS+

dn ~
= ||R||% — — sup <X,P—P>
IR~ sup | N

Plugging this bound into (2.7) yields

Step 2: Grothendieck’s inequality. The second step of the proof is the
following inequality due to Grothendieck:

Theorem 4. For any matriz B such that

vxaye {_171}7"0 : Z Bz,ngz?Jg <1 )

1<i,5<n

we have, for any vectors u,v in By = {u € R" : ||ull2 < 1},

> Bijlu,v) <2

1<i,j<n

Remark 5. We prove a slightly sub-optimal version of this inequality at
the end of the chapter, where the constant 2 is replaced by some absolute
constant C.
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Let us now reformulate Grothendieck’s inequality to make it more re-
lated to our problem. First, define the set 8 = {X sym : X'X ¢ S, }.
Grothendieck inequality can be rewritten: For any matrix A,

sup (A, XTY>F <2 sup (z,Ay)
X, YeS z,ye{-1,1}"

The second remark is that, for any matrix A,

sup [(A,X) .| =sup|{4,XTX < sup (A, XTY ,
X68+|< v Xes|< ) X es< Jr

)

where the last inequality follows by taking Y* = eX*, with X* a maximizer
of | (4, XTX>F | and e = Sign((4, (X*)TX*) ).
Together with the conclusion of Step 1, these remarks imply that
32

R(O) < == sup x,P—Py . 2.8
(6) nAQIyG{L1PZ< (P~ Py) (2.8)

Step 3: Probabilistic bounds. Let us now recall that

P =E[4] - ﬁJ%, P=A- ﬁJgn ,
2n 2n
SO
s (o,(P=Ply)<  suwp (v, (A-E[4])y)
z,ye{—1,1}2n z,ye{—1,1}2n
A — A
+ 2 L sup (x,Jo2ny) .
2n x,ye{—l,l}zn
We have
sup (z,Jony) = 4n? .
z,ye{—1,1}2n

Besides

. 2
A=A\ == Z (Aij —E[Aij]) +2p .

1<i<j<2n

Bernstein’s inequality shows that, for any z > 0, with probability 1 —
2exp(—2),

Z (Ai,j - E[Al’]])‘ g TLZ\/];\/ 22 .

1<i<j<2n

thus, with the same probability,

AL — A
A1 =] sup (2, Jony) SnpVnzypV 22 . (2.9)
2n - aye(-1n
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Now, for any x,y in the hypercube {—1,1}?", we have

(@, (A-E[A)y) = > (Aij —E[Ai ) (@y; + z55) -
1<i<j<2n
Bernstein’s inequality shows that, for any z > 0, with probability 1 —
2 exp(—2?),
‘ (x,(A—E[A])y) ’ <nzypV 2.

By a union bound, we get that, with probability 1 — 2 % 42" exp(—2?),

sup  (x,(A—E[A])y) SnzypV 22 .
zye{—1,1}2n

Together with (2.9)), this shows that, with probability 1—2%(4%"4-1) exp(—22),

sup <ZE, (15 - P)y> SnpVnzy/pV 22 .
z,y€{—1,1}2"
Plugging this bound into (2.8) finally shows that, with probability 1 — 2 x
(42" + 1) exp(—22),
npVnz,/pV 22
n?(p — q)
To discuss this result, it is helpful to write z = n./pz’, so, for any 2z’ > 0,
we have, with probability 1 — 2 * (42" 4 1) exp(—n?p(z')?),

R(0) <

np V n’pz’ v nip()?
n?(p — q)

R(0) < (2.10)

This last upper bound is smaller than e if

p ne € €

_ / 2
P qzi 2, @)

Besides, the probability is large iff
np(z)* 21 .
These conditions are compatible iff
p—q, 1 .
p T \/npe

Putting everything together, we have obtained that

Theorem 6. Assume that

- C
pq>

D Jnpe

then, with probability 1 — 2exp(—n), GVSA makes less than en errors.
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Remark 7. The condition in Theorem [6 cannot be fulfilled unless p 2
(ne?)~Y and in this case, it is fulfilled when p — q is sufficiently large com-
pared to p. It is clear that this result improves upon the result proved for
SCA as it holds

1. without lower bound on q, which is much more reasonable,

2. in sparse networks where p < 1/n.
On the other hand, the dependency of p with respect to € is much worse for
this algorithm than for SCA.
2.6 Proof of Grothendieck’s inequality

Let K(B) denote the smallest constant such that, for any vectors Xj;, Y;
taking values in an Hilbert space H and such that || X;]|, ||Y;]| < 1,

Y. Bij (X)) <K(B) .

1<i,j<n

Such constant always exists and is always smaller than } ., ;,, |Bi |- No-
tice that, as one can restrict this to the space spanned by X; (resp. Y;), and
as this space is isometric to R™, we have

K(B) = sup Z Bi,j <lli,Vj>

u;,v; €Bo lgi,jgn

Let Z ~ N(0,I) denote a standard Gaussian vector and, for any u € By,
let Xy = (Z,u). Xy is a centered Gaussian process with covariance

Yuv = E[XuXy] =u"E[ZZT]v = (u,V) ,

SO

Z Bz‘,j (uz-,vj>—IE[ Z Bz‘,qu,-ij:| .

1<i,5<n 1<i,j<n

Now let R > 0 and, for any u € By, let

X3 = Xulyx, <R} X4 = Xulyx,>R) -

We deduce that
4

Z B j(u;,vj) = ZEZ ,

1<i,5<n i=1
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where

E =E Z B X5 Xo |,
1<7,,]<n
Ey=E| Y Bi;Xi X, |,

-1<i,9<n

E?,:E Z BJXI’X“ ,
-1<7,,]<n

Es=E| Y Bi;X,X

-1<i,9<n

As | X3 | < R, we have, by assumption
> B X4 Xy <R,
1<,5<n

so B} < R2.
Besides, we have

E[(X{)] < R?

Bl =2 [ e exp(-a?/2)
R V2r
= 2[—zexp(—2%/2)];° + P(|N(0,1)| > R)
< (2R/V2m 4+ 1) exp(—R?/2) .
Therefore, as all X¢ and X% belong to the Hilbert space
H={f:R" > R:E[fA2)] < oo} ,
endowed with the inner product (f, g) = E[f(Z)g(Z)], by definition of K (B),

we have
By < K(B)R\/2R/V2r + Llexp(—R?/4) ,

E3 < K(B)Ry\/2R/V27 + lexp(—R?/4) ,
Ey < K(B)(2R/V27 + 1) exp(—R*/2)
We have obtained that
K(B) < B> + K(B)¥(R) ,

where

Y(R) < 2R\/2R/V27 + 1exp(—R%/4) + (2R/V2m + 1) exp(—R?/2) .
Therefore, for any R > 0 such that ¢)(R) < 1, we have
R2

S Tam
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2.7 Problem

The problem is decomposed into two essentially independent parts. In the
first part, we propose to consider the reference matrix

R = E[A] — /\1u1ur{

1. Propose an estimator R of R and deduce a spectral clustering algo-
rithm associated.

2. Compute the spectral gap § of R.
3. Control the operator norm ||R — R|.

4. Deduce an upper bound on the frequency of misclassified nodes of the

algorithm in question 1: R(#). Discuss the result.

In the second part of this problem, we define P = E[A] — A\jujul and the
reference matrix
0" € argmaxgeq_q1y2n 67 Po .

5. Prove that 6* = uy. We estimate thus P by P given in question 1 and

0* by R R
0 € argmaxgey_q 1320 6T PO .

<0*,é>2 —c(ra") .

for some constant C' that should be computed.

6. Prove that

7. Prove that

<9*, é>2 > 4n? — 2C Ge{s—lﬁ)l}z” | <P — P, 99T> | .

8. Deduce an upper bound on ||#* — || and then on R(f). Discuss the
result.
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Chapter 3

Concentration of measure

In the first lectures, we saw that several problems in machine learning re-
duce to the problem of building deterministic bounds on suprema of sums of
independent random variables. These kind of deviation inequalities can be
deduced from concentration inequalities, which show that regular functions
of independent random variables do not deviate much from their expecta-
tion. Then, we have to bound expected suprema. This chapter presents basic
tools to prove concentration inequalities for a random variable X around its
expectation, that is upper bounds on the probabilities P(|X —E[X]| > z) for
any x > 0. We focus here on non necessarily bounded random variables such
as sub-Gaussian and sub-Gamma random variables, for which these tails are
exponentially small. We conclude the chapter with the application of the
general result to the particular case where X is a sum of possibly unbounded
independent random variables. It turns out that deriving asymptotically op-
timal bounds in this case is still quite open.

In all the chapter, C' denotes a numerical constant whose value may
change from line to line.

3.1 Motivating example

Suppose we want to analyse the SVM predictor (see also the problem in
Chapter 1):

0 € argmingcg Poly + |63

where x € RP = O, y € {—1,1} and fy(z,y) = ¢(—y(z,0)), with ¢ a
1-Lipschitz function, say ¢(z) = log(1 + exp(x)).

Following the agenda presented in the first lecture, it is not hard to get
convinced that this analysis requires in particular an upper bound on the
linear process

sup (P,Vglg«,0 — 6%) |
oeC

31
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over an ellipsoid C. Under a simple assumption such as x ~ N(0,3),
the concentration of this process is not so easy to prove as P,Vglp» =

Pol! (=y (@, 0)) (—ya)] = n™" 300 @' (=i (i, 0%)) (—wiwi), so:

1. This concentration cannot be reduced to the one of a Lipschitz function
of a Gaussian vector, so the GCI does not apply.

2. The random variables Zy = (@' (—y; (x;,0%))(—y;x;),0 — 6*) are not
bounded.

The purpose of the following section is to introduce the proper setting to
prove concentration of P, Zy. Deviation inequalities for supyce P, [Zp] —E[Zp]
will be provided in Lectures [6] and

3.2 Sub-Gaussian random variables

The variable Zy is actually a sub-Gaussian random variable. The following
result provides several equivalent ways to define sub-Gaussian random vari-
ables. The first of these characterizations is that these random variables are
those concentrating around 0 at least as fast as Gaussian random variables.

Theorem 8. Let X denote a random variable. Then, the following proper-
ties are equivalent.

(i) For any x > 0, P(|X| > x) < 2exp(—2%/K?).
(ii) For any integer p > 1, | X|, :== E[| X|P]'/? < Ka/p.
(iii) For any |s| < 1/Ks, Elexp(s?X?)] < exp(s?K3).
(iv) Elexp(X?/K3)] < 2.
If moreover, X is centered, then all properties are also equivalent to
(v) For any s € R, E[exp(sX)] < exp(s?’K32).

If one of these properties holds, then we say that X is sub-Gaussian and
the different K; differ by at most a multiplicative numerical constant. The
smallest constant K4 such that (iv) holds is called the sub-Gaussian norm
of X and it is denoted by || X||qy,-

Theorem [§]is the most important result of this chapter. We shall mostly
use the implication (v) = (i) in the following. In this case, the proof
based on Chernoft’s bound shows that if (v) is satisfied with K5, then (7)
holds with K1 = 2K5.

As an exercise, show that E[X] = 0 if (v) holds.

Proof. We prove a chain of implications.
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(i) = (ii) Assume that K7 = 1. Then, for any p > 1, we have
+o0
E[|X|P] :/ P(|X [P > t)dt since |[X|? > 0 a.s.

0

+oo
= p/ P(|X| > u)uP~'du  posing t = u?
0

+o0
< p/ (u?)P/? 1 exp(—u?)2udu
0
= pl(p/2) posing u®=v .

Then, we use the following classical Stirling’s approximation, valid for

any x > 0,
x

<> <T(z+1)<a” . (3.1)

e

11, < ”P\f <205 .

Now let K7 > 0, then P(|X/K;| > /K1) < exp(—(x/K1)?), so | X/ K|
satisfies (i) with Ky = 1, thus || X /K|, < 2,/p and therefore || X||, <

2K1,/p.

(ii) = (iii) We assume that K3 = 1. We use a Taylor expansion to say that

It implies directly

+<>0 §2K Lk ok
E[exp(s* Fk‘—i—l \Zs .

The last inequality follows from (3.1)). The last upper bound is finite
if |s| < 1/4/e and then

1
1—es? ’

Elexp(s*X?)] <

Moreover, for any |s| < 1/v/2e, it follows that

Elexp(s®X?)] < 1+ < 1+ 2es” < exp(2es?) .

Let now Ky > 0, then || X/Ks|, < /p for any p > 1 so for any
ls| < 1/+/2e

Elexp((s/K2)?X?)] < exp(2eK3(s/K2)*) |
that, is for any |s| < 1/v/2eK2, Elexp(s2X?)] < exp(s?2eK3).

(iii) = (iv) is trivial.
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(iv) = (i) Let > 0, we have
P(|X| > z) = P(exp(X?/K7) > exp(2?/K})) < 2exp(—2?/K}) |
where the last inequality follows from Markov’s inequality.
(iii) = (v) Let s € R. If |s| < 1/K3, we use the inequality exp(z) < z + exp(z?)
to say that
Elexp(sX)] < Efexp(sX?)] < exp(s°K3) .
If |s| > 1/K3, we use that sz < 3(s?K? 4+ z%/K3) to obtain
Elexp(sX)] < exp(s*K3 /2)E[exp(X?/2(K3))] < exp(s°K3) .
(v) = (i) We use Chernoff’s bound: Let x > 0, then we have
P(X >zx) = gg P(exp(sX) > exp(sz))

< ;I>1f(; exp(—sz + log E[exp(sX)])
= exp(— ili%){sw —logElexp(sX)]}) - (3.2)

When (v) holds, we have therefore
P(X > z) < exp(—sup{sz — s°K2}) = exp(—z?/4K2) .
>0

Likewise, we have
P(X < —z) = P(—X > 2) < exp(—x?/4K2) .

And finally
P(|X| > z) < 2exp(—2?/4K?2) .

O

Let us now gather some interesting remarks that will be useful in the
following.

1. To prove that Zy is sub-Gaussian, we can use for example, the char-
acterization by the moments, indeed, as (x,0 — 6*) ~ ||§ —6*||s N(0, 1)
and the standard Gaussian distribution is sub-Gaussian with || N(0, 1)y, =

k= /2log2,
Elexp(Zj/K?)] < Elexp((z,0 — 0") /K*)] < 2,

if K > k|0 —0*||x. Actually, modifying slightly the proof, we obtain a
much more important result which is that || Zy — Zg/||y, < &[0 —0'||5.
This property says that Zy has sub-Gaussian increments, a property
that will allow to bound the deviation of the supremum using chaining
arguments in Lecture 5.
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2. A second remark that can be useful is that || X, defines indeed a
norm. (Check in particular that the triangle inequality follows from
convexity of z — exp(z?)).

3. A third remark is that, if ||X||y, < K, then
X = EXTly, < 1Xys + [EX] [l < 20Xy, < 2K

The first inequality follows from the fact that ||-||y, is a norm while the
second one comes from Characterization (iv) of sub-Gaussian random
variables and Jensen’s inequality. A consequence here is that

1Z6 — E[Zp]|ly, < 25[6 — 0[5, (3.3)
1Zg — Zg» — ElZg — Zg/] ||y, < 250 — 0|5 .

This centering step is key to derive from the sub-Gaussianity of in-
dependent random variables the sub-Gaussianity of the sum. Indeed,
this property is immediate using characterization (v) of sub-Gaussian
random variables. It is known as the general Hoeffding’s inequality
(see Theorem [9] in Section [3.3)).

4. Bounded random variables are sub-Gaussian. Indeed, if X € [a,}]
almost surely, then || X —E[X]||y, < (b—a)/log2. This follows directly
from the upper bound exp(— log 2(X —E[X])?/(b—a)?) < 2 a.s., which
yields that characterisation (iv) of sub-Gaussian random variables in
Theorem (8 holds. A sharper analysis shows that (v) holds in this case
with K5 = (b —a)/V/8.

