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Résumé

Le principal objectif de cette these est d’étudier deux méthodes de calibration au-
tomatique de la pénalité pour la sélection de modele. L’avantage de ces méthodes est
double, d’une part, elles sont toujours implémentables, elles ont méme souvent été
utilisées dans des problemes pratiques avec succes, d’autre part, elles sont optimales
puisqu’elles permettent de sélectionner asymptotiquement le meilleur modele.

Il existe d’autres méthodes de pénalisation calculables en pratique, quand les données
sont indépendantes. Néanmoins, en dehors des collections de modeles tres réguliers,
ces pénalités sont tres pessimistes, voire dépendent de constantes inconnues comme
la norme sup de la densité. De plus, quand on veut utiliser les preuves classiques
pour des données mélangeantes, les pénalités que 1'on obtient dépendent toujours
de constantes inconnues de 'utilisateur (voir le chapitre 3).

Le chapitre 2 étudie I'heuristique de pente et les pénalités par rééchantillonnage
dans le cas de données indépendantes. On donne une condition suffisante pour que
I’heuristique de la pente soit optimale, en utilisant I'inégalité de concentration de Ta-
lagrand pour le supremum du processus empirique. On étudie aussi I’approximation
du processus empirique par sa version rééchantillonnée et on en déduit que la méme
condition suffit a garantir 'optimalité des méthodes par rééchantillonnage.

Le chapitre 3 est consacré a I’étude de pénalités classiques quand les observations
sont mélangeantes. On montre des inégalités oracles et I'adaptativité de I'estimateur
sélectionné a la régularité de la densité. La pénalité dépend des coefficients de
mélange qui peuvent parfois étre évalués.

Le chapitre 4 étend les résultats du chapitre 2 au cas de données mélangeantes. On
montre ainsi que les méthodes de la pente et bootstrap sont également optimales
dans ce cas, sous le méme type de conditions. Ces nouvelles pénalités sont toujours
calculables en pratique et le modele sélectionné est asymptotiquement un oracle, ce
qui améliore beaucoup les résultats du chapitre 3.

Le chapitre 5 traite du probleme des régions de confiance adaptatives. Contrairement
au cas de I'estimation, cette adaptation n’est que tres rarement possible. Quand elle
I’est, nous construisons des régions adaptatives. En particulier, on améliore quelques
résultats de concentration du chapitre 2 lorsque les données sont a valeurs réelles,
notamment ceux des U-statistiques.
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Chapter 1

Introduction

Le hasard est le plus grand romancier du monde; pour étre fécond, il n’y a qu’a [’étudier.

Honoré de Balzac

Cette these présente un ensemble de contributions au probleme de sélection de
modeles optimale ainsi qu’aux méthodes de sélection de modeles quand les observa-
tions ne sont pas indépendantes mais sont seulement supposées mélangeantes. Le
chapitre 2 concerne le probleme de sélection optimale dans le modele de densité,
nous commencons notre étude de la sélection de modeles en milieu mélangeant au
chapitre 3, le chapitre 4 améliore les résultats du chapitre 3 en apportant les idées
de sélection optimale pour des données mélangeantes, il constitue l'apport le plus
conséquent de la these tant du point de vue théorique que pratique. Le chapitre
5 porte sur le probleme des régions de confiance adaptatives pour la densité. Les
chapitres 2, 4 et 5 correspondent chacun a un article soumis pour publication. Le
contenu du chapitre 3 est un article accepté pour publication dans la revue Mathe-
matical Methods of Statistics.

Les statistiques non paramétriques étudient des quantités s sur lesquelles on ne dis-
pose que de tres peu d’informations a priori, par exemple des fonctions. Une des
principales difficultés est de définir un modele S,, dans lequel choisir, a partir des
observations, un estimateur s de s. 5, doit étre suffisamment riche pour contenir
au moins un “bon” estimateur de s, mais en méme temps pas trop complexe pour
limiter le risque de sélectionner un mauvais estimateur. Un bon modele optimise
ces deux contraintes et est inconnu en pratique.