3.3 Hoeffding’s inequality

Theorem 9 (General Hoeffding’s inequality). If Xi,...,X,, are indepen-
dent centered and sub-Gaussian, then || Y1 | Xilly, < Cy/> 0, ||X1H12p2

Proof. By independence, for any s € R,

n n
Elexp(s > X;)] = [ [ Elexp(sXy)] .
i=1 i=1
The result then follows directly from the characterisation (v) of sub-Gaussian
random variables in Theorem In particular, we have therefore that the
constant K5 for the sum satisfies Kg = Z?Zl K527i, where K5 ; is the constant
K5 for the variable X; and it follows that

n 2
X
ve>0, P X >x)<exp(—> .
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Theorem [9] (with sharp constants) and the fact that bounded random
variables are sub-Gaussian yield the classical Hoeffding’s inequality.

Theorem 10 (Hoeffding’s inequality). If Xi,..., X, are independent ran-
dom wvariables such that X; € [a;,b;] a.s., then

222
Va0 'ZX ~EI> 9 <o (~ s

To conclude this section, we present the concentration of the process
(P, — P)Zy that appear in the analysis of SVM. We have

[(Pn — P)(Zo) |y, = H Z Zo(wi, yi) — E[Zg(z,9)]) [l s
C | & .
S Z 1(Zo (i, yi) — E[Zo(2,y)])||7, Hoeftding
\ i=1
C n
S >l —6+1% by B3)
\=
_ Cllo—0"l=

Vn
The same arguments can be used to show also that
Cllg—¢ls
I(Pu = P)Zy = Zg)ly < =0 22

therefore, that, for any z > 0,

nz?
P((P, — P)(Zyg — Zy') > 2) < — ] .
(o= P)E = 20) > 3 < o (= g
The following sections gather the proofs of the bounded difference inequal-
ity and the GCI, which provide two non-trivial examples of sub-Gaussian
random variables.

3.4 Bounded difference inequality

The bounded difference inequality is an extension of Hoeffding’s inequality
that allows to bound suprema of bounded empirical processes.

Let ¢ € R™ and A,..., &, denote measurable spaces. The set BD(c) is
the set of functions f : [[;~; &; — R such that

vy e [[a 1760 = FOI< D eiliamy
=1

=1
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Theorem 11 (Bounded difference inequality). Let Xi,...,X,, denote in-
dependent random variables such that X; € X; and let f € BD(c). Then
1 (X1, X)) = E[f (X1, Xa)llly, < Clle]2-

Remark 12. The proof shows that we have tight constants

_ s’llells
Vs € R, Elexp(s(f(X1,..., Xn)—E[f(X1,...,Xn)]))] < exp 5 .

Remark 13. The result can be extended to functions with sub-Gaussian
increments (see the problem at the end of the chapter).

Proof. Let s € R and F; denote the sigma-algebra generated by X7,..., X;.
Denoting by Fo = {Q, 0}, we have

FXns, X)) —E[f (X1, X)) = DA,
=1

where
A, =E[f(X1,..., Xu)|F) —E[f(X1,...,Xn)|Fiz1] -
Let
B = sup E[f(X1,...,%i..., Xpn)|Fiz1] ,
T, €X;
Bi = mirelleE{f(Xl’ RIS 17 SR ,Xn)|./—"i,1] .

We have B;” < E[f(X1,...,X,)|Fi] < B, B and B; are F;_; measurable
and, as f € BD(c), B — B; < ¢;. Therefore, by Hoeffding’s lemma

s2¢?
Elexp(sA;)|Fi—1] < exp <81> )

Proceeding recursively, it follows that

A s%|lcl3
Elexp(s Z A;)] <exp 3 .
i=1

O]

Let Xy,...,X, denote independent random variables such that X; €
[a;, b;] a.s.. Let
n n
f:H[aiabi]_)Rv f(fUl,-'-?fUn):vai :
i=1

1=

—

Let x,y € [[i-,[ai, bi] tels que x; = y; for any ¢ # iy. Then

f(X)*f(Y):xiofyiogbiofaio :
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Therefore, by the bounded difference inequality

n AN —y 2
Vs € R, E[exp(s(z X; — E[X;]))] < exp ( ZZlébl ) > .
=1

The bounded difference therefore extends Hoeffding’s inequality.

It also applies to the following more general situation that is of interest
in learning theory. Let T denote a countable set and let {(Xj;)ier,? =
1,...,n} denote independent processes indexed by 7. We assume that

Vte T,Vie{l,...,n}, Xit € [ai, bi], as. .
Let X; = [a;,b;]7 endowed with the cylinder sigma-algebra and let
n n n
Folla =R f@iers - (Tneier) = sup { > wi—E[y Xz',t]} -
i1 teT Uiz i=1

Using that sup;cp a; — sup;er by < supser(a; — b)), we get that, for any
x,y € [[2; & such that (z;¢)ter = (it )ter for any i # io,

f(x) = fly) < SU:I;){%‘O,t - yio,t} < by — agy -
te

Therefore, by the bounded difference inequality, the random variable Z =
supger Y g Xit — E[Xi ] satisfies

8

The bounded difference inequality shows that the supremum of empirical
processes Z = sup;er 2 i1 Xit — E[X;+] concentrates as well as if T' = {t}
is reduced to a singleton!

See also the problem at the end of the section for suprema of sums of
sub-Gaussian random variables.

23 (b )2
Vs € R, Elexp(s(Z — E[Z]))] < exp ( 2z (b = ai) ) .

3.5 Gaussian concentration inequality

Theorem 14. Let X ~ N(0, 1) denote a standard Gaussian vector on RY
and let f : R?* - R denote a function such that

ve,y e RYL|f(2) — f(y)| < Lz —yllz -
Then || f(X) = E[f(X)][ly, < CL.

Remark 15. We provide an elementary proof of the result with sub-optimal
constants. Using Herbst’s argument together with log-Sobolev’s inequality for
Gaussian distribution, one can prove (see for example P. Massart’s lectures)

2

This bound is sharp as can be seen when d =1 and f(z) = x.

Blexp(s(f(X) — ELf(X)])] < exp ( L ) .
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Proof. Let s € R, we want to bound from above

Elexp(s(f(X) = E[f(X)])] -

Let X’ ~ N(0,I) be independent from X. By Jensen’s inequality

Elexp(s(f(X) = E[f(X)]))] = Elexp(s(f(X) — E[f(X")|X]))]
lexp(E[s(f(X) = f(X"))|X])]

[exp(s(f(X) = F(X))] -

E
E

N

Now, for any 6 € [0,7/2], let
U(8) = sin(0) X + cos(0) X', V(6) = 0pU(0) = cos(0) X —sin(0) X' .
We have

U(r/2) =X, U) =X, U(0) ~N(0,1), V(0) ~N(0,I) ,
(U®),V(0)T centered Gaussian vector, E[U@)V(9)] =0 .

It follows that U(6) and V(#) are independent and, by the fundamental
theorem of analysis,

w/2
F(X) — F(X') = /0 (VT 0)), V(6)) 6 .

Conditioning on U(6), (V£(U(0)),V()) ~ N(0, [V f(U(8))]]3). By Jensen’s
inequality

/2
Elexp(s(f(X) — f(X')))] = E[exp(/o s (Vf(U(0)),V(0)) d0)]

92 w/2
<2 /0 Elexp((ms/2) (V£(U(0)), V(9)))]d6

™

It remains to recall that, if X ~ N(0,02), E[exp(sX)] = exp(s?0?/2) to
conclude that

Elexp(s(f(X) = f(X"))] < exp(s*7*L?/8) .

3.6 Sub-Gamma random variables

Sub-Gaussian concentration inequalities are easy to use but usually do not
provide the correct order of magnitude of deviations. A simple situation
where this phenomenon occurs is as follows: Assume Xq,...,X, are i.i.d.
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with Bernoulli distribution B(p). Then Hoeffding’s inequality states that,
for any = > 0,

P(‘\/lﬁizn;()(i—p)‘ >x> < 2exp (—Ca?) .

On the other hand, the central limit theorem states that n=*/2 3" | (X; —

p) = N(0,p(1 — p)), so by the Gaussian concentration inequality,

(o] ) s 5E55).

The question that we investigate in this section is whether one can ob-
tain deviation from the mean for random variables with probability 1 —
2 exp(—Cx?/Var(X)), at least for small values of z.

Definition 16. A random variable X is (b, 0?)-sub-Gamma if
V|s| < 1/b, Elexp(sX)] < exp(s®0?) .

A sufficient condition for sub-Gamma random variables can be expressed
in terms of moments.

Proposition 17. If X is centered and there exists b,o? such that, for any
k=2,

E[|X|*] < kWb 20”
then, for any e > 0, X is (2b,202)-sub-Gamma.
Proof. Write, for any s < 1/b,
Elexp(sX)] < 1+Z M < 14—5’2022:1)’“591’C < 1425202 < exp(2520?) .
k>2 ! k>0

O]

If X is bounded, the following result shows that X is sub-Gamma with
parameter o2 =< Var(X).

Proposition 18. Assume that X is centered and |X| < b a.s., then, for
any € >0, X is (b(1 +¢€)/3¢, Var(X)(1 +¢€)/2) sub-Gamma.

Remark 19. Proposition[18is a refinement of the previous proposition that
would have shown directly that X is (2b,2Var(X)) sub-Gamma.
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Proof. The proof goes along the same argument. Write 02 = Var(X). We
have

82 Sk*? k
Elexp(sX)] =1+ 5 Z kjE/[2X]

k>2
Using that
Vk>2,  EXM<o®W? kl>2432

we get

s202 1

<14+2——
Elexp(sX)] <1+ 5 1 bs/3

So if s < 3¢/[b(1 + €)], then

s20? € so? €
Elexp(sX)] <1+ solte) < exp <(1+)> .

2 2
O

Finally, the following proposition establishes that the sum of independent
sub-Gamma random variables is also sub-Gamma.

Proposition 20. Assume that Xy, ..., X, are independent and for any i €
{1,...,n}, X; is (bj,0?) sub-Gamma. Then > 1 | X; is (b, %) sub-Gamma,
with

S

n
= max b, 52 = g o? .
ie{l,...,n} ]

Proof. Just write that, by independence, for any s for which it makes sense
(in particular, for any |s| < 1/b therefore)

=1

Elexp(s Y _ X)) = [ [ Elexp(sX3)] .
=1

3.7 Link with sub-exponential random variables

The first result provides various equivalent characterization of sub-exponential
random variables.

Theorem 21. Let X be a random variable. The following statement are
equivalent.

(i) For any x >0, P(|X| > z) < 2exp(—z/Ky).
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(ii) For any p > 1, (E[|X[P])Y/P < Koap.
(iii) For any |s| < 1/K3, Elexp(s|X])] < exp(sK3).
(i) Elexp(|X|/K4)] < 2.

If one of these properties holds, all of them do and the different K; differ by
at most a multiplicative constant.

Besides, the smallest Ky such that (iv) holds is called the sub-exponential
norm of X and is denoted by || X||y, -

Proof. (i) = (ii): Assume that K; =1 and write
+oo
BIXP) = [ P(X] > u!/?)du
0
+o00
:p/ P(|X| > v)oP tdv
0

+00
< Qp/ exp(—v)vP~tdv = 2pT'(p) .
0

By Stirling’s estimate I'(p) < (p—1)P~! this yields E[| X |P] < 2pP. The result
for general K follows by applying the case K1 =1 to X/Kj.
(i) = (iii): Assume that Ko = 1 and write

sFE[| X |¥] skkk
Efexp(s| X])] = S > o
k>0 k>0

By Stirling’s estimate k! > (k/e)*, we get that the series is convergent if
|s| < 1/2e and

1
Elexp(s|X])] < e = 1+ . iese < 14 2se < exp(2es) .

This proves the result for Ko = 1. The result for general Ky follows by
applying the result for Ko = 1 to X/Kj.

(iii) = (iv) is straightforward.

(iv) = (i): By Markov’s inequality

P(|X| > z) = P(exp(|X|/K4) > exp(z/K4))
Elexp(|X|/K4)] exp(—z/K4)
2exp(—z/Ky) .
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It is clear from (ii) for example that any sub-Gaussian random variable
is sub-exponential and || X||y, < C||X||y,. Besides, point (iv) allows to show
the important fact that, if X is sub-Gaussian, X? is sub-exponential and
X2y, = HXH?p2 Finally, the basic remark 2ab = inf.c( 1) ea® + ¢ b
allows to show the extension of this important fact that, for any X,Y,
HXYHdJl < HXszHYH’L/Q

The link with sub-Gamma random variables is given in the following
result.

Theorem 22. If X is centered with E[X?] = 02 and | X ||y, < K, then
(i) X is (CK,CK?) sub-Gamma.
(ii) X is (CK log(K /o), Co?) sub-Gamma.

Remark 23. The same proof shows that, if X is centered with E[X?] = o2
and | X ||y, < K, then X is (CK+y/log(K/o),Co?) sub-Gamma. These
results complement Proposition |18 for possibly unbounded sub-Gamma (or
sub-Gaussian) random variables.

Proof. For the first part of the proof, we have by Characterization (ii) of
sub-exponential random variables, for all k > 2,

E[| X[ < (CKE)* < E/(CeK)* |

where the second inequality follows by Stirling’s estimate k! > (k/e)*. The
conclusion then follows from Proposition

The second part uses the same ingredient but it’s slightly more tricky.
Let k > 2 be an integer and = > 1. We have, by Hoélder’s inequality,

E[| X |*] :E[‘X‘Z—l/x|X’k—2+l/x} < 0_2—1/96E[’X‘2x(k’—2)+2}1/2;10 .
Now by Characterisation (ii) of sub-exponential random variables, we have
E[|X|2x(k—2)+2] < (CK (22(k — 2) + 2))2e(k=2)+2
Therefore,
E[|X|"] < (CK)k—2+1/xo_2—1/:v(2:L,(k )+ 2)k—2+1/x

K 1/x
< Co*(CK)F2(k —1)! () k=2
o
As this is true for any > 1, one can choose = = log(K /o) and the result

follows by Proposition O

We conclude this section with the following straightforward but useful
corollary.

Proposition 24. If X, X’ are sub-Gaussian, then the random variable X X'—
E[XX') is (CIIX [y, | X' Iy, CIIX |2, |1X|2,)-stub-Gamma.
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3.8 Bernstein’s inequality

Bernstein’s inequality is a concentration result for sub-Gamma random vari-
ables.

Theorem 25 (Bernstein’s inequality). Assume that X is (b, 0?) sub-Gamma.
Then, for any x > 0,

2
P(|X| > z) <2exp<—min (23;2,?)) .

Proof. We fix x > 0 and use Chernoff’s bound. We have

P(X > z) < exp ( — sup sz — log ]E[exp(sX)]> .
s>0

For any s < 1/b, we have

log E[exp(sX)] < s%0? |

SO
b itz > 202/b
sup sz — log E[exp(sX)] < sup sz — s?0% = xé ) 1 v 02/
$>0 s€[0,1/0] x*/20% if © < 20°/b

This proves that, if X is (b, 0%) sub-Gamma. Then, for any z > 0,

2
P(X > x) < exp(—min (;,2)) .

By definition, if X is (b,0?) sub-Gamma, —X also so the result follows by
applying the previous bound to —X and conclude with a union bound. [J

Together with Proposition Bernstein’s inequality yields the following
useful corollary.

Theorem 26. Let X1,...,X,, denote independent random variables such
that each X; is (bi,af) sub-Gamma. Then

n 2
Vo >0, P(|ZX¢‘>(IZ>§2€XI) (—min( - ’ >) :
i=1

n 27 .
23, 0; max;c{1,..n} b;

Theorem [26| together with the characterization of sub-Gamma random
variables stated in Proposition boils down to the proof of the classical
Bernstein’s inequality.
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Theorem 27 (Bernstein’s inequality). If Xi,...,X,, are independent ran-
dom variables such that, for any i € {1,...,n} and k > 2,

E[|X;|*] < klo?KF2
then, for any z > 0,
- ? oz
P(;(Xi - E[X;]) > z> < exp < — cmin <02, K)) ,
with 0> =Y " 02, K = maXie(1,..n} K-

A corollary of this result is obtained by combining Theorem with
Theorem It yields the following corollary.