Pour remédier a cette difficulté, les méthodes de sélection de modeles proposent
de partir d'une collection d’ensembles (Sy;)mem, et de choisir a partir des ob-
servations le mieux adapté au parametre inconnu s. Comme nous allons le voir
dans cette these, les procédures de sélection commencent a étre bien comprises
théoriquement et il existe des moyens pratiques d’obtenir de bonnes estimées des
procédures idéales. Dans le probleme de I’estimation de densité, nous avons d’abord
compris comment sélectionner un modele de facon optimale lorsque les observa-
tions sont indépendantes. Nous avons ensuite relaché cette hypothese et étendu au
cadre de données mélangeantes les résultats de sélection classiques, ayant pour corol-
laire 'adaptativité des estimateurs. Nous avons également obtenu des résultats de
sélection optimale pour des données mélangeantes. Le dernier chapitre est consacré
au probleme des régions de confiance adaptatives.
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1.1 Le probleme de I’estimation de la densité

Nous travaillons dans le cadre de 'estimation de la densité avec perte L2. Les
observations sont des variables aléatoires X1, ..., X,, de méme loi P a valeurs dans
un espace mesurable (X, X). Etant donnée une mesure de référence p sur (X, X),
on s’intéresse a l’estimation de la densité s de P par rapport a . Nous supposons
que s appartient & L?(u), 'espace des fonctions réelles, définies sur X et de carré
intégrable

L*(p) = {t X — R, /XtQ(:U)d,u(x) < oo}.

On note respectivement ||| et (.,.) la norme et le produit scalaire associés a cet
espace. Rappelons qu’ils sont définis pour tout ¢ et ¢ de L?(u) par

Il = / () dp(a), {t.) = / (o)t () du().

Désignons par X une copie indépendante de X, indépendante des observations
X1, ..., X, et, pour toute fonction ¢ de L?(ju), définissons

PE—E (X)) = /X H)s(2)dp(z) = (t, ).

s minimise alors sur L?(y) le critére suivant
[t = s[l* = lIs[l* = [[£l* — 2(t, s) = PQ(¥)

ot Q : L*(u) — LY(P), t — ||t||> — 2t. L’estimation de la densité est donc un
cas particulier de problemes de M-estimation. Ces problemes sont étudiés via la
théorie du processus empirique (voir Dudley [29], Pollard [56], Ledoux & Talagrand
[48], van der Vaart & Wellner [69], van der Vaart [68] ou van de Geer [67] pour
une introduction a cette théorie). Disons juste qu’il s’agit de décrire la convergence
uniforme sur des classes de fonctions F du processus empirique P, vers P. Rappelons
que P, est défini pour toute fonction ¢ de L?(u) par

i=1
Pour définir un M-estimateur de s, on se donne un modele S,,, c’est-a-dire un
sous-ensemble de L?(x1) et on minimise sur S, la version empirique du critere des
moindres carrés. On obtient

2 n
S = ang i PoQ(0) = argmin 1 = 30X
P
Pour certains sous-ensembles .S,,,, ce probleme de minimisation peut étre tres difficile
en pratique et l'estimateur §,, peut méme ne pas étre calculable. Pour éviter ce
probléme, nous prendrons toujours pour S,, un sous-espace vectoriel de L*(x). On
vérifie alors que S, est I'estimateur par projection de s sur S, défini sur une base
orthonormée (¢))rem de Sy, par

§m = Z(in)\)@%\

AEm
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Il existe d’autres méthodes classiques d’estimation de la densité, comme l’estimation
par maximum de vraisemblance ou les méthodes a noyaux (voir par exemple Tsy-
bakov [66]), nous ne les aborderons pas ici.

La fonction de perte utilisée en M-estimation est la fonction exces de risque définie
par

[(8m, 8) = PQ(5m) — PQ(s).

Cette perte est aléatoire et vaut, avec notre critere
A 5112
[(5m, 8) = [ls = Smll".

C’est la perte L? classique. La encore, nous n’avons considéré que ce risque alors
que d’autres fonctions ont été étudiées, par exemple les pertes L9, pour 1 < ¢ < 0o
(voir par exemple Donoho et.al [27] et les références associées) ou L™ (Giné & Nickl
[37]).