Corollary 28. Assume that X1, ..., X, are independent and sub-FExponential,
then, for any z > 0,

IP< En:(xi —E[Xi])‘ > z>

=1
N B ——
< 2exp| — cmin , .
Do 117, " maxie 1, ny 1 Xl

A less classical consequence can be obtained by putting together The-
orem [25] and Theorem 22] Indeed, if X1,..., X,, are centered independent
random variables such that || X;||y, < K; and E[X?] = 02, then

1 <« 2
Va > 0, P(‘\/ﬁ;XZ >x> <26xp<—cmin (Z’@)) ,

where

-----

This completes the first part of the program we planned in this chapter by
showing that sums of sub-exponential random variables deviates as predicted
by the central limit theorem for any

Vno?
7
We conclude with a simple corollary that we use repeatedly in the following.

Corollary 29. Let (X1,X1),...,(Xn,X],) denote independent couples of
sub-Gaussian random variables, let

T <

n
K= DI, b= max (Xl X,
i=1

Then, for any z > 0, we have

n 2
IP’(ZX,X{ — E[X;X]] > z) < exp ( — C'min <IZ{2 'Z)) .
=1
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3.9 Problem

The purpose of this problem is to prove an extension of the bounded differ-
ence inequality for suprema of sums of sub-Gaussian random variables

n

ap> Xl

teT 5
where (X ;)ier are independent random variables such that

K=1| sup supX|y, <oo .
i€{l,...,n} teT

Before we move to this application, we consider as in the bounded difference
inequality a function

Xix...xX,—R
v
(X1, oy zn) = (21, .. Ty)

We denote by D,, = {X1,...,X,} a set of independent random variables
taking values respectively in &7, ..., &,. We let F; denote the sigma-algebra
generated by Xi,...,X; and denote by

Kz> ” sup 'Y($1,~'-7-Ti717Xi7$i+1a---71'n)*E['Y(5517--‘7$i71aXiaxi+17-~~,1:n)]||w2 .

T1yeesTm

1. Prove that
7(X17 v 7Xn) - E[V(le v 7Xn)] = ZAl 5
i=1
Where AZ = E[V(Xh AR XTL) - ]E[/Y(Xla e 7Xn)|Dn \ XZ”‘FZ]
2. Prove that, for any s € R,

E|(s{v(X1,..., X»)-E[(X1,... ,Xn)|Dn\Xi}}|Dn\Xi)] < exp (C?s*K7) .
3. Prove that, for any z > 0,

0222
IP’(’y(Xl,...,Xn) —EN(X1,...,Xn)] > z) < exp < — W) .
i=1""1

4. Let T denote a finite space, let X1, ..., X, denote independent random
variables such that

Xi = (Xit)ter, E[X;: = 0], | sup Xi ¢y, < K; < oo .
teT
Prove that, for any z > 0,

C?2?
P(sup X;; — E[sup X | > = éexp<) .
(teT o [tET il > 2) > K



Chapter 4

Deviation inequalities for
random matrices

This chapter extends the tools we saw in the previous lecture to random
matrices. We start with basic notions of matrix calculus that will be useful
for these extensions. Then, we prove matrix Hoeffding’s inequality, matrix
Bernstein’s inequality and Hanson-Wright’s inequality.

4.1 Calculus on matrices

For any symmetric n x n matrix X, we write its eigenvalues decomposition
n
Z T
X = Aluzul ,
i=1

where the spectrum is ordered so that Ay > ... > A, and u1,...,u, an
orthonormal basis of eigenvectors of X. We also denote by || X || the operator
norm of any matrix, that is its largest singular value (the sup-norm of its
spectrum if X is symmetric).

Definition 30. Let X = Y !, )\iuiuiT, Y denote two n X n symmetric
matrices and let f: R — R denote a function. We define

1. X =Y if X =Y is positive semi-definite.
2. f(X) =321, fauuf .
Remark 31. The definition of f(X) extends the one when f is a polynomial.

As an exercise, check the following properties that will be useful in the
remaining of this chapter.

Proposition 32. Let X, X' andY, Y’ denote two nxn symmetric matrices
and let f and g denote two R — R functions.

47
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~

CIFX =Y, THX) > THY).

2. If XX andY Y, then X +Y < X'+ Y.

3. || X|| <t is equivalent to —tI < X < tI.

4. I §(2) < g(a) for any |a] < K and | X| < K, then f(X) < g(X).
5. If X =Y, XY =YX and f is non decreasing, f(X) = f(Y).

6. If X =Y and f is non decreasing, Tr(f(X)) = Tr(f(Y)).

7. If0x X XY, log(X) < log(Y).

4.2 Deviation bounds for sums of independent ran-
dom matrices

In this section, we establish the extension of Hoeffding and Bernstein’s in-
equalities for sums of independent random matrices. The main difficulty in
this extension is that the set of matrices is not commutative so the basic
inequality

exp(X +Y) = exp(X) exp(Y) ,

does not hold anymore. As this inequality yields the tensorization property

SEI0 0 G eE—

we need to work on the extension of this argument. The section therefore
starts with an extension of this argument that is then applied to prove
deviation inequalities for random matrices.

4.2.1 Extension of the tensorization argument

In this section, we establish the following result. Let A;(A) denote the
largest eigenvalue of A.

Lemma 33 (Tensorization for random matrices). Let Xi,..., Xxn denote
independent n X n symmetric random matrices, let s > 0

E[exp (sxl(gxim < Tr<exp <élogE[exp (in)])> .

Proof. The proof is divided into two lemmas. The first one is completely
elementary.
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Lemma 34. Let X denote a symmetric n X n matriz, we have, for any
s> 0,
exp (sA1(X)) < Tr(exp(sX)) .

Proof of Lemma[3] We first use that « — exp(sz) is non decreasing to say
that

exp (sA1(X)) = A1 (exp (sX)) .
By Point 4.,
exp (SX) =0 .

Therefore,
Al(exp (sX)) < Tr (exp (SX)) .

By Lemma [34] we have thus

exp @(ﬁx)) i (e (s ZX)) . (41)

The next step of the proof is the following result known as Lieb’s inequality.

Theorem 35 (Lieb’s inequality for random matrices). For any n X n sym-
metric matrices H deterministic and X random, we have

E[Tr(exp(H + X))] < Tr(exp(H + log(E[exp(X)])))

We do not prove Lieb’s inequality here, an article providing a proof is
given in Slack. A consequence of this result is the following lemma.

Lemma 36. For any independent nxn symmetric random matrices X1, ..., Xy,
we have

[Tr(exp( ZX))] < Tr(exp (glog (E[exp(in)])» .

Proof of Lemma[36. We use recursively Lieb’s inequality conditionally on
]:'i = Zl, ceey Zifl, Z,L'+1, N ZN, with Zj = SXj lf] < 7 and Zj = 10gE[6Xp(SX]’)]
if j > i to say that

|1 (o (- S 2+2) 7]

Jj=1,#1
N
<Tr <exp < Z Zj +log E[exp(Zi)LE-]))

=L
N
=Tr (exp < Z Zj + 10gE[eXp(Zz’)]>) ,
j=Lji

where the last inequality holds by independence of the Xj. O
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Together with (4.1)), Lemma 36| proves that

E[exp (3A1(2X>>} Tr <exp(;logE exp(sX)D) .

4.2.2 DMatrix deviation inequalities

In this section, we extend Hoeffding and Bernstein’s inequality to sums of
independent random matrices.

Theorem 37 (Matrix Hoeffding’s inequality). Let Ai,..., Ay denote n X
n symmetric deterministic matrices and let €1,...,ex denote independent
Rademacher random variables. Then, for any z > 0,

>k

cz?
]P’( >z><2nexp<—> .
i1 152, A7

Proof. First, we have that ||A|| = max(A;1(A), —A\,(A)), where A, (A) is the
smallest eigenvalue of A. We focus on A\1(A) and let the reader check that
the argument generalizes to ||A|| up to a union bound. The proof uses
Chernoft’s bound

Vs >0, IP(Al(éeiAi) > 2) < expl-s9E | ex (Al(i_v;A)ﬂ .

(4.2)

N

Then, by tensorization for random matrices

2o (s (S50 <7 (oo (S eetios o)) - 43

i=1
Now, to bound the Laplace transform of a single random matrix X, we use
Point 4 in Proposition First, we use that, for any real number z,

2k k 2

Elexp(es] = g{expla) +exp(—o)) = 3 5 < 3= i = e (5)-

k>0

We deduce from this bound and Points 4 and 7 in Proposition [32] that

2
logE[exp (seiAi)} < %A2 .

()

By Point 2 in Proposition we get

ZlogE exp sez Z ZAQ .

=1
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By Point 6 in Proposition [32 we get

T <exp <§jlogﬂz[exp (seiAi)}» < T <exp <822§:A§)> .

i=1 =1

Plugging this into (4.3), we get

ofow (3 (L)) < (o (5 1))

Therefore,

B[ oxp (A(iA))] < nexp <2

Plugging this into (4.2), we finally get

N 2
Vs > 0, P<A1<ZG¢AZ~> >z> Snexp(—sz—i—z
i=1

N
>
=1

> . (4.4)
).

Optimizing over s > 0 proves the concentration of Al(zi]\; 1 eiAi). The

N
>4
i=1

same argument would show the concentration of —/\n(Z?; 1 eiAi) and a
union bound concludes the proof of the theorem. O

Let us now turn to Bernstein’s inequality.

Theorem 38 (Matrix Bernstein’s inequality). Let X1, ..., Xy denote inde-
pendent, centered, n X n, symmetric random matrices such that || X;|| < K
a.s.. Then, for any z > 0,

P ZN:X- >z | < 2nex — cmin ﬁi
Z:1 3 ~ p 0_27K )

with 02 = H ZZ]\;1 E[XE]H

Proof. We focus as in the previous proof on the concentration of Ay ( sz\; 1 Xi) .
The proof starts with Chernoff’s bound

v > 0, p@(ixi) >2) < expl(-s9E | exp (51 <ix>)} .

i=1
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Then, by tensorization’s bound for random matrices

E[exp (w(%x))} Tr (exp<;1og1€, exp(sX)D) .

Then, we use that, for any |z| < K, and |s| < 1/K,

k
exp(sx) =1+ sz + Z (s2)
k>2

5222

+8x+2(1—]5K\/3) +sx+ s°x

By Point 4 in Proposition this implies
exp(sX;) < T+ sX; +s°X7 .

Taking expectation on both sides, and using one more time Point 4 in Propo-
sition [32| with the inequality 1 + = < exp(x) valid for any = € R, yields

Elexp(sX;)] < I+ s’E[X?] < exp (SQE[XE]) :
By Point 7 in Proposition this implies
log(E[exp(sX;)]) < s°E[X?] .

By Point 2 in Proposition we deduce

N N
Zlog(E[exp(in)]) <2 ZE[X}] :

By Point 6 in Proposition [32] we get

(exp (Zlog [exp(sX; )})))) < Tr <exp <52§:E[XE]>)
<nexp (s%0?) .

We conclude that, for any |s| < K,

<A1<ZX> > z) nexp (= 57+ s%0%) |

Optimizing over |s| < K shows the deviation inequality for )\1(2?; 1 XZ-).
The same argument shows the deviation of —\y, ( SV X;) (check this part!)
and the conclusion follows from a union bound. O
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4.3 Applications of Matrix Hoeffding’s inequality

4.3.1 Matrix Khintchine’s inequality

A consequence of Matrix Hoeffding’s inequality is the matrix version of
Khintchine’s inequality.

Theorem 39 (Matrix Khintchine’s inequality). Let Ay,..., Ay denote n x
n symmetric deterministic matrices and let €1,...,ex denote independent
Rademacher random variables. Then

?

Proof. The proof follows by integration of Hoeffding’s inequality and is left
as an exercise. O

N

Z Gl‘AZ‘

i=1

1/2

N
> 4

i=1

] < Cy/1+1logn

Khintchine’s inequality admits the following corollary for non necessarily
symmetric matrices.

Corollary 40 (General Matrix Khintchine’s inequality). Let Aq,..., Ay
denote n x p deterministic matrices and let €1,...,ex denote independent
Rademacher random variables. Then,

e[| 2]

N
< 1og<p+n>max< sup S [[AT a3, sup ZHAN??H%) |
To €

z1€Bp ;2 n =1

N

Z EiAi

=1

Proof. The proof relies on the following trick. For any n x p matrix A, we
denote by

0 A

s = 4 bl

Then, S is a linear map such that, for any n x p matrix A, S(A4) is a
symmetric (n + p) X (n + p) matrix such that

T
O | B C O (4.5
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We have therefore,

?

N

Z EiAi

=1

el (E)] ves

.

N
< C/log(p +n)

> S

i=1

N

ZfiS(Ai)

=1

1/2
Khintchine .

Finally, for any z = (27, 2)7 in R™ x R? \ {0},
TZS JS—ZHATleer2HA a3

N 2
—HSL‘||2< REEE) ).

2

2 i=1
with A = [|z1]13/||z]|3, thus 1 — X = ||z2]|3/||=||3, using the convention 0/0 =
0. O

T T2

222

AT

i A;
|z1]]2

4.3.2 Application to Matrix completion

A classical application of Matrix Khintchine’s inequality is the problem of
Matrix completion. Suppose we want to recover a n X p matrix X based the
observation of the matrix Y with entries y; ; = d; jx; j, where 0; ; are i.i.d.
Bernoulli B(g) random variables, where 0 < ¢ < 1/2. The key assumption
for this task to be feasible is to assume that X has low rank r. The main
idea behind the algorithm for matrix completion is to approximate

X e argmin, 7)<, g™y — Z|| .

X is not an estimator unless we know r and the optimization problem is
computationally hard due to the constraints r(Z) < r so convex relaxations
are necessary to actually approximate X. Yet, to understand the relevance
of this strategy, we bound here the performance of X.

The key remark is that, by construction

; . _ 2
IX = X[ < I1X = ¢V + g 1Y—XH<§HY—QXH :

Moreover,
Y —qX = ((dij — O)%ij)1<i<ni<j<p -

AsY — ¢X is centered, we can apply the following symmetrization lemma.
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Lemma 41 (Symmetrization). Let (X1 ¢)er, - - -, (Xnt)ter denote indepen-
dent processes indexed by a separable space T' such that E[X; ;] =0 for any
1 and t. Let €1,...,€, denote independent Rademacher random variables,

then
[supZX”} ZE[supZel lt] .

terT teT

Proof. We introduce (X1 ,)ier, - - -, (X}, ;)ter independent from the processes
D ={(X1t)ter;---,(Xnt)ter} and with the same distribution, so

SupZX t—supZth t|D [supZX” ;AD] .

tET

Taking expectation on both sides, we get

[supZth} < [supZth ] :

teT teT
Now we use that the processes (X1 — X{,t)teTa o (X — X3, 1 )eer and

(e1(X1t — X{,t))teT, ooy (€n(Xnt — X, 4))ter have the same distribution to
say that

teT teT

[SupZX” } [supZel i X;t)].

We conclude saying that

oSt )] <y S ] s efp o]

teT teT teT
and the fact that ¢; and —e¢; have the same distributions. O

A consequence of the symmetrization lemma for random matrices is that,
if Aj,..., Ay are independent random matrices such that E[A;] = 0, then

E| éA | < éA} .

For matrix completion, this yields

n p
Z Z €i,j(0ij — P)TijEij

i=1 j=1

E[Y - oX]] < 215:[

|

where E; ; = e;e! is the canonical basis of n x p matrices.

J
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We can now apply Khintchine’s inequality conditionally on all 4; ; and
for this, let u € B, we have

EiJ'u = ujs€; ,

thus
n p n p
S e (6iy — zigEiguly => > (65 — q)’a} ul
=1 j—1 i=1 j—1
n
< max ((51',]' - q)Qx?,j .

je{1,...
JE{Lp}t

Now, we introduce C;(X), the j-th column of X and we have, by Bernstein’s
inequality
n

E[ max » (6i;—q)°x;] Sq max |[|C;(X)]3+logpl X[ -
]6{17"'71)} 7,:1 ]6{17"'7p}

Proceeding similarly for the lines, we get finally

E[|I X — XII

ot (R L0l moy 0G0 \/logmzp)nxnoo) |

Finally, using the fact that both X and X have rank r, we have

IX = X[ <2r| X - X,

thus
E[|X — X|%]
< 1 log(n-+p) max (maxi HLZ(X)Hg, max; HCj(X)H%, log(n —i—];)HXHgO) .
q q q

Using the rough bound || L;(X)||3 < p||X||% and |C;(X)[|3 < nl|X | s, we
deduce that, if npg > r(n + p) log(n + p), we have

r(n + p)log(n + p)
npq

1 0 2 2

npr[HX - X[zl <C X% -

Informally, if the number of observations npq exceeds the number of param-
eters r(n + p) by a logarithmic factor, matrix recovery is possible in the
sense that the average error in the L2-sense nipE[HX — X||2] is smaller than
the size of the original matrix || X||..
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4.4 Applications of Matrix Bernstein’s inequality

Theorem 42. Let M denote a n x p random matriz with independent cen-
tered rows M} such that |M;||s < K a.s.. Then, for any ¢ € (0,1) and
n € (0,1), with probability larger than 1 — €,

C
| M" M — E[M" M]|| < n||E[M"M]|| + gKQ log(p/e) -

Proof. We write By = {u € R? : ||lul|2 < 1} and, for any u € Bo,

n n
u"M Mu = (M, w)[I3 = (Mi,u)? = o" (3 MM )u .
i=1 i=1
This proves that MTM = py MlMZT is a sum of independent symmetric
random p X p matrices. Besides, these matrices satisfy, for any u € Bo, by
Cauchy-Schwarz inequality,

T MM w = (M, u)? < [|M;3 < K2

The last inequality holds a.s. By the matrix Bernstein’s inequality, it follows
therefore that, for any ¢ > 0,

2
P(|M™M — EM"M]|| > t) < 2peXP(_0min (;;)) ;

where

o =

n
> EMM] MM
=1

> B[V 3V M] ]
=1

Zn:E[MiMiT]
=1
= K*[[EM"M]|| .

< K?

O

For the second application, we go back to the community detection prob-
lem presented in Chapter |2 We presented the spectral clustering algorithm
in this chapter to solve the problem and provided an error bound for the
proportion of misclassified nodes under a control on the spectral norm of
A — E[A], where A is the adjacency matrix of the observed random graph.
Our purpose here is to provide a control on this spectral norm using matrix
Bernstein’s inequality.
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Theorem 43. Let A denote the adjacency matrix of the graph of a balanced
2-classes SBM with size 2n and parameters p and q. Then, for any e € (0, 1),
with probability at least 1 — e,

|A —E[A]| < Clog(n/e) .

Proof. We denote by e; ; the canonical basis of the (2n) x (2n) matrices.
We can write

A= ZB“e”_‘_ Z 1] el,]+e]1) 3

1<i<j<2n

where B; ; are independent Bernoulli variables with parameter p if ¢ and j
belong to the same community and ¢ if they belong to different communities.
Therefore, A — E[A] is a sum of independent, centered, random matrices
with spectra bounded by 1. By the matrix Bernstein’s inequality, it follows
therefore that, for any ¢ > 0,

P(|A —E[A]|| > t) < 4n exp(—cmin(t?/0?,t)) ,

where
o2 = Zpe”—k Z ” e@j+e]l)2
1<z<j<2n
= Zpezer Z Z Z] ell+e]7])
=1 j=1,j#i
= *Z B l(eii + ;)
,7=1
2n n
= || 2_eii > _E[Bi]
i=1 j=1
=n(p+q) .

4.5 Decoupling and quadratic forms

In this section, we prove tools to show the concentration of the linear func-
tion

(4,X)

when X is a Gram Matrix, that is, a matrix whose entries are of the form
(X, X;) with independent vectors Xi,..., X, taking values in a Hilbert
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space H. The final result is given in the problem concluding the chapter.
Remark that these matrices cannot be written sz\; 1 X; with independent
random matrices X;, so this result is different from the ones considered in
the previous sections. Let thus A denote a n X n symmetric matrix A with
null diagonal and independent centered random vectors Xi, ..., X, taking
values in a Hilbert space (#, (-, -)), we are interested in the concentration of

(AX)= > A (X, X;) .
1<i#j<n

The tricky part is that these random variables are not independent and
to proceed, we are going to see an elegant and powerful argument called
decoupling that allows to replace the variables X; by independent copies
X:.

J

4.5.1 Decoupling
Theorem 44 (Decoupling). For any convex function F : R — R, we have
E[F( > Ay <X1-,Xj>)] < IE[F<4 > Ay <XZ-,X]’»>>} ,
1<i#j<n 1<iZj<n
where X1, ..., X/ are independent copies of X1,...,Xp.

Proof. The proof is decomposed in several elementary steps.
Step 1: For every random variables Y and Z such that E[Z|Y] = 0, we
have, by Jensen’s inequality

E[F(Y)] = E[F(Y + E[Z|Y))] <E[F(Y + Z)] .

Step 2: Let Bj,..., B, denote independent Bernoulli 5(1/2) random
variables, independent for Xi,...,X,. Let I = {i € {1,...,n} : B; = 1}.
We have

Yo A (X Xp) = Y 4Eg[Bi(l - B))JAi  (Xi X;)

1<i#j<n 1<i#j<n
= 4IEB[ > Bi(1-BjAi <XZ-,XJ->]
1<i#j<n
= 4E; [Z > Aiy (X, Xﬁ} .
iel jele

Using Jensen’s inequality once again, we get that

E[F( Z Ai,j<Xi,Xj>>]gEXEI[F(zLZZAmXi,Xj)H

1<i#j<n iel jele

= E/Ex [F <4Z > A (X X)) ﬂ :

icl jele
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Step 3: Conditionally on I, the random variables

DDA XL Xp), Yy A (XX

icl jele icl jele

have the same distribution, so

E[F( Z Ai,j<Xi,Xj>>] gEIEX[F<4ZZAm<XZ-,X;>} .

1<i#j<n iel jele
(4.6)
Now, for every I,J C {1,...,n}, we write
QU =) A (X, X})
iel jeJ

Forany I C T,, ={1,...,n}

Q(Tann) = Q(I,IC) + Q(IC7IC) + Q(TTUI) )

where

ElQUI I9)|Q(L I9)] =0, E[Q(Tn, NIQL, 1) + QU I9)] =0 .

Therefore, using Step 1 twice, for any I C T,,,

K [F <4 Y 4 (X X;>] — B[F(QUI, 1))
el jele
S E[F(4(Q(I, I¢) + Q(I¢, I))]
< E[F(4Q(Tn, T}))] .

As this is true for any value of I, it is true by taking the expectation with
respect to I. Plugging this result into (4.6)) yields the result. O

4.5.2 Concentration of Gaussian Chaos

In this section, we prove two results in the Gaussian case. The first one is
a basic application of Bernstein’s inequality for sums of Gaussian random
variables that will be used as a technical tool in the following.

Theorem 45. Let (g91,9)),- - -, (9n, g},) denote n independent couples of Gaus-
sian random variables and let s = (s1,...,8,)T € R™. Then, > 1| 8;gig, is

(b, 02)-sub-Gamma, where b = C||8||c and o? = C||s||3. In particular, for

any z > 0,

n 2
/ . z z
P<Z”>> gexp(_cmm(\su%’ ||s||oo>> '
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Proof. As g; and g are sub-Gaussian, s;g;¢; is sub-Exponential with ||s;gig;|ls, =
C’s?. The result thus follows from Corollary O

We can now move to the proof of the concentration of Gaussian Chaos.

Theorem 46 (Concentration of Gaussian Chaos). Let A denote a n X n
matriz and let g,g' denote two standard Gaussian vectors. Then, g Ag' is
(b,0?) sub-Gamma, where b = C||A|| and o* = C||A||%. In particular, for

any z > 0,
]P’(gTAg' > z> < exp < — cmin ( 2 Z>>
b 1A% 1Al ) )

Proof. Let A=3%"", s;uv) denote the SVD of A, so

n

9" Ag = " si(g.wi) (g vi)

=1

The result then follows from the previous lemma, using independence of the
couples of standard Gaussian random variables (g;, g.), where g; = (g, u;)
and g} = (¢, v;). O

4.5.3 Hanson-Wright’s inequality

Hanson-Wright’s inequality is an extension of the previous result to the
case where X; are not necessarily standard Gaussian but are sub-Gaussian
random variables. Let X = (Xi,...,X,)? denote a vector in R" with
independent sub-Gaussian entries and let A denote a n x n deterministic
matrix with 0 entries in the diagonal. We are interested in the concentration
of

XTAX = Z ai’inXj y

1<i#j<n

The following theorem is known as Hanson-Wright’s inequality.

Theorem 47. Assume that X1,...,X, are independent and that each X;
1s K-sub-Gaussian. Then, for any z > 0,

2
P XTAX>Z> <26Xp(—cmin< © , : )> .
< K4A|% K2(|A]

Proof. We can assume by homogeneity that K = 1. The first step of the
proof is to use decoupling to get, for any s € R,

E[exp (sXTAX)] < E[exp (4sXTAX)] .
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The second step is to move from sub-Gamma random variables to Gaus-
sian ones. Let G, G’ denote independent standard Gaussian vectors in R",
independent from X, X’. We have, for any vector u € R",

n

Elexp({u, X))] = [ | Elexp(u;X,)] Hexp Cu?) < exp(Cllull3) -

i=1
Thus, for any s > 0,
Ex [exp (sXTAX’)] = Ex[exp((X, sAX"))]
< exp(Cs? | AX|[3)]
=Eqg [exp (CSGTAX/)} .
Reproducing the argument proves that
E[exp (43XTAX’)] < E[exp (CSGTAG/)} .

The third and last step is to bound the Laplace transform of Gaussian Chaos.
By Theorem [46] we have, for any |s| < 1/C||A],

Elexp(sG" AG")] < exp(Cs”||AlE) -
In particular thus, for any |s| < 1/(C|A4]|]),
E[exp (sXTAX)] < exp(Cs?(|A|%) -

This means that X7 AX is (C||Al|,C||A||%)-sub-Gamma and the result fol-
lows therefore from Bernstein’s inequality Theorem O

4.5.4 Problem

The question we investigate in this problem is the following. Let Xy,..., X,
denote independent random vectors of R? satisfying E[X;] = 0 and the
following sub-Gaussian assumption: there exists a symmetric matrix I such
that
Yu € RY, E[exp({u, X;))] < exp(u!Tu) .
Let A = (a;;) denote a n x n deterministic matrix with 0 in the diagonal.
We are interested in this problem in providing concentration bounds for
n
7= a; (X, X;)
i#j=1
1. Denote by X7,..., X/ independent copies of X1, ..., X,. Prove that,
for any sufficiently small s € R,

E[exp(sz)]gE[exp <45 > ai,j<Xi,X;>>] .

1<i#j<n
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2. Let g1,...,9n,9},---,9, denote independent standard Gaussian vec-
tors. Show that there exists a numerical constant C' such that, for any
sufficiently small s € R,

E[exp(s > <Xi,Xj>>}<]E[exp<Cs > ai7j<l_‘gi,g;'>)].

1<i#j<n 1<i£j<n
3. Prove that there exist independent standard Gaussian vectors Gy, ..., Gy,
t,...,G in R" and non negative real numbers A1, ..., A\q such that

d
> aiy (Tgigj) = MGLAG) .

1<i#j<n k=1

4. Prove that, for any z > 0,
(22 2
P(Z>z2)<exp| —Cmin | —, ,
o4’ b

where

o = [ITIEIAlE, o= [TIIA] -
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Chapter 5

PAC-Bayesian bounds

In the first part of this chapter, we consider a random vector X such that
E[X] = 0. The vector X defines the linear process X; = (X, ) that we can
bound using chaining arguments as will be seen in Chapter [6] . This allows
to obtain deviation bounds for suprema of X; over some sets 1. This chapter
explains how to prove similar deviation inequalities using the PAC-Bayesian
approach. We know that each X; concentrates if || X¢||y, < K, where a €
{1,2} using the methods of Chapter The Pac-Bayesian approach allows to
go from the concentration of each X; to deviation inequalities for sup;cp X
when T is an ellipsoid. Although less general than chaining methods, this
approach yields tighter constants and is sometimes much easier to develop
in examples.

In a second part of the chapter, we extend the PAC-Bayesian approach
to prove deviation inequalities for the operator norm of random matrices.

5.1 Setting

In the first sections of the chapter, X is a random vector of R? such that
E[X] = 0. Besides, we will use repeatedly the following definitions.

Definition 48. The vector X is called K-sub-Gaussian if, for any t in the
sphere S C R? and any s € R, Elexp(s (X,t))] < exp(s2K?). It is called
(b, K)-sub-Gamma if, for any t € S and any s < 1/b, Elexp(s(X,t))] <
exp(s?K?).

When X is sub-Gaussian (resp. sub-Gamma), the concentration of each
X: = (X,t) is derived from Hoeffding’s (resp. Bernstein’s) inequality. We
want to make these deviations uniform over an ellipsoid 7' C R?. For this,
we use a Bayesian approach in the sense that we assume that the process
X, is evaluated at a random parameter 6. This parameter will always be
assumed independent from the vector X and we will consider several possible
distributions (p¢)ier for 6. With this approach, we replace the problem

65
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of bounding the probability of an event {V¢t € T,...} by the problem of
bounding the supremum of expectations of functions over all p € (p;)ter.

There exists a way to bound the expectation of a random variable w.r.t.
several probability measures. Given a probability distribution p on R?, we
will prove in the following section (see Lemma a variational formula
which states that, for any function ¢ : R* — R,

exp (sup E,9(0)] - K(p, m) — B, [exp(9(6))] (5.1)

p<p
where K(p, u) = [ log(dp/dp)dp stands for the Kiillback-Leibler divergence.
Consider now the function g(0) = s (X, 0) —log Ex[exp(s (X,0))] (here
and in the following, for any function f(X,6) we denote by Ex[f(X,0)] the
expectation of f with respect to the distribution of X and by E,[f(X, 6)] the
expectation w.r.t. 6 ~ p, assuming always that X and 6 are independent).
This function satisfies

_exp(s(X,0))
oP90) = fexp(s (X, 0))]

so Ex[exp(g(6))] = 1 and therefore Ex [E,[exp(g(f))]] = E,[Ex[exp(g())]] =
1 and, for any z > 0,
Px (Eufexp(g(0))] > exp(z)) < exp(—2) .

On the other hand, the variational formula implies that

log E,.[exp(g(0))] = sup Eplg(0)] — K(p, ) ,

thus, for any z > 0,

Px(igg Eplg(0)] = K(p, ) > 2) = Px (Epfexp(g(6))] > exp(2)) < exp(—2) -

Replacing by the expression of g(f), we get that
Px (Vt €T, sE,[(X,0)] <E,[logEx[exp(s (X, 0))}]+K(pt,u)+z> <exp(—z) .

We can readily see here why this formula can be interesting. For any dis-
tribution p; centered at ¢, we have in particular E,, [(X, 6)] = (X,E,,[0]) =
(X,t). Besides, the assumption that the vector X is sub-Gaussian (resp.
sub-Gamma) yields that

log Exlexp(s (X,0))] < K25*|0]3, V9ecRyseR |,

(resp. V0 € R% s € R : |s]||0]| < 1/b).
Therefore, if p; are centered at t, we get that, for any z > 0,

K
Py (Vt eT,(X,t) < SKQEpt[HHH%] + W) <exp(—z) .

This inequality is valid for any distribution p and either
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e in the sub-Gaussian case, for any probability distributions p; and any
s €R or,

e in the sub-Gamma case, for any r > 0, for any probability distribution
pt supported in the ball B(0,r) and all |s| < 1/rb.