Le risque de §,, est décomposé grace a 1'égalité de Pythagore. On introduit la
projection orthogonale s,, de s sur S,,, on a alors

Is = 3mll* = lls = smll* + s — mll*. (1.1)

Le premier terme ||s — s,,]|? est une erreur de modélisation appelée généralement
biais du modele S,,, elle est incompressible, méme si on a de nouvelles observations.
Le second terme ||s,, — 8,,||* est une erreur d’estimation appelée terme de variance.
La théorie des probabilités permet d’avoir une bonne compréhension théorique du
terme de variance. En effet, notons B,,, = {t € S,,; ||t|| < 1} et v, = P, — P le
processus empirique recentré. On montre par I'inégalité de Cauchy-Schwarz que

2
5 — ml|? = (sup I/nt) :
t€Bm

Le phénomene de concentration de la mesure (voir Ledoux & Talagrand [48], Ledoux
[47] ou Massart [55]) permet de relier cette variable aléatoire a son espérance. Le
résultat fondamental est I'inégalité de concentration du supremum du processus em-
pirique de Talagrand. Elle a d’abord été prouvée par des méthodes d’isopérimétrie
(voir Talagrand [65] pour un point de vue d’ensemble sur lisopérimétrie) puis
redémontrée par Ledoux [46] par la méthode d’entropie. Bousquet [18] a finale-
ment utilisé la méthode d’entropie pour obtenir les constantes optimales dans cette
inégalité.

Le terme de variance dans I'inégalité (1.1) est donc bien contr6lé en fonction de S,,,
en particulier, plus S, est grand, plus il se dégrade. A I'inverse, le terme de biais
décroit avec la complexité de .S,,. Le meilleur modele optimise ces deux contraintes
mais il est inconnu en pratique, c¢’est pourquoi les méthodes de sélection de modeles
ont été introduites.

Sélection de modeles

L’histoire de la sélection de modeles remonte au moins aux travaux d’Akaike [1], [2]
et Mallows [53]. Leur approche a été généralisée récemment par Birgé & Massart
[15] et Barron, Birgé & Massart [10]. On pourra trouver une introduction beaucoup
plus complete de cette théorie dans le livre de Massart [55]. Nous nous contentons
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ici de rappeler quelques résultats récents et utiles dans la suite de la these.

L’idée de départ est que I’équilibre entre les termes de biais et de variances dans (1.1)
est réalisé pour des modeles dépendant de propriétés inconnues de s. On ne peut
donc pas choisir de modeles convenablement adaptés a s en ’absence d’hypotheses
restrictives. En revanche, il est souvent possible de construire des collections de
modeles (S,,)menm, , souvent des espaces de dimension finie d,,, et les estimateurs des
moindres carrés associés (8., )mem, de fagon a ce qu’au moins 'un d’eux soit optimal.
Le but est alors de choisir dans la collection ($,,)menm,, , le meilleur estimateur de s.
Formellement, on veut déterminer m dans M,, pour que l'estimateur final § =
satisfasse une inégalité oracle

~ 2 . N 2
E(I5—sI?) <C it E (s sl (12)

Birgé & Massart [15] et Barron, Birgé & Massart [10] voulaient construire des es-
timateurs adaptatifs a la régularité de s et ont fait le lien entre adaptativité et
sélection de modeles. Rappelons brievement la définition d’un estimateur minimax
et d’un estimateur adaptatif. Pour un sous-ensemble F de L?(u), on dit que 5 est
minimax sur F quand il existe une constante C telle que

supE (||s — §]|*) < C'infsupE (||s — 8[]%) .
seF S seF

L’infimum étant pris sur I’ensemble des estimateurs de s. On dit que § est adaptatif
sur une collection (F;);er de sous-ensembles de L?(p) s'il est minimax sur chaque
espace JF;, c¢’est-a-dire que, pour tout ¢ de T', il existe une constante C} telle