In all cases, we see that we have to pick distributions p; centered at ¢ and
such that E,[||0]13] = ||t]|3 + E,.[||0 — t||3] can easily be computed. Then,
we can choose p such that all Kiillback divergences K (p¢, 1) can be upper
bounded.

In the following, we first establish the basic tools mentioned in this sec-
tion, then show that Gaussian priors can be used in the sub-Gaussian case
and build truncated Gaussian for the exponential case.

5.2 Basic tools

For any probability measures p and p on a measurable space ), we denote
by p < w if p is absolutely continuous with respect to p. When p < u, we
also denote the KL divergence by

K(p, 1) Z/log (jﬁ)dp :

PAC-Bayesian approach builds on a variational formula for entropies that
reads as follows:

Lemma 49 (Variational fomula). Let (2, 1) denote a probability space and
let g denote a real valued function on © such that logE,[exp(g(6))] < +oo.
Then, for any p X 1, we have

log E,lexp(g(6))] = E,lg(0)] — K(p, 1) -

Besides, the probability distribution such that dp/dp = exp(g)/E,lexp(g())]
satisfies

log E,[exp(g(0))] = E,[g(0)] — K(p,p1) -

Hence, we have

log B, [exp(g(0))] = sup. {E,lg(0)) — K(p,p)} -

Proof. The proof is elementary: For the first item, write f = dp/du so
K(p,p) = E,llog(f(#))]. Then, remark that

g B, fesplo(0) > log [ OO

exp(g(9))
dp(6) =logE, | —————1
o:10)20  [(0) ©) g TO#0

£(0)
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Thus, by Jensen’s inequality

log E,.[exp(g(9))] = E,[9(0) — log (f(0))] = E,[9(0)] — K(p, 1) -

For the second item, we compute directly

log (jﬁ) — 4(6) — log(Elexp(g(®))])

K(p, ) = Ep[g(0)] — log(E,[exp(g(9))]) ,

which is equivalent to the result. O

5.3 Sub-Gaussian vectors

In this section, we show why the general PAC-Bayesian bound allows to
derive the concentration of the linear process we met in Section As
precise constants can be obtained using the PAC-Bayesian approach, we
specify here the constants in the sub-Gaussian assumption. Let X denote a
random vector in R? such that, for any ¢ € R,

2
Elexp((t, X))] < exp <Ht2”2> )

Let T denote the ellipsoid described by the positive definite matrix I' by the
formula
T=TY2By = {t e R : |T7V2t||y = ||t|p-2 <1} .

The goal here is to obtain deviation bounds for sup;c7 (X, ).
Recall that, if X is a standard Gaussian vector, the Gaussian concentra-
tion inequality implies that, for any z > 0, w.p.a.l. 1 — 2exp(—=z),

igj}? (X,t) < /Tr(T) + /2|72 . (5.2)

5.3.1 Choice of i and p’s

In this section, we show that Gaussian distributions can be used as priors.
Let ¥ denote a non singular positive matrix and choose p to be the Gaussian
distribution N(0,X) and, for any ¢ € T, we let p; denote the Gaussian
distribution N(¢, X) (centered at t with the same variance as p). With these
choices, it is indeed easy to compute the Kiillback-Leibler divergence. We

have
dpi(x) [2][%-1 — llz — tll3-
I =1
og <d,u(a:) og | exp 5

1
= 5@ —t g )
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Taking the expectation w.r.t. x ~ p; in the expression yields directly
Lo
K (po) = Sll3 -

5.3.2 Bounding the second moment

Forany te T,
Ep, [10113] = [I£l13 + Ep, (16 — ]3] = 1£13 + T(2) ,

where the last inequality directly follows from [0 —t[|3 = Tr ((6—¢)(6—t)T).

5.3.3 Conclusion

The Pac-Bayesian bound directly implies in this case that, for any z > 0,
with probability larger than 1 — exp(—z), we have, simultaneously for all
teT,

52 1
s{X,t) < E(HtH% +Tr(%)) + gHtngfl +z .

This result holds for any s > 0 and any non singular ¥ >= 0.

Let us specify now ¥ = I'/3, where 8 > 0. We deduce that, for any
z > 0, with probability larger than 1 — exp(—z), we have, simultaneously
forallt € T,

5 5 1 B2 z
<= = = .
0t) < 5 (I8 + 5T ) + s+

Using the definition of T, we get

s 5 1 Bz

We let s > 0 free and choose 5 = s/Tr(T") to get
s z
(X, 1) <V/Te(0) + Stls + 5 -
Finally, we optimize the choice of s = v/2z/||t||2 to get

V>0, PMeT, (X,t)<Tr(D)+|t)2v2z) = 1—exp(—2) . (5.3)

This bound directly implies . An interesting feature is that we
recover this bound from the general Pac-Bayesian bound up to the constants.
To the best of our knowledge, this is the only approach showing this bound
with tight constants for sub-Gaussian random vectors.

On the other hand, it does not seem easy to extend the result beyond
ellipsoids to cover the case of a general subset T' C R
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5.4 Sub-exponential random vectors

In this section we consider vectors such that
vVt eSs, V|s| < 1/b, Elexp(s (t, X))] < exp(s*K?) . (5.4)

For these vectors, the general approach developed in Section shows
that, for any r > 0, as long as p; is centered at t and supported on a ball
centered at ¢ with radius r, for any |s| < 1/b(r +sup,cr ||t||2), for any z > 0,

KW) < exp(—2) .

Px (Vt eT,(X,t) < CsKngt[HQHg] +
As in the previous section, T" denote the ellipsoid described by the positive
definite matrix I' by the formula

T=TY2By = {t e R?: |07 Y2t||y = ||t]|p—1 <1} .

5.4.1 Priors

We define for p; the truncated Gaussian defined for any ¢ € T, a radius r and
non-singular covariance matrix ¥ to be specified later by the distribution
with density

1
(vV2r)d\/det(2)C,

with normalizing constant C, = P(N(0,%) € B(0,7)). Remark first that,
as the density f; is symmetric around ¢, this distribution is centered at
t as expected. As mentioned earlier, the key is to be able to bound the
second moment of these measures and choose a prior measure p for which
the Kiillback divergences K (p¢, 1) can be uniformly bounded.

Start with the second moment. As p, is centered at t, we have

Ep, 16113 = [1£]13 + Epo [10113] -

Then, denoting by ¢ the density of the Gaussian distribution N(0,Y) and
by G ~ N(0,I) , we have

fi(x) =

1 _
exp ( - §($ —t)'s Nz - t)> Lla—tlo<r} >

1 1
EnllOlB] = g [ Iellie(@ae < BIS2GIR) = o)

Moving to the Kiillback divergence, we denote by u = N(0, X), so

dpi() 1 1 2
ot — e (el = e = 1124) )L
1

1 2
= o @ bthoa Fgltls | Te—upery -
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Integrating the logarithm of this expression and using again that p; is cen-
tered in ¢, we get

1 1 1 1
Ko < (g (o) + gl ) < 2+ el
T

5.4.2 Conclusion

We choose ¥ = I'/3 for a parameter 3 to be chosen later. By (5.3 . Cr>1/2

if r = /Tr(T)/B + /[T log(1/2) /ﬁ<2\/Tr B =ro9. We have thus for
r=rg, B>0and |s| <1/b(ro+ +/||T]]) foranyz>0

Tr(F)>+[3+1+z
15} S

We choose s = [a(y/Tr(T')/B + +/|IT[[)] 7!, with a > b, we have, with prob-
ability larger than 1 —exp(—=z),

VteT,(X,t><< ITI + Trg“) (I:+a(ﬁ+1+z)> . (5.5)

Py (Vt €T, (X,t) < sK2<HFH + > <exp(—2) .

Define now the effective rank

(D)
=

We consider two possible situations: Either 7(I') + 1+ 2 < (K/b)? or 7(T') +
1+2> (K/b)2

Let us start with the case where 7(I') + 1+ 2z < (K/b)%2. We choose
B =r(). We get, Vt € T,

2
(X, t) < 24/IT| (I; +a(r()+1+ z)) .

There, we choose a = K/4/r(I') + 1+ z > b and we have, with probability
larger than 1 — exp(—2z),

vteT, (X,t) <AK/Tr(D) + |[T)|(1 + 2) .

Let us now move to the case where 7(I') + 1 + z > (K/b)%. We further
divide this case into two disjoint situations: Either 1+2z < (K/b)? or 1+2z >
(K/b)%. Start with 1+ 2z < (K/b)? so b < K/v/1+ z. We choose 8 =1+ z,
a=K/\V/1+ztoget,VteT,

()
1+ 2

(X,t) <3KV1+ z\/||F||< > = 3K+/Tr(T) + ||IT)|(1 + 2) .
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Finally, consider the case 1+ z > (K/b)%. Choose 8 =1+ 2, a = b to
get, for allt € T,

(X,t) < (\/ﬂ'f‘ @) (If +2b(1 + z)>

<3M1+@<MMW+ ?ﬁ?)
=3b(/Tr(T)(1 + 2) + VT + 2)) -

In all cases, we conclude that, with probability larger than 1 —exp(—z),

Sup (X, t)y <A/|IT (4[(\/7“(1“)—1—\/ 1+ 2(4Kv3b\/7’(1“))+3b(1+z)> . (5.6)

5.5 Extension to random matrices

In this section, we are interested in the extension of the previous results to
the case where X is a random n X p matrix such that E[X] = 0. Let & and
Ey denote two ellipsoids: given two symmetric and non singular matrices
I'y and T'y, let

—~1/2 —-1/2
Er={ueR: T, Pull <1}, & ={veR |, %)a <1} .
We are interested in this section in providing upper bounds on

sup u'Xv= sup <X,vuT>F ,
uEEYy WEEY uEEYy WEEY

that hold with high probability.

5.5.1 Probabilistic assumption

We are particularly interested in the case where X = Y7 | (X; X — %) for
some independent random vectors X; € R" such that E[X;] = 0, E[X; X]] =
> and

VueR",  Efexp((Xi,u)] < exp(K2[ul?) .

In this case, for any u € S, the random variable (u, X;) are K-sub-Gaussian,
so (u, XZ->2 —u"Yu are (CK?,CK*) sub-Gamma, so

n

Vu € R™ : ||ufls < 1/CK?, ]E[exp <<Z(X1XZT — Z),uuT> >] < exp(CnK?) .
F

=1

To take this situation into account, we assume in the following that our
matrix of interest X satisfies the following assumption: Yu,v : [|ull2 V]v||2 <
1 and Vs : |s| < 1/b,

Elexp(s (X, uv") )] < exp(s*’K?) . (5.7)

F
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5.5.2 Global strategy

To bound the random variable of interest, we extend the approach seen for
random vectors. Consider the function

g(U, V) =s(X,UVT), —log Ex[exp(s (X,UVT) )] ,

assuming always that X, U and V are independent. This function satisfies
Ex[exp(g(U,V))] = 1 and therefore, for any z > 0,

Px (Eulexp(g(U,V))] > exp(2)) < exp(—2) .
By the variational formula it follows that, for any z > 0,

PX(?,EE Eplg(U, V)] = K(p, p) > 2) < exp(—2) .

Replacing by the expression of g(U, V), we get that, with Px-probability
larger than 1 — exp(—2z), V(u,v) € &y x &y,

SEp,s0, (X, UVT) 1] < Ep,p, [log Ex[exp(s (X, UVT) D+K (pu®p), 1) +2 -
Now we have, by independence,
Ep, 0, (X, UVT>F] = (X,E,, [UIE,, [V]T>F = <X7“UT>F ’

provided that p, is centered at u and p), at v.
Furthermore, Assumption (5.7 ensures that, if p, is supported in the
Euclidean ball B(u,ry) and p), in B(u,ry), for any s such that

1
lull +ro)(lvll +7v)

|s|<(

we have [s||U||||V]] < 1/b a.s. and thus
log Ex [exp(s (X, UVT) )] < K2s*||[U|*|V]|*
so, by independence
Ep, 00, [log Ex[exp(s (X, UVT) )] < K*s°E,,, [|U[*E,, [IIV]%] -

Finally, assuming p is of the form p = puy ® py, we have

e (@)Y
K(pu @ o) = [0 (2280 1, ) 00)

= K(puy,ul) + K(me/@) -

To conclude this section, we recall that we have obtained that, for any
p=pu® p, and any pu = p ® p2,
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(i) if py is centered at u and p), at v,
(ii) if p, is supported in the Euclidean ball B(u,ry) and pl, in B(u,ry),
for any s such that

1

|s] < :
(lull +ro) (ol +7v)

with Px-probability larger than 1 — exp(—=z), Y(u,v) € &y % Ey,

$(X,u") . < K2SE, [[UIPE IV 24K (pu. i) + K (5o p2) +2 - (5.8)

5.5.3 Priors and quantities of interest

We define for p, the truncated Gaussian defined for any u € &y, a radius
ry and covariance matrix I'yy /By with Sy to be specified later by the distri-
bution with density

1 Bu Tp—1
ful@) = (o Tae Ay P <—2(x—u) Iy (x—u)> Lje—ula<ru}
with normalizing constant Cyy = P(N(0,T't//8r) € B(0,7y)). Hereafter, we
fix ry =24/ Tr(I'y)/Pu so 1/2 < Cy < 1. This distribution is centered at u
and supported in B(u, ry).

We define p; as the Gaussian distribution N(0, 'y /fr). We define sim-
ilarly p as truncated Gaussian distributions and s as the Gaussian distri-
bution N(0,I'v /By ).

The computations of Section show that, with these choices,

Tr(I'y)

E,. [IU]1%] < +|ITv]
Bu

Tr(I'y)
E, [IVIF] < ——= +Tv] .

L Bu,,.2 Bu +1
K g - a t — < 9

(Puaﬂl) e + 9 || ||FU1 2
By +1

To conclude this section, we get that, with our choices, for any s such that

Tr(I'y) Tr(Ly)
|s|<[b\/ = +urU||\/ N
we have

Tr(I'y) Tr(T'y) Bu+By 1+
<X,uvT>F§K2s< TBUU +\FU||>< IBVV —i—HFVH>+ U28 Vi SZ .

—1
n Hrvu] |
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5.5.4 Optimization
Let a > b and

B Tr(Cy) Tr(Iy) -1
5= [a\/ﬁU + HFUH\/,BV + ‘FVH]

(X,uo") . < \/<Trél;U) + \FU||> <Trél;") + HFVII) <If+a<BU;BV+1+z)> .

Let us introduce the following effective ranks

. TI‘(FU) r _ Tr(FV)
o e [

(X, w), < \/HFUIIHFvH<( D) (M0 1) (Eova (B ) )

Choose fy =r(I'v), By =r(I'v) to get

2
(X, w'), < ||rU||rrv||(2§+a<r<rU>+r<rv>+z(1+z>)> |

We now distinguish between two situations: Either r(T'y)+r(Ty)+2(1+
2) < 2(K/b)? or r(Ty) +r(Ty) + 2(1 + 2) > 2(K/b)>.
We first consider the case where 7(I'yy) +r(T'v) +2(1 + 2) < 2(K/b)?, so

V2K
b< :
VrTo) +r(Tv) +2(1 + 2)

We choose thus

V2K >b
VrTo) +rTv) +2(0 +2)

o=

SO

(X,u") . < KV2[Tull[Tv][v/r(Ty) +r(Tv) +2(1+2)

We now consider the case where 7(I'yy) +7(T'y) +2(1+2) > 2(K/b)? and
choose o = b to get

2
<X,uUT>F <AVITulllITv | <2Ib( + b<r(FU) +r(Cy)+2(1+ z)))

< 20/ [Tu TV ] ( H(Ty) +2(1 + z)) |
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We conclude that, in all cases, we have, if X satisfies the following as-
sumption: Vu, v : ||ull2 V ||v]j2 < 1 and Vs : |s| < 1/b,
Elexp(s <X,uvT>F)] < exp(s2K?) | (5.9)

then, for all z > 0, with probability 1 — exp(—z),

sup uTXU<\/||FUHHFV||<KC(U,V,Z)\/bC(U,V,z)2>, (5.10)

ueEy WEEY

where r(I'y) = Te(Ty) /[T ||, »(Ty) = Te(Ty) /|| Tv || and

C(U,V,2) = /2(r(Ty) +7(Tv)) + 4(1 + 2)
Ev={ueR": T, %uly <1}, & ={veRP: |, 0lla <1} .

5.5.5 Application to quadratic processes

In this section, we are interested in the following problem. Let Xi,..., X,
denote i.i.d. random vectors in R? such that E[X; X]] =%,

Vie{l,...,n},Vue R, [[{u, X3) [ly, < llull2 -

Let I'y and I'y denote two non-singular positive semi-definite matrices and
let

Ev={xeR: T, %2 <1}, & ={zeR®: |1, <1} .

We are interested in the random variable

Z = sup Z{ X;,u) (Xi,0) —ul Yo} .

U,EEU,Uegv
We define the matrix
1 n
T
X = ;Z{XiXi -3},
i=1
SO Z = SUDyecg,, vesy u”Xv. We have, for any u,v € R?,

1 1
(X3 ) (X 0) sy < 5 (e (Xi,w)” [y + " (Xi,0)? [lyy)

1 1

< ullzffv]l2 -
It follows that

" (Xi Xi = S)olly, < 2fulzllvllz -
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Thus by Theorem there exists an absolute constant C' > 0 such that, for
any [s| < 1/Cullz][v]2,

Elexp(su’ (X;X{" — Z)v)] < exp(C?s?[[ull3]|v]3) -

By independence, it follows therefore that, for any |s| < 1/C||u||2||v||2,

n

Elexp(su” (Y_{X:X] — T}Ho)] < exp(nC?s®[|ul3]|v]3) -
i=1

This can be written, for any |s| < 1/C||ul|2]v]|2,

Elexp(nsu’ Xv)] < exp(nC?s*||ul3]0]|3) -

Fix now u and v such that ||ul|2 V ||v||2 < 1. The following condition implies
that, for any |s| < n/C,

2.2
Elexp(su’ Xv)] < exp <C > ) .

n

In other words, the matrix X satisfies condition (5.7) with b = C/n and
K = C/y/n. Tt follows from the previous section that we have therefore, for
all z > 0, with probability 1 — exp(—z),

sup  u!'Xv < CV/|Ty|l|ITv|] ( (U,V, z) \/C(UVz)) ,

ueEYy WEEY

where

UV, 7) = \/r(FU) +r(£v)+1+z |

fv={ueR": T, uly <1}, & ={veRr: |0 ), <1} .
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Chapter 6

Upper bounds on random
processes

In this chapter, we provide various chaining bound used to upper bound
suprema of processes with sub-Gaussian increments. Let {X;,¢ € T'} denotes
a random process, that is a collection of random variables indexed by a
separable set T. We assume that the process X; is centered, i.e. that
E[X:] = 0, and that it has sub-Gaussian increments.

Definition 50. Assume that d is a distance on T. The process {X;,t € T}
1s said to have sub-Gaussian increments with respect to d if there exists K
such that, for any s,t € T,

1Xs = Xilly, < Kd(st) -

Remark 51. The standard Gaussian process has sub-Gaussian increments
with respect to the Fuclidean distance on RP. This distance will play a
particularly tmportant role in this chapter.

The purpose of this chapter is to give the main known methods to obtain
upper bounds on the following extension of the Gaussian width of 7"

E[sup X¢] .
teT

To avoid measurability issues, we focus on cases where T is separable so

E[sup Xy =  sup  E[sup Xy| ,
teT T()CT,‘TO|<OO teTy

and therefore, without loss of generality, we only consider cases where T’
is finite. We derive these bounds from chaining arguments. We start with
Dudley’s argument, which is a multi-scale refinement of the e-net argument
we have seen to obtain upper bounds on linear processes over the Euclidean
ball. We show a nice application of Dudley’s bound to suprema of boolean

79
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functions where it can be used to bound the expected supremum using Vap-
nik Chervonenkis dimension of sets of Boolean functions. We conclude the
chapter with the generic chaining bound to prove deviation inequalities for
suprema of random processes with sub-Gaussian increments and discuss
some applications to statistical learning theory and bounds on quadratic
processes.

6.1 Dudley’s inequality

Dudley’s inequality is a multi-scale refinement of the e-net argument. This
argument involves the notion of covering number of a metric set 7.

Definition 52. Assume that T is precompact. The covering number N (T, d, €)
is the smallest number of balls of radius € necessary to cover T.

The e-net argument can be used to bound for example to bound the
linear process X; = (X, t) over the unit Euclidean ball T' = By. It is based
on the decomposition

Xy = (Xt — X)) + Xrry

valid for any ¢ € T, where 7(t) is a point in an e-net N, of T such that
d(t,m(t)) < e. Using this decomposition, we obtained that, for any € € (0, 1),

sup X; < max X; + esup Xy , (6.1)
teT teN. teT
SO
sup X; < max X; .
teT 1 —€ten,

In particular, if X; has sub-Gaussian increments, we deduce that, for any
z >0 and any tg € T,

P(sup X; — Xy, > 2) < P(max X; — Xy, > (1 — €)t)

teT tEN.
(1—¢€)222
< T,d, — .
IV o)lexp < K2 maxer d(tg, t)?
Rearranging the terms and integrating gives
K d
E[sup X < fam (T \/l (IN(T,d,e)]) ,

teT

where diam(T") = sup;cr d(t,tg). Dudley’s inequality extends this bound
to processes that do not necessarily satisfy a key inequality like (6.1) and
possibly refines it by considering the decomposition of 1" at all scales € > 0.
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Theorem 53 (Dudley’s inequality). Let {X;,t € T'} denote a centered pro-
cess with sub-Gaussian increments, then

E[sup | X¢|] < CKZ2_k\/IogN(T, d,27F)

teT o
+0o0
< CK VIeg N(T,d,e)de .
0

Remark 54. The second result follows from the first one and the com-

parison between series and integral that holds by monotonicity of the map
e N(T,d,e).

Remark 55. Dudley’s inequality gives a result in expectation. It is interest-
ing, as an exercise, to adapt slightly the proof to show the following version
of the result: for any z > 0,

+o0
IP’( sup | X;—X,| > CK</ V1eg N (T, d, e)de—i—dz'am(T)z)) < exp(—2?) ,
0

s,teT
where diam(T) = sup; ;e d(s, ).

Proof. We prove the first bound. Let k1 and kg be respectively the smallest
k such that N'(T,d,27%) = |T| and the largest k such that N'(T,d,27%) = 1.
Let ty € T such that B(ty,27%) > T. For any k € {ko,...,k1}, let T} denote
a set with cardinality NV'(T,d,27%) such that Uyer, B(u,27%) D T. For any
t € T and k € {ko,...,k1}, let mi(t) € Ty such that d(¢, (1)) < 27k In
particular, XmCl ) =t

As E[X;,] = 0, we have

E[sup X¢] = E[sup(X; — X4,)] -
teT teT

The “chaining argument” is to write the difference X; — Xy, as a chain

k1—1

Xt() - Z Xﬂk+1 ﬂk(t) .
k=ko

Using this decomposition, we obtain

k1—1
sup Xt th Z Sup ”k-&-l Xﬂ'k(t)) . (62)
teT k=ko teT

Now, there is at most N(T',d, 2~ )N (T, d,2=*+D) < N(T,d, 2= *+1)2 ran-
dom variables (X, . ) — Xz, (1)) when ¢ describes T" and all these variables
satisfy

||X7l'k+1 )7X7rk(t)||’¢12 ~N ||X7Tk+1 7XtH’¢2 + ||Xt 7X7Tk(t)||'¢2 < CK2_(k+1) °
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Using a union bound, it follows therefore that, with probability at least
1 —2exp(—u),

igjlz(ch+1(t) = Xr0) < CK2‘(’“+1)\/log(N(T, d, 2= (k1)) +u

Integrating this upper bound shows that

k1 (t

E [sup(XTr
teT

)~ Xm@)] SCK 2‘““”\/ log(N (T, d,2-(*+1))) .

It follows therefore from (/6.2)) that

k1—1
E[sup(Xt — Xto)] < CK Z 2_(k+1)\/logN(T7 d, 2~ (k1))
teT k—ko

< CK Y 20 flog N (T, d, 2-(41)) |
keZ

We conclude by saying that (i), E[sup,er(X¢ — Xy,)] = E[sup,er X¢] and
(ii) that the same argument can can be used to bound E[sup,cr|X:|] =
E | sup,er max{X¢, —X;}]. O

6.2 VC dimension

In this section, we apply Dudley’s inequality to processes indexed by Boolean
functions and link Dudley’s integral with the perhaps more familiar notion
of Vapnik Chervonenkis complexity for these classes of functions. Let thus
F denote a class of Boolean functions f : © — {0,1} and, for the sake of
completeness, recall the definition of VC dimension of F.

Definition 56. A set A C Q is said shattered by F if any boolean function
f:A—{0,1} can be obtained as a restriction of some g € F.

The VC-dimension of F is the largest cardinality of a set A C Q shattered
by F.

6.2.1 Examples

Let us recall here the classical example of Half spaces encoded in the set of
Boolean functions

F = {x € RP— 1{<u7m>>0},u S Sp} .

We will show that
VC(F)=p .
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To prove this result, we show first that there exists a set of p vectors in RP
that is shattered by F. Let eq,..., e, denote the canonical basis of R” and
let f:{e1,...,ep} = {0,1}. We consider the vector

1 p
=z ;(2]0(@) — e €S, .

Then, (u,e;) = (2f(e;) —1)/y/p > 0 iff f(e;) = 1, therefore, for any i €
{1,...,p}, f(ei) = L{(ue)>0}, 80 f is the restriction of x +— 14, 29501 on
A = {e1,...,ep}. This set is shattered by F, so VC(F) > p.

Next, we have to show that any set of p + 1 vectors in RP cannot be
shattered by F. Let uq,...,upq1 denote p + 1 vectors in RP. The family is
linearly dependent, so w.l.o.g., we can assume that

P
Upy1 = Z Biu;
i=1
In this case, we define the boolean function

flui) =1gg<cop, Vie{l,...,p}, flupt1) =1 .

If ui,...,upt1 was shattered by F, there would exist z € RP such that f

is the restriction of u — 1y, 4950y t0 u1,...,upt1. In particular, for any
ie{l,...,p}, (u,z) >0iff 3; <0, so

VZ€{177P}7 /Bl<x7u’b><0 ’
and therefore

P
(Upt1,7) = Zﬁz‘ (uj, z) <0 .
i=1

On the other hand, as f is the restriction of u — 174, 29501 and f(upt1) = 1,
we should have
<up+1>$> >0

This is absurd, so u1, ..., up41 cannot be shattered by F. As this is true for
any set of p + 1 vectors, we can conclude that VC(F) < p.

6.2.2 Pajor’s lemma

As F shatters a set A C Q with cardinality VC(F), it follows that |F| >
9VC(F)

Pajor’s Lemma provides an upper bound on | F| using the number of sets
shattered by F when (2 is finite.

Lemma 57 (Pajor’s Lemma). Let F denote a set of Boolean functions
defined on a finite set Q). Then,

|F| < |[{A C Q: A is shattered by F}| .
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Proof. We proceed by induction on the cardinality of 2. As the result is
trivial when |Q2| = 0 (the empty set is always shattered by F), we can assume
that Pajor’s Lemma is true for any set of cardinality n and consider a set €2
with cardinality n + 1. Let zg € ) and define

foZ{féf:f(xo)ZO}, flz{fEf:f(wo)ZI}.

Then, we obviously have |F| = | Fo| + | F1]-
Let S = {A C Q : A is shattered by F}. By our induction hypothesis,
for any i € {0, 1},

|Fil < |Sil, where Si={A CQ\ {zo}: A is shattered by F;} .
We have So US; € S and
1
D IS = 1S US|+ [So NSy -
i=0

We build now two injections, one from Sy U S; to S and the other one
from SN S; to S, with disjoint images, from which we can conclude that
|So US|+ [SoNSi| < |S|. We call ¢ the first injection and ¢n the second.

1. IfAES()\Sl OI‘AESl\So, let QOU(A):A.

2. If A € SN Sy, for any g : A — {0, 1}, there exists fo € Sp and f1; € S;
such that g is the restriction of both fy and fi. It follows that both
A and A U {zo} belong to S. We define therefore py(A) = A and

on(A) = AU {z}.
As anticipated, we conclude therefore that
8] = [So US| +[So N Si| = [So| + [S1] = |Fol + | F1] = [F] -
O

We conclude this section with Sauer-Shelah Lemma, that gives a bound
on the growth of cardinality of sets of Boolean functions on finite sets with
fixed VC dimensions.

Lemma 58 (Sauer-Shelah Lemma). Let F denote a set of Boolean functions
on an n-points set Q, with VC(F) = d. Then

#ex () <(3)

k=0
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Proof. By Pajor’s Lemma

|F| < |{A C Q: A is shattered by F}|

= Z {A C Q: A is shattered by F and |[A| = k}| .
k=0

Now by definition of definition of VC dimension, the cardinalities in the last
bound are null for any & > d. Hence,

d
7] =Y {A C Q: A is shattered by F and |A| = k}|
k=0
d

<3S HACQ: A=k}
k=0

> ()

For the second inequality, as d/n < 1, we have

SO SO EOE =02«

6.3 Covering numbers and VC dimension

In this section, we prove an upper bound on covering numbers of sets of
Boolean functions using the VC dimension of this set. We apply this bound
to derive a classical bound for ERM in classification.

6.3.1 Bounding covering numbers by VC dimension

The covering numbers of sets of Boolean functions can be bounded using
the VC dimension as shown by the following result.

Theorem 59 (Covering via VC dimension). Let F be a class of Boolean
functions on a probability space Q, . with VC dimension d. Then, for every
e€ (0,1),
9 cd
NE o< (2)

The strength of this result is that it holds for any probability measure .
The proof will be based on the following lemma.
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Lemma 60 (Dimension reduction lemma). Let F denote a set of N Boolean
functions on a probability space (Q, u). Assume that, for any f,g € F,
|f = gllL2(u) > €. Then, there exist n points {z1,..., 7} in Q such that

n

Vf#geF, %Z(f—g)2($1)>(e/2)2, n<CetlogN .

i=1

Proof of the dimension reduction lemma. Let X, X1,..., X, denotei.i.d. ran-
dom variables with common distribution P. Fix f # g in F and let h =
(f — g)?. We have

(X)) = E[A(X)][lpy < CIAX) [y, < Clb]loc < C

By Theorem [9] it follows that
I (X)) = E[(X)D s < OV
i=1

thus

62
L3 00X ~ EIRX)D| > ) < expl-Cne)

i=1
By a union bound, it follows therefore that

n 2

> (f-0 (Xl alg)| > ) < N exp(~Cuet)

=1

1
n

]P’(E! f#geF: '
If n = Ce *log N for a large enough constant C, it follows therefore that

P(3f A0 e [ 300 - 00X = 1 ~allag)| > ) <1

i=1

In other words, there exists at least a configuration of the X; such that, for
any f # g in F,

n
€2 3e?

1
S - 9P > I~ gl - G 2

i=1
O
We can now turn to the proof of the covering via VC dimension’s theorem.

Proof of the covering via VC dimension’s theorem. Let € > 0 and F, denote
an e-separated set in F with maximal cardinality. Then, F, is an e-net of
F (otherwise, F. would not have maximal size), therefore N = |F.| >

N (F, L2, ¢)].
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The dimension reduction lemma applied to F. shows that there exist
n = Ce *log N points {x1,...,z,} and n distinct Boolean functions in F,
obtained as restrictions of functions in F. By Sauer-Shellah lemma applied
to Fe and Q = {z1,...,z,}, we get, with de = VC(F),

de —4 de
N < <Zn> < (Ce dlogN> < (20" VN |
To get the last inequality, we used that

log N
2d,

:log(N1/2d€) < ]\[1/2de )

We finally get, as d. < d,
2d.
IN(F,L* ¢)] < N < (2064> < 2048

O

Let us now consider processes (Xy)¢cr indexed by a separable set F
of Boolean functions. If this process has sub-Gaussian increments, we can
bound IEl[supfe 7 X¢| using Dudley’s integral. Then, we can use the upper
bound on the covering numbers by VC dimension to bound Dudley’s integral
using VC dimension. The precise result is gathered in the following theorem.