sup E (||s — 3[*) < Cyinfsup E (||s — 5]1%) .
seFy S seF

Nous renvoyons au livre de Tsybakov [66] pour une présentation plus complete du
principe du minimax et de ’adaptativité ainsi que pour des résultats classiques de
vitesse de convergence. En estimation de la densité, les classes d’intérét sont souvent
les classes de fonctions régulieres, ou la régularité est mesurée par les semi-normes de
Holder, de Sobolev ou de Besov. Le lien entre sélection de modeles et adaptativité
repose alors sur la théorie de 'approximation développée par exemple dans le livre
de Devore & Lorentz [26]. Celle-ci permet de déterminer des espaces de dimension
finie bien adaptés aux différentes mesures de régularité, c’est-a-dire pour lesquels le
biais est bien majoré. On obtient alors la preuve qu'un estimateur est adaptatif a
partir d'une inégalité oracle de la forme

~ 2 . 2
E(l5—sI?) <C inf {lsm—sl*+Cn}, (1.3)

ou s, est la projection orthogonale de s sur 5, et (), est une borne supérieure
de E(||sm — 8m]|*) qui mesure en quelque sorte la complexité de S, vis-a-vis de
I'estimation de s. Cette borne est souvent de la forme d,,/n. L’inégalité (1.3) est
plus facile a obtenir que I'inégalité (1.2). Dans la suite, nous appellerons probleme de
sélection de modeles classique la recherche d’inégalités de la forme (1.3) et probleme
de sélection de modeles optimal la recherche de (1.2) Nous reviendrons sur cette
théorie car les chapitres 2, 3 et 4 de la these y sont consacrés.
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Régions de confiance pour s

Dans cette partie, a désigne un réel de (0,1) et F un sous-ensemble de LQ(MILL) .
Une région de confiance de niveau de confiance 1 — o sur F est un ensemble C' de
fonctions de L?(u) mesurable par rapport a o(X7,...X,,), satisfaisant la propriété
suivante

Vse F,P(se(C)>1—a, (1.4)

La difficulté est de déterminer des régions aussi petites que possible. Nous mesurerons
la taille d'une région de confiance par son diametre L? défini par

A(C) = sup [t — 1

tt'eC

Comme dans le cadre de 'estimation, on peut définir des notions d’optimalité min-
imax et d’adaptativité pour des régions de confiance. On dit que I'’ensemble C' est
minimax sur F s’il vérifie la propriété suivante

sup A(C) < C'inf sup A(C) (1.5)
seF C seF

L’infinimum dans (1.5) étant pris parmi les régions de confiance C' de niveau de
confiance 1 —a sur F. Comme dans le cadre de I'estimation, cette approche présente
I'inconvénient de devoir choisir un espace F a priori pour construire C, ¢’est pourquoi
on préfere montrer une propriété d’adaptativité. On se donne une collection (F)ser
et on note F = UgerF;. On dit que C est adaptatif sur (F;)er s'il vérifie (1.4) et
si, pour tout ¢t de T, il existe une constante C; telle que

sup A(C) < Cyinf sup A(C) (1.6)
s€Ft C seF

L’infimum dans (1.6) étant pris sur les ensembles C satisfaisant la propriété
Vs € Fy, P(sEé) >1-—a.

Contrairement au cas de l'estimation, l'adaptation pour les régions de confiance
peut s’avérer impossible. Low [52] a montré que, pour I'estimation de la densité en
un point, les données n’aidaient pas a réduire la taille des régions de confiance, par
conséquent 'adaptativité est impossible pour ’estimation ponctuelle de la densité.
Cette difficulté est liée a la possibilité de tester 'appartenance de s a une région de
I'espace (voir par exemple les articles de Baraud [8], Juditsky & Lambert Lacroix
[43] et de Robins & Van der Vaart [61]), ainsi que le chapitre 5). Nous y reviendrons
dans la section 4.

Liens avec ’estimation adaptative

Le probleme des régions de confiance adaptatives est 1ié aussi a I'apprentissage de
la vitesse de convergence des estimateurs adaptatifs. En effet, comme le remar-
quent Hoffmann & Lepskii [38], la propriété d’adaptation ne donne pas en pratique
de borne supérieure sur la vitesse de convergence de l'estimateur (car le meilleur
espace J; reste inconnu). Un moyen d’obtenir cette information serait, partant
d’un estimateur adaptatif s, de fournir une majoration de son risque R (’ensemble
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C = {t € L*(u), ||t—3|*> < R} serait alors une région de confiance pour s), de facon
a ce que B

VteT,Vse€F, R<CinfsupE(||s —3?).