Theorem 61. Let F denote a set of Boolean functions and (X¢)rcr denote
a random process indexed by F such that, for any f and g in F,

1 X7 — Xgllyo < Kf —9gllz2en) >

for some measure . Then

Elsup X¢] < CK+/ VC(F

fer

Proof. By Dudley’s integral bound, we have

—+00
Elsup X;] < OK Vieg(N(F, L2(p), €)de .
feF 0

Thus by the covering via VC dimension theorem,

Elsup X¢] < CK+/VC(F / V1og(1/€)de .

ferF
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6.3.2 Application to ERM for classification

In this section, we consider binary classification where we observe i.i.d. cou-
ples (x;,y;) € F x {0,1}, i € {1,...,n} and, given a set F of classifiers
f: X —{0,1}, we are interested in the ERM

feargminger Poty,  l(w,y) =y # f(2)} -
A very rough analyse of this estimator yields, for f* € argmin . Ply,

P(l;— ) < (P = Pa)(l; — ) < ?EE(P P Uy — )

The random variables £f(x;,y;) — £f- (24, y;) being independent and taking
values in [—1, 1], the bounded difference inequality shows that, with proba-
bility 1 — 6,

log(1/6
sup(P — P,)({y — Ly+) < E[sup(P — P,)(¢y — £s+)] + C M )
fer fer n
To bound this expectation, we use the symmetrization trick.

Lemma 62 (Symmetrization). Let Zi,...,Z, € RP denote i.i.d. random
vectors. Then, if €1,...,¢€, are i.i.d. Rademacher random variables, inde-
pendent from Zy, ..., Zy,

1 n
||—ZZ E[Zillloe] < 2E[|~ > €iZilloo] -

i=1
Proof of the symmetrization lemma. Let Z1, ..., Z! denote independent copies
of Z1,...,Zy, so E|Z;)| =E[Z!|Z,...,Z,]). We have
1 n
||* Z Z; —E[Zll] < E[l~ > 12— Z]]lls) -
i=1

Now the vector Y I ,[Z; — Z] has the same distribution as Y ;" ; €[Z; —
Z!] as shown by a straightforward computation of their Fourier transform.
Therefore,

1 — 1 &
H*ZZ E[Zi]lloo] \E[II;Z@[%—Z{HIOO] <2E[ngeiZiHm] :

i=1 =1
O

We can assume as usual that F is finite. By the symmetrization lemma,

1 n

Efsup(P— Py) (g —ty-)] = Elsup(P—Po)t] < 2E [ sup ] S ety (i) } .
fer feF feF n

=1
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Now conditioning on D,, = {(z1,41),--.,(n,yn)} and let, for any f € F,
let Zp =n"t>"" | €ils(w;,y;), we have, by Theorem |§|,

C < C
||Zf - Zg”wz < n ;(ﬁf - 59)2(%) = %Hf - 9\|L2(un) )

where pi,, is the uniform distribution on z1,...,z,. By Theorem there-
fore,

Zﬁzgf xlayl ’|Dn:| S M .

[sup
n

ferF |
Integrating with respect to the distribution of D,, yields finally the risk
bound for ERM in classification: If F is a set of classifiers with finite VC

dimension and f € argmingc r Pyly is the ERM for the 0 — 1 loss, for any
0 € (0,1), with probability 1 — 6,

P(t;— ) S \/Vcéf) +\/10g(1/5) |

n

6.4 Generic chaining bound

Definition 63. Let (T,d) denote a metric space. A sequence (Tk)ir>0 of
finite subsets of T is called admissible if |Ty| < 22"
The vo functional of T is defined as

—+00

v2(T, d) = inf sup 2k/2d(t, Ty)
Tk teT 1=

where the infimum is taken over all admissible sequences T.

Talagrand’s generic chaining theorem shows that the supremum of a
random process over a set T" with sub-Gaussian increments does not deviate
much from the 5 functional of T

Theorem 64 (Talagrand’s deviation inequality). Let (X¢)ier denote a cen-

tered random process with sub-Gaussian increments with respect to a distance
donT:

| Xt — Xl < Kd(s,t), Vs, teT .

Let A(T) = sup; 4er d(s,t) andto € T. Then, for anyu > 0, with probability
at least 1 — 2 exp(—u?),

sug(Xt — X)) S CK(72(T,d) +uA(T)) .
te
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Proof. The proof relies on refinements of Dudley’s chaining inequality. First,
we can assume that K = 1 and 7 is finite, without loss of generality. Then,
we consider an admissible sequence (T})r>0, with 7o = {¢0}, and denote, for
any k > 0 and ¢t € T, by m,(t) € T} a point such that d(¢, 7 (t)) = d(t, T) :=
infueTk d(t, u)

We first fix t € T and build an increasing sequence k; such that kg =
0 and, for any i > 1, ki1 is the first moment such that d(t, 7, (t)) <
d(t, 7, (t))/2. Then we write as in the proof of Dudley’s bound

I

Xi— Xy = ZXMM@:) = X, (1) -
1=0

For any fixed i and t, we have, with probability 1 — 2exp(—C/(2Fi+1 4 u?)),

|X

ﬂki+1 (t)

- Xﬂki (t)‘ < Od(mg, (), mh, () (u + 2ki+1/2) )

Taking a union bound over all £ € T" shows that the same holds for any t € T’
with probability

1—2|T% || 7%+ | exp(—C(2"+ +u?)) > 1 - 921741 exp(—C(2%+1 +u?)) |
Finally, a union bound over ¢ shows that the same holds for any 7 and ¢ with
probability
400 .
1- C’Z 22" exp(—C(2" + u?)) > 1 — Cexp(—Cu?) .
k=0

It follows that, with probability 1 — C exp(—Cu?),
[ X = Xio| < D1 Xm 0 = X0

< Cd(ﬂ—kwl(t):ﬂ—ki(t))(u—l-2ki+1/2)

-1

— ©

()

<C

I
d(t,to)u+ Y 2M012d(t, m, (t)))

i=0
I
<C <A(T)u +) 2kt my, (t))) :
i=0
To conclude, it remains to show that

ki+1—1
ok 2d(t, my () < C Y 2K2d(t, Ty)
k=k;
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We have, for any k < kip1 — 1, d(t, 1)) > d(t,Tk,)/2, so
kip1—1 k. /2 k'/2 ks /2
d(t, Ty, ) 2F+1/2 — 2 2812 d(t, Ty,
Z 2k/2d(t,Tk) > ( ) kz) > ( ) kz) ]
k=k. 2 \/E_ 1 2\/§

This concludes the proof of Talagrand’s inequality. O

The strength of Talagrand’s inequality can be appreciated thanks to
Talagrand’s majorizing measure theorem, which shows that the v, functional
is of the order of the Gaussian width of 7'

Theorem 65 (Talagrand’s majorizing measure theorem). Let (X;)ier de-
note a centered Gaussian process and let d(s,t) = || Xs — X¢||2. Then,

672(T7 d) < E[Sup Xt] < 0'72 (Ta d) :
teT

This theorem is proved in Chapter We refer the interested reader
to it for the details. The majorizing measure theorem directly implies the
following reformulation of Talagrand’s inequality.

Theorem 66 (Talagrand’s deviation inequality in RP). Let (X;)ier denote
a centered random process with sub-Gaussian increments with respect to the
Euclidean distance on T C RP:

X — Xallyy < Klls —tls,  Vs,teT .

Let A(T) = supgqer|ls — tll2 and to € T. Then, for any u > 0, with
probability at least 1 — 2 exp(—u?),

su:[F)(Xt — X4,) S CK(w(T) +uA(T)) .

6.5 Application to linear SVM estimators

Consider the binary classification setting where we observe i.i.d. couples
(z5,:), i € {1,...,n}, with 2 ~ N(0,I) is a Gaussian vector in R%, and
y € {—1,1}. The linear SVM estimator is defined as

0 € argmingega Pop(—y (0, 2)) + A||0]|3, ©(z) = max(0,1+ z) .

Following the agenda of the first lecture, the analysis of this estimator can
be reduced to the one of the supremum of the empirical process

sup(P, — P)(lg- — {y)

el
where & is the ellipsoid £ = {6 € R? : ||§ — 6*[|3 < 1}, for some positive
symmetric matrix S. In this section, we show Talagrand’s theorem can be
used to bound from above this process.
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Step 1: We first prove that the process
Xo = (Pn — P)(lg- — Ly) ,
has sub-Gaussian increments. We have
Xo— Xo = (P, — P)(Lyg — by) .
For any s € R, as ¢ is 1-Lipschitz,
exp(s® (o (z,y) — Lo(z,y))?) < exp(s? (6 — 0,2)°) .

As (u,x) ~N(0,1), with u = (0" —0)/||60 — 6'||2, we have, for any s for which
it makes sense

- 1

C1-2820 03

Elexp(s? (6 — 0, X)°)]

It follows that
140 (z, ) — Lo(, )|l < 2[10 =02 -

Therefore, by centering,
1o (. y) = Lo(x,y) — P(ly — Lg)lyy < Cl0 = ']|2 -

By general Hoeffding’s inequality, it follows that

[ X — Xor[l, < (6.3)

C
—0—€|> .

Step 2: The second step is to apply Talagrand’s deviation inequality in R%,
we deduce that, for any z > 0, with probability larger than 1 — 2exp(—22),
C

22£)X9 — Xy < %(w(f) +zA(€)) .

Step 3: The last step is to evaluate the geometric quantities appearing in
the previous bound. Let S = Zle )\zuluZT denote the eigenvalue decomposi-
tion of S, with A1 > ... > A\4. By definition & is the set of vectors 6 = 0* +u,
where

Thus, for any v € &,

1

2 _

lull3 =D (u,wi) </\*d=\ls 1
=1



6.5. APPLICATION TO LINEAR SVM ESTIMATORS 93

Hence, A(£) < 1/||S7Y|. Regarding the Gaussian width, let X denote a

standard Gaussian vector in R?, we have, for any u = Z?:l (uyu)u; € &,

i=1 VA
L X)\2
< <u“)\ ) Cauchy-Schwarz ,
, i

~
—

so, by Cauchy-Schwarz inequality,

=1

Conclusion: The conclusion of this paragraph is that, for any z > 0,

P(sup(Pn — P)(lgx — {g) > C\/Tr(s_l)\;-ﬁZ\/\S_lH> < 2exp(—22) .

oec&
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Chapter 7

Gaussian Processes

7.1 Setting

In this chapter, we provide tools to bound Gaussian processes. Hereafter,
(Xt)ter denote a Gaussian process, that is, a collection of random variables
indexed by T such that

k
Vi, ...ty € T, Vay,...,ag, Z a; Xy, is a Gaussian random variable .
i=1
Without loss of generality, we also assume that E[X;] =0 for all t € T'.
The distribution of the Gaussian vectors (thz)ie{l,...,k} is characterized
by the covariance matrix ¥ = (Cov(Xy;, Xy;))1<i j<k, thus the distribution
of the Gaussian process is entirely characterized by the covariance function
Y= (Es,t)s,tETa where

Zs,t = COV(XS, Xt) = E[XSXt] .
Similarly, the distribution is characterized by the values

Vs,t €T, % =E[X?], d(s,t) = VE[(Xs — X1)?] .

7.2 Examples

7.2.1 Canonical Gaussian process on R"

Let g denote a standard Gaussian vector on R™. The canonical Gaussian
process on R" is then defined by

VteRY,  X;=(g,¢)

One can easily check that this is a Gaussian process on R™, and that it is
the one such that

Es,t — <Sat>a d(S,t) = HS - tHZ .

95
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If G ~ N(0,X) is a Gaussian vector on R", its covariance matrix ¥ is
symmetric positive, so it can be written

n
Y= E )\{lL{LLZT 5
=1

where wu; is an orthonormal basis of R™. The matrix A = Z?:l 2V )\zuzu;f
satisfies A = AT, ATA = %, so its columns t1,...,t, satisfy (t;,t;) = ¥; ;.
Hence, the Gaussian vector (Xy,)i=1,..n, where Xy, = (g,t;) satisfies

E[th] =0, ]E[Xtith] = <ti7tj> = Ei,j )
so (X, )i=1,.. n is distributed as G.

7.2.2 Canonical Gaussian vector on Hilbert spaces

Let ¢5 denote the set of sequences of real numbers ¢ = (¢,),>1 such that
Y ons1 t2 < 0o, endowed with the inner product (8,)g, = Dp>1Siti- Let
(gn)n>1 denote a sequence of independent Gaussian random variables. The
canonical Gaussian process on {9 is defined by

X = Ztigi .

n>1
It is easy to check that it is the Gaussian process on ¢ such that

Zs,t = <S)t>[2 ) d(87t) = HS - tHf2 .

7.3 Bounding suprema

We are concerned in this chapter in

E[sup X;] .
teT

To avoid measurability issues, we assume that 7T is finite, so sup;cp Xi =
maxicr X;. Without loss of generality, we can furthermore assume that X, is
a particular instance of the standard Gaussian process on Rl X, = (9,7),
where 7; are chosen such that Xg; = (s, V).

Hereafter, we are therefore focusing on bounding the Gaussian width of
finite subsets I' € R"

w(l") = E[sup (g,7)] -
vyer

It is easy to check that w(I') = w(I' — ) for any 79 € R", so we
can assume that 0 € I' without loss of generality and as a consequence
sup.cr (9,7) is a non-negative random variable, so

w(l) = /0+OO]P’<sup (g,7) > z)dz .

vyel



7.3. BOUNDING SUPREMA 97

A first idea would be to use a union bound to write

]P’(supg’y ) Z]P’ g,7) > 2)

yel ~er

Then we can use the estimate

P((g,7) > z) < exp(—z%/2||7[?) .

This yields the bound

p<sup 0 ) S exp(—22/21?) -

Vel yel
This bound can be made smaller than any ¢ € (0, 1) if we choose

2 > 2max{||y][}v/log(|T) + log(s~") -

This bound cannot be improved without further assumptions on I'. Indeed,
if I' is an orthonormal basis of R", it yields

P<'_rr11ax i >2\/10gn+10g1/5> <6, (7.1)

where g; are independent Gaussian random variables, which the correct order
of magnitude given by the Gaussian concentration inequality.

On the other hand, if e; is the canonical basis of R", € € (0,1/2) is a
small number, and v; = e1 + €e;, we have

sup (g,7) = (g,e1) + € max (g,e;) . (7.2)
~ver i=1,...,n

Each v; has norm < 3/2, so our generic upper bound gives then

P(sup (g9,7) > 3y/logn + log 1/5) <4
vyel
Integrating this bound then yields

v) < 3y/logn+C .

On the other hand, taking advantage of our decomposition (|7.2)), we see
that

]P’(Sup (9,7) > = —l—a) < P({g,e1) > z) +P(e . H11aX (g,€i) > a) .
~ver i=

Now, for the first term to be smaller than §/2, we pick z = 24/log2/§ by the
standard estimate of the tails of Gaussian random variable, and, by (7.1]),
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the second term does not exceed 6/2 if @ = 2ey/logn +log2/d. Putting
together these informations yields

]P’<sup (g,7) > 2\/10g2/(5+26\/10gn+10g2/(5> <6,

yel

Integrating this new bound then yields

w(l') < 2ey/logn+C .

If € < 1/y/logn, this new bound shows that w(I') is bounded indepen-
dently of the size of n of I while our upper bound derived from a rough
shows that w(I") grows with the size n of I', so it’s not tight in situations as
the second case, where the random variables (g, ) are highly correlated. The
generic chaining bound, that we develop in the following, intends to provide
a generic bound on w(I") that scales correctly with n in each situation.

7.4 The generic chaining bound

At a very general level, the idea of generic chaining is to cluster points at
several scales and take union bounds over each cluster.

7.4.1 Hierarchical clustering

Recall that 0 € T" and let I'g = {0}. Then, consider a growing sequence
IhycTyc...cTy=T. Forany n € {0,...,k} and any v € T, we let
mn(7y) € Iy, denote any point such that d(v,Ty,) = d(v, m(7)).

We have clearly, for any v € T, mo(y) = 0, mx(y) = 7. Therefore, the
following chaining equality holds, which is at the heart of the generic

chaining bound:
k

(9:7) =D _ (g, (ma(y) = T 1(¥))

n=1

This shows that, whatever the sequence z,,

k k
P<SUP (9,7) > Zzn> < Z |Fn||Fn+1’P( (g, (mn(y) — mn-1(7)) > Zn) :
n=1

Vel n=1

7.4.2 How do we choose I',?

To understand this choice, recall that we have, by the standard estimate on
the tails of a Gaussian random variable:

2
Vz >0, P((g, (mn(7) — mn—-1(7)) > 2) < exp <_2||7rn(’y) — TFn—l(’Y)H%) '
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Plugging this estimate in our bound yields

k k 2
. zh
P(% €T, (g,7) > }jzm) < STl s exp (—mf ©) ) .
n=1 n=1

7€l 2|7 () = Tu-1 ()13
Now we bound, as the sequence I';, is growing;:

ICallCa-t| < Tul?, l170(v) = 7n-1(9)13 < 4d(7,Ta1)?

Now, for any sequence (3, such that Zﬁzl = 1, we take 2,,(7) = 8d(, Tn—1)v/log(|Tn|?2/Bn) + 2
We derive that, for any growing sequence I',,,

k
IP’(Sup (9,7) > sup > 8d(y,Tn—1)v/1og(ITnl?/Bn) + z> <exp(—z) .
yel ~yel nel

Now, we take I',, any sequence such that |I',| = 22[", where /,, is chosen
such that d(I',T;,) = d(I',T,—1)/2 and let I', denote a sequence such that
I, =Ty, Wealso let 8, = C/|I'y|, we have

k Y
> d(v,Tn-1)V10g(IT0l?/Ba) + 2 < C(Z d(v,T7)2/% + sup d(v, {0})\/5> :

n=1 /=1 vl

This last bound suggests to introduce the following quantities:

+o0o
%@ = inf supd d(y,T9)27%,  A(T) =supd(v,0) .
Py =22" er & Yer

Indeed, we have proved that, for any I' C R?, we have

Vz > 0, P(sug (g,7) > C(y2() + A(F)ﬁ)) < exp(—2) .
e

Therefore, we have in particular
w(l) $72(I) VA(T) .

As the sequences I'), satisfy I'; = {0}, we have v,(I") > A(T), so finally, we
get the estimate
w(l) $72(l) .

A remarkable result, due to Talagrand, that we will prove now, is that we
can conversely show that

72(I) S w(T) .

Hence, v, (T") provides the correct order of magnitude for the Gaussian width
w(T).
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7.5 The majorizing measure theorem

The purpose of this section is to show that the generic chaining upper bound
proved in the previous section is tight in the sense that

72(I) S w(l) -

We prove this using classical tools for Gaussian processes that may be of
independent interest.

7.5.1 Another look at (I
Recall the definition of vs:

+oo
(@)= inf sup» d(y,I})2?,
L7 |=22" yer % ¢

For any sequence I'),, we define Ay = I" and for any n > 1, let A,, denote
a partition of I', which is a refinement of A, 1, such that |4,| = 22" and
each element A, € A, contains exactly one element of I'/,. Then it is clear
that, if A, (y) denotes the element of A,, containing v and diam(A4,(v)) =

SUD/ e Ay () 7" —+"||2 denotes its diameter,
d(7,T7) < diam(A(y))

thus, denoting by ¢ the first integer such that I, =T,

Lo
v (I') < inf sup » diam(Ag(y 2l/2
O<, inf Zj (Ae())

We will prove that there exists a numerical constant ¢ such that

Lo
w(l) > ¢ inf sup diam(Ag(~y 2t/2
) At Ap |=22" WGF; (Ae(r))

This proves that

Lo

w(l) < I =< inf su diam(A 2t/2
)= mll) < inf, sup> " diam(4(1)

7.5.2 Gaussian Calculus

We start with elementary results on Gaussian random variables and vectors.

Lemma 67 (Gaussian integration by part). Let X ~ N(0,1) denote a stan-
dard Gaussian random variable and let f : R — R denote a reqular function.
Then,

E[f'(X)] = E[Xf(X)] .
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Proof. Assume first that f has bounded support. We write
! oo !
BP0 = [ M@l
We integrate by part, as ¢'(x) = —zp(z), we deduce
/ +oo /
BLF (0] = - [ f(@)e/a)do = BIX (X))

The formula is correct for functions with bounded support. We conclude
the proof using standard approximation arguments. O

This result can easily be extended to more general centered Gaussian
random variables: If X = oY ~ N(0,02), then

E[f'(X)] = Elf (07 )] = ~Elof (oY )] = ~E[Y f(o¥)] = 5E[X/(X)]

Moreover, if X = X1/2Y ~ N(0, %) is a centered Gaussian vector in R? and
f:R? — R is differentiable, we have, Vi € {1,...,d},

BRI f(SY2Y)
1

E[Xif(X)] =

d

J

d d
=1

J k=1

(ZEW ”2) 0. (X)]

5[0 (X)] = (mwxn)

M- WM&

i

B
Il

1

In the preceding computation, the second inequality is due to the Gaussian
integration by part lemma, the third by symmetry of the square-root X.1/2
and the last one by standard matrix calculus.

Hence, if X ~ N(0,X),

E[Xf(X)] = ZE[VF(X)] .

More generally, if h = (hy, ..., hy) is a R%valued function,

d d
E[(X,h(X))] = Z => <ZIE [Vhi( > Z i E[0;h:(X)]

=1 ( i,j=1
(7.3)
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7.5.3 Slepian’s and Sudakov-Fernique results

Slepian’s lemma is a comparison result that allows to work with a particular
instance of Gaussian process. It states the following:

Lemma 68. Let (Xy)ier and (Yi)ier denote two Gaussian processes such
that
Vs,t,  E[(Xe— X, > E[(Y - Yo .

Then, [Sudakov-Fernique],

Efsup X;] > E[sup Y;] .
teT teT

If moreover,
vt,  E[X7]=E[Y],

then, [Slepian], for any z € R,

P(sup Xy < z) < P(supY; < 2) .
teT teT

Proof. We prove the lemma in the case where T is finite, the general case
follows by simple arguments. Let then X and Y denote two independent
centered Gaussian vectors with respective covariance matrices XX and XY
such that

X Y

¥ <y

We define the Gaussian vectors, Vu € [0,1], Z, = V1 —uX + JuY ~
N(0, (1 — u)2X + uXY). For any twice differentiable function f : R — R,
we have

0.Elf(2.)) = 1E[<Vf(2u),u‘1/2Y (-

1
Q\f E(Vf(Zu), >]—2\/T—UE[<Vf(Zu),X>]-

Start with the first term: By (7.3]),

E(Vf(VI—uX +uY),Y)|X Zz E[0; ; f(V1 —uX + uY)|X]
,j=1
Thus, . .
5 BUVI(Z0). 1)) = 5 (27 E[Hf(Z,)]) ]
Likewise,
1
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Hence,
1
OE[f(Z)] = 5 (ZF = S5, E[H f(Zu)]) 4]
Let f(z1,...,2q) = %log S exp(Bz;). Denote by

exp(Br;)

P = ST ep(Bay)
We have

—Bpi(x)p;(x) ifi#j,

8if(x1,...,xd) :pi(.’E), al'Jf(,Il,...,l’d) = {/Bpl(x)(l _pi(x)) le:] .

Write 0; ; = Ei —¥X  we have, as 2?21 pi(z) =1,

1,57
1
E <Z - X Hf Zm 1]92 1 —pz Zal,jpz p]
i#]
= Zaz 'Lpz p] Zaz,]pz p.?
1#£] i#]
Symmetrically
1
(S =S HE@)) ) = oimi(2)pi(2) = > oigpi(2)ps(z
8 oy
] i#j
Thus,

1[3 <EY - X, Hf(z)>F] = Z(Ji,i + 055 — 2045)pi(2)pj(2) -
i#j

As
0ii+ 055 — 20i5 = E[(Y; = V;)*] - E[(X; — X;)*] <0,

it follows that (XY — £X, Hf(2)),] < 0, thus that u — E[f(Z,)] is non-
increasing, and therefore, that

E[f(X)] = E[f(Z0)] 2 E[f(21)] = E[f(Y)] .

As, for any fixed z = (z1,...,24), we have f(x) grows to max;—; _q4x; as
8 — +0oo, we have, by the monotone convergence theorem,

E[max X;] > E[maxY;] ,
7 (2

as desired.
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Assume now moreover that
EX EY

Let z € R and « denote a twice differenciable, non-increasing, non negative
approximation of 1,<, and let f(z1,...,24) = Hle h(z;). The function f
satisfies, for any i # j, 0;; f(x) = h'(xi)W () [ 11z ; h(zk) = 0, thus

OELf(Z.)] = 5 (¥ — 5¥ E[HF(Z.)]),] > 0

Indeed, all terms (EZJ» - ij)ﬁi7jf(\/1 —uX 4+ /uY) > 0 when i # j and
are null when i = j by assumption on ©%, XY . Therefore, the function
u — E[f(Z,)] is non-increasing, hence, E[f(X)] = E[f(Zo)] = E[f(Z1)] =
E[f(Y)]. As this is true for any approximation function h, it follows that

P(max X; < z) < P(maxY; < 2) .
7 7

A very nice corollary of Sudakov-Fernique’s result is the following.

Theorem 69 (Sudakov’s minoration). Assume that X is a Gaussian vector
in R such that, for any i # j,

E[(X; — X;)?] > o? .

Then we have

E[ max X;] > « log d .
ief{1,...,d} 2

Proof. Denote by Y; = ag;/+v/2, where g is a standard Gaussian vector. We
have
., 2 o? 2 2 2
vi# g, ElYi=Y;)] = SEl(g —g)7) = o <E[(X; - X)7)
Therefore, from Sudakov-Fernique’s bound,

E[ max X] > 2E E[ max gl].

ie{l,...d V2 ie{l.d

Now we can use the standard result

E[ max g¢g;| > +/logd ,

i€{1,...,d}

to conclude. O
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7.5.4 Talagrand’s recursive bound

Talagrand refined Sudakov’s result to obtain a recursive bound that will

allow to prove the majorizing measure theorem.

Lemma 70. There exists an absolute constant r > 0 such that, for any a >

0 and any a-separated subset of points {v1,...,va} C T, that is, satisfying
ViZj, =l z o,

we have

o
E[max (g, > —y/logd+ min E max , .
S P A R P Nl B

Proof. We write B(y,r) ={y €T : |y —1'|l2 < r}. We have

max (g,7vy) = max ,
max {g ) e (9,7)

Now, for any v € UL, B(v;, a/r), we write

(9,7) = {gm) + {97 —n)
where ~; is chosen such that ||y — ;|| < a/r, we deduce
sup  (g,7) > max(g,7) + minE[ sup  (g,7 — )]
vEUL B(via/r) ! Y yEB(via/r)

—max| sup (9,7 —7%)—E[ sup (9,7 =)l -
v y€B(viafr) YEB(vi,a/T)
It comes from the Gaussian concentration inequality and Pisier-Massart’s
lemma that

o
E|max| sup (g,y =) —E[ sup (g7 —7)]|| <C—logd .
v y€B(vi,a/r) YE€B(vi,a/T) r

Therefore, the result follows from Sudakov-Fernique’s bound on E[max; (g, 7:)]-
O

7.5.5 Proof of the Majorizing measure theorem
Recall that we intend to bound from bellow
I'=E
w(l) [glgg (9, ,

where I' denote any finite subset I' C R™. We use the approach mentionned
in Sectionm For any sequence A,, of partitions of I" such that |.A,,| < 22",
for any v € I', we denote by A4,(v) € A,, the element containing ~.
The goal is to prove that there exists a sequence A,, of partitions such
that
VyeT, ) diam(4,(7))2"? < Cw(T) .
n

We explain a possible partitioning scheme and give the main steps of its
analysis in the end of this section.
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Partitionning scheme. Let us first explain how to build a nice sequence
of partitions whose elements A are weighted by a(A) > 0. We proceed
recursively, starting with

Ap =T and «o(T") = A(I").
Suppose now that we have built A,, such that

n

|An| <22,
and, for each A € A,,, an upper bound a(A4) > A(A).
To build the partition A,11 C Ay, we split each A € A, into at most

22" pieces, so
n n n n+1
’An+1| Z 22 22 — 22 +2 — 22 .
AcA,

Let r denote the real number in Lemma Without loss of generality, we
can assume that r > 4. Let

T € argmaxw{B(*y, a(:l)) ﬁA} ,

A1:B<%’O‘(;4)>QA, a(Al):O‘(TA), Dy = A\ 4 .

e

alA a(A)
Ay —B<% (r )> N Dy, oA = . Dyr1=D¢\ A .

Then, as long as £ < 22" and D, # 0,

Ye € argmaxw{ (

If Dgon # (), we state
A22" = .D22”7 a(A22") = Oé(A) .

Let m < 22" denote the number A,. The centers 71, . . ., ¥, are a(A)/r sep-
arated by construction. Besides, the weights a(Ay) are all equal to a(A)/r
except possibly the last one a(A,,) that may be a(A) if m = 22". Finally,
the Gaussian width w{B(~;,®(A)/r)} are non increasing.

We continue until the partition A,, is only made of singletons.

Analysis 1: The tree. Let us now build a tree whose root is Ag, and the
children of each A € A, are given by the elements of its partition Ay, ..., A,
described in the previous section. Each edge (A, A;) is weighted a(4;)2"/?
so, for each v € T,

Y diam(4,(7))2"? <Y a4, ()2 =W (7)
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W () is thus the weight of the path from the leaf - in the tree to the root.
We intend to prove that

¥yel,  W(y) < Cu(l) .

Analysis 2: Decompositions of the sum. We break the sum defining
W () into the moments ng where A, () is the last element of the partition,
that is those where a(A,(7)) = a(A,—1(7)), and the instant in-between.
We have

Nk4+1— 1
W(y) => a(An, ()22 + > a(d,(y))2"?
k n=ng+1
< oA, (7))2m% + Z (A, () o (ryt) /2

k

éQZa ne (7)) 2"’¢/2 .
k

The last inequality holds as r > 4. Besides, for any ¢ > 0, if ng1p = ng + ¢,
we have

Nk4e \[
D a2 S o ()2 327 < 0 ()2

ng

Hence, we can assume that a(A,, . (7)) < a(An,(7))/r.

Analysis 3: Talagrand’s recursive lemma. To prove that this last
upper bound can be bounded from above by the Gaussian width w(T"), we
proceed recursively using Talagrand’s recursive minoration lemma. We start
with & = 1. The cell A,,_1(y) contained points ~i,...,¥,em1 = v that are
a(An, (v))/r separated, so by Talagrand’s recursive minoration lemma:
a(A

M2n1/2+w(B(’Y,C¥(An1—1<7))/T)mD22nl> .

w(Any 1 (7)) > SO

The min in Talagrand’s minoration lemma is replaced here by the ball cen-
tered in 7y by definition of the ;, which made the sequence w(B(v;, a(An, (7))/r)N
D;) non-increasing.

Now it follows from a(A4,,(7)) < a(An,(v))/r that

An2—1(7) C B(77 a(An1—1<7))/r) N D22”1 )

hence
MTH/Q +w(Anp,—1(7)) -

w(Am—l(’Y)) > 2
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Proceeding recursively, it follows thus that

1 V2 -1

w(l') 2 w(An, (7)) 2 5 zk:a(Ank(W)ﬂ”’“/Z = WW(V) :

As this is true for any « € I', this concludes the proof of the majorizing
measure theorem.
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