S seFy

Comme la taille des régions de confiance est minorée par la vitesse minimax d’estimation
sur cette classe, nous obtiendrions alors 'adaptativité de la région de confiance C'.
D’apres la section précédente, cette propriété ne peut étre garantie que pour cer-
taines collections (F;);er. On ne peut donc pas connaitre en pratique, sauf pour ces
collections particulieres, la vitesse de convergence réelle d'un estimateur adaptatif.
Le pendant de cette remarque dans la théorie des tests est qu’on ne peut apprendre
la régularité de s a partir des données (voir Ingster [40, 41, 42]).

1.2 Sélection de modeles par criteres pénalisés

Nous nous intéressons ici au probleme de la sélection d’un modele efficient ot nous
cherchons m tel que le risque quadratique de I'estimateur final § = §;, soit aussi faible
que possible, c’est-a-dire qu'il se compare & celui de 'oracle inf e v, ||S—85,]|%. Birgé
& Massart [15] et Barron, Birgé & Massart [10] proposent pour cela de définir une
fonction pen sur M,, a valeurs réelles et de sélectionner le modele m défini par

m = arg m/i\zl P,Q(5,,) + pen(m) ou Q(t) = ||t||2 — 2t
me n

La raison de ce choix étant que 'oracle minimise le critere
PQ(8m) = PaQ(Sm) — vn@Q(5m)-
Comme le remarque Arlot [5], la pénalité idéale est donc donnée par
pen;y(m) = —1uQ(3m) = 2n(3m) = 2[sm — 8ll* + 2va(sm),

Sm étant la projection orthogonale de s sur S,,. Le probleme est donc de bien estimer
cette pénalité idéale.

Approche “classique”

Birgé & Massart [15] puis Barron, Birgé & Massart [10] proposent de définir la
pénalité comme une borne supérieure de la pénalité idéale de la forme L,d,,/n ou
d,, désigne la dimension de 'espace vectoriel S,, et L, dépend de la complexité de
la collection M,,. Ils montrent qu’alors I'estimateur s satisfait une inégalité oracle,
c’est-a-dire qu’il existe une quantité C), telle que

E (s~ 5I°) < Cuinf B (s — 5. ?). (1.7)
Ils montrent 'optimalité du point de vue du minimax de I'ordre de grandeur de C,.
Schématiquement, leur résultat peut se résumer ainsi:

-Pour des collections de modeles suffisamment régulieres et pauvres, on peut choisir
L, < C' et obtenir une inégalité oracle avec une constante C' devant I'infimum.
-Pour des collections de modeles plus riches ou plus irrégulieres, on doit prendre L,, >
C'Inn pour obtenir une inégalité oracle et on a une perte logarithmique inévitable
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C, > Clnn.

En particulier, ils réinterpretent des résultats de Donoho et al. [27] dans la théorie
de la sélection de modeles et expliquent la perte logarithmique du risque quadratique
de l'estimateur par seuillage d’ondelettes. Cette approche se généralise au cas de
I’estimation de densité pour des données mélangeantes. C’est 'objet de I'article de
Comte & Merlevede [23] pour des données (-mélangeantes et du Chapitre 3 pour
des données T-mélangeantes.

Sélection de modeles optimale

Comme le remarque Arlot [4], les inégalités oracles précédentes souffrent du fait
que l'on compare le risque moyen de l'estimateur des moindres carrés pénalisés s
au meilleur estimateur S,, choisi de maniére déterministe. Comme notre choix de
pénalité (et donc de m) peut étre aléatoire, il est préférable de montrer des inégalités
oracles de la forme

E([|5—s|*) <CE( inf |s— 35, 1.
(15 =sl) < B g, s snl?). (1)
ou des probabilités de déviation
IP’<||5—§||2>C inf ||s—§m||2) < . (1.9)
meMy

On dit que § satisfait une inégalité oracle en moyenne dans les cas (1.7) et (1.8) et
une inégalité oracle trajectorielle dans le cas (1.9). Plus généralement, on dit que
§ satisfait une inégalité oracle quand il vérifie une inégalité de la forme (1.7), (1.8)
ou (1.9). Nous nous intéressons dans cette these au probleme de la sélection de
modeles optimale. Suivant Birgé & Massart [17], Arlot [5] ou Arlot & Massart [7],
nous définissons

Définition: Soit (S,,)menm, une collection de modéles et, pour tout m de M,, soit
Sm un estimateur de s défini sur S,,. On dit que la pénalité pen : M,, — RT est
une procédure de sélection optimale si [’estimateur

§ =8z, oum € arg m}&l {P,Q(5m) + pen(m)} (1.10)
me n

satisfait 'une des deux inégalités oracles suivantes:
Il existe une suite (€, )nen+ — 0 telle que

E(||s—3]*) < (1 E( inf |s—35.]°).
(Is = 17) < (1+ &) g, sl

Il eziste deux constantes K > 0 et v > 1 et une suite (€, )nen — 0 telles que

K
P (”8 — 37> (1+¢,) ( inf |[|s— §mH2)) < —.
meMy ny

Les résultats de Barron, Birgé & Massart [10] montrent que ces inéqualités oracles ne
sont pas accessibles pour des collections trop complexes. Shibata [63] avait également
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montré qu’il était nécessaire que la collection M,, ne comporte pas de modeles de
dimension finie et sans biais. Au chapitre 2, nous relierons la vitesse de convergence
de ¢, vers 0 a l'ordre de grandeur de R,,, = inf,,caq, (n]|s — spl|* +dn) et & la
complexité de M,,. Introduisons maintenant deux méthodes récentes de calibration
de la pénalité permettant d’obtenir des procédures optimales.

L’heuristique de pente

L’heuristique de pente est une méthode de calibration automatique de la pénalité
introduite par Birgé & Massart [17] dans le cadre de la régression gaussienne et dans
un cadre plus général de M-estimation par Arlot & Massart [7]. Elle repose sur une
compréhension fine du comportement de la pénalité idéale. On montre la propriété
suivante:

Propriété: Soit (S,,)mem, une collection de modeéles et, pour tout m de M,, soit
Sm un estimateur de s défini sur S,,. Il existe une constante Ky, > 0 et, pour
tout m de M, une quantité déterministe C,, telles que, pour toute procédure de
sélection donnée par (1.10), on a

-Si pen(m) < KyninCn, alors Cy, est trés grande.

-Si pen(m) ~ KC,, avec K > Ky, alors Cy, est beaucoup plus petite.

-Si, pour tout m de M,, pen(m) ~ 2K ,iwC,, alors la procédure de sélection est
optimale.

Quand la quantité C), est connue en pratique, on peut l'utiliser pour calibrer la
pénalité de facon optimale, il suffit de calculer, pour différentes valeurs de K, la
valeur de Cj, quand la pénalité vaut KC,,. On trace ensuite Cj en fonction de
K. On repere K, par une pente' fortement décroissante dans cette courbe. On
choisit finalement la pénalité pen(m) = 2K ,;,C,, qui est optimale par la propriété
précédente. Dans le modele de densité, nous allons montrer que 1'on peut prendre

1 .
C, = §E (pen;;(m)) = E (||sm — sm||2) , Koin = 1.

C,, est donc inconnue en général. Toutefois, quand les modeles de M,, sont tres
réguliers, on retrouve que cette complexité est de 'ordre de grandeur de d,,/n.
Prenons 'exemple simple ot les données X, ..., X, sont indépendantes, ou s est a
support dans [0,1) et olt (Sy,)men, est un ensemble d’histogrammes réguliers c’est-
a-dire que pour tout entier m de N*, S, est ’ensemble des fonctions constantes sur
tous les ensembles [k/m, (k + 1)/m), k = 0,...,m — 1. On vérifie sans peine que
pour tout m de M,, = {1,...,n}, E (supyep, (vnt(X))?) = (dm — [|sm||?)/n. Ainsi, la
complexité de Barron, Birgé & Massart C,, = d,,,/n convient, I'heuristique de pente
permettant alors de calibrer Koin pour définir une procédure efficace. Pour traiter
les modeles moins réguliers, on peut utiliser des estimateurs par rééchantillonnage
de Cy,. On retrouve alors les pénalités par rééchantillonnage définies par Arlot [5].

LContrairement & ce que suggére cette présentation, le nom heuristique de pente ne vient pas du
changement de “pente” de cette courbe. La “pente” originelle est celle de la courbe Cr, — Pn(Q(Sm))
qui admet asymptotiquement pour asymptote la droite y = —Kmin® — ||5||2 Notre approche est celle de
larticle de Arlot & Massart [7].
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Le rééchantillonnage

En 1979, Efron [30] propose un algorithme général d’estimation de fonctionnelles du
processus emprique. Son idée est que, pour estimer ces fonctionnelles, il suffit de tirer
“au hasard”, de nouvelles données parmi les observations X1, ..., X,,. L’algorithme
d’Efron fonctionne en deux étapes:

-On tire n “nouvelles” données X7, ..., X, indépendantes et de méme loi P, condi-
tionnellement au vecteur (X7, ..., X,,).

-On estime une fonctionnelle F(P,, P) par E* (F(P!, P,)), ou Pit = > t(X[)/n
et ou E* désigne 'espérance conditionnelle a X1, ..., X,,.

Mason & Newton [54] et Praestgrad & Wellner [57] ont remarqué que l'on pou-
vait écrire PX(t) = >0 Wit(X;)/n ou (Wy,...,W,) est un vecteur indépendant
de Xy, .., X, et de loi multinomiale M(n,1/n,...,1/n). Ils ont alors proposé de
généraliser 'algorithme d’Efron de la maniere suivante:

-On se donne un vecteur (W7, ..., W,,) de variables aléatoires indépendantes de X, ..., X,
et échangeables, ce qui signifie que, pour toute permutation 7 de {1,..,n},

(Wray, s Wrny) @ méme loi que (W, ..., W,,).
-L’estimateur par rééchantillonnage d’une fonctionnelle F'(P,, P) est donné par
CwEY (F(PY Wy Py)),

on PVt =" Wit(X;)/n, W, = Y7 Wi/n, EV désigne I'espérance condition-
nelle & X5, ..., X, et ou Cy est une constante ne dépendant que de la loi des poids
(W1, ...,W,) et de la fonctionnelle F.

Arlot [5] a utilisé cette heuristique pour définir un algorithme de calibration au-

tomatique de la pénalité dans les problemes de M-estimation. Suivant 'heuristique
d’Efron, il définit vV = PV — W, P,, 8V = argminyes,, PV Q(t) et

pen(m) = —CwE" (1, (Q(3))) = CwE" (|13, — Wasnml?)
= CwEY <Z (PY — V‘Vnpn)(w)f) .

ou Cy est une constante de renormalisation. Arlot a prouvé l'efficacité de cet al-
gorithme pour sélectionner le meilleur histogramme en régression. Il a également
obtenu de nombreux résultats numériques montrant les performances de cet algo-
rithme pour différentes lois de rééchantillonnage. Il a aussi comparé cette approche
avec d’autres méthodes de calibration automatiques de pénalités (notamment la val-
idation croisée et I'heuristique de pente). De maniere générale, dans [4], on trouvera
de nombreuses références historiques ainsi que des résultats théoriques et pratiques
sur I'utilisation de I'heuristique du rééchantillonnage en sélection de modeles.
Rappelons que l'idée d’utiliser ces pénalités en sélection de modeles vient d’Efron
[31]. Elle a été ensuite utilisée par Fromont [32] pour définir des pénalités globales
en classification. Dans le modele de densité, nous citons ici Celisse [21] qui a étudié
des méthodes de calibration par validation croisée.

Les pénalités par rééchantillonnage peuvent étre optimisées grace a I’heuristique de
pente car elles fournissent de bons estimateurs de la complexité C), du modele .S,,.
Nous serons toujours capables dans nos exemples de calculer théoriquement la con-
stante Cy, optimisant asymptotiquement les performances de 5. Il ne sera donc pas



10 CHAPTER 1. INTRODUCTION

nécessaire d’avoir recourt a cette heuristique. Toutefois, la méthode de la pente peut
permettre dans certaines situations de surpénaliser légerement, ce qui peut améliorer
les performances des estimateurs d’un point de vue non asymptotique (voir Arlot &
Massart [7]).

1.3 Données mélangeantes

Dans de nombreux modeles statistiques, les données ne peuvent raisonnablement étre
modélisées par des suites indépendantes. Pour affaiblir cette hypothese et couvrir
une gamme plus large de modeles, 'hypothese de mélange a été introduite. Elle
est particulierement bien adaptée a la généralisation de méthodes définies dans le
cadre indépendant. Pour définir une hypothese de mélange de maniere générale,
on se donne une propriété vérifiée par des variables aléatoires indépendantes, par
exemple:

Si X et Y sont deux variables aléatoires réelles, si Py désigne la loi de Y et si Py, (x)
désigne une loi de Y conditionnellement & o(X) alors, pour tout évenement A de

0-<Y)7

Pyiox)(A) = Py(A) =0 ps., donc E ( su(p )Py|J(X)(A) — Py(A)) = 0.
Aco(Y

Pour deux variables aléatoires quelconques, on définit alors le coefficient de mélange
associé a cette propriété

Aeo(Y)

B(o(X), oY) =E ( SUp Pyjoxy(A) - PY<A>) .

On s’intéresse a des suites de variables aléatoires strictement stationnaires, c’est
a dire des processus (X, )nez telles que, pour tous les entiers n de Z et k de N,
(X, ooy Xpyx) a méme loi que (Xo, ..., Xi).

A une telle suite (Xn)nez, on associe les nombres

= Slllgﬁ(a((xi)iso)a o((Xi)iz1))-

On dit alors que la suite (X,,),ez est f-mélangeante si la suite (5, tend vers 0 quand
k tend vers 'infini.

De nombreux coefficients ont ainsi été définis, citons les livres de Rio [60] et Dedecker
et.al [24] pour une présentation des principaux coefficients et de leurs propriétés.

Les processus [ et T-mélangeants

Dans cette these, nous nous intéresserons particulierement a deux coefficients. Le
coefficient 3 dont nous venons de parler a été introduit par Rozanov & Vokonskii
[71]. Berbee [13] a montré qu’il satisfait un lemme de couplage que I'on peut énoncer
ainsi:

Lemme
Soit X une variable aléatoire définie sur un espace de probabilité (2, A, P), a valeurs
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dans R et soit M une tribu. Supposons qu’il existe une variable aléatoire U uni-
formément distribuée sur [0,1] et indépendante de M et de o(X). Alors, il ex-
iste une variable aléatoire MV o(X)V o(U)-mesurable X*, de méme loi que X et
indépendante de M telle que

BM,0(X)) =P(X # X7)

Viennet [70] a déduit de ce lemme qu’une suite de variables aléatoires J-mélangeantes
peut étre approchée par une suite indépendante. Baraud et.al. [9] ont utilisé ce
résultat pour construire un algorithme de sélection de modeles pour des données
mélangeantes. Comte & Merlevede [23] ont ensuite appliqué cet algorithme dans le
cadre de 'estimation de la densité et ont ainsi étendu des résultats de Barron, Birgé
& Massart [10] au cadre S-mélangeant.

Le second coefficient auquel nous allons nous intéresser est le coefficient 7 introduit
par Dedecker & Prieur [25]. C’est le coefficient de mélange associé a la propriété
suivante:

Si X est une variable aléatoire indépendante d’une tribu M, alors pour toute fonc-
tion ¢ 1-lipschitzienne

Pyim(t) — Py (t) =0 ps.

Si A1 désigne I'ensemble des fonctions 1-lipschitziennes, on définit donc

siE(Y]) < oo, 7 M,Y)=E (sup Py im(t) — ]P’y(t)\) :

tEANL

Si (X, )nez est une suite de variables aléatoires strictement stationnaires, on définit,
pour tout k et r de N*, les réels

1
Tk, = max — sup {7(c(X,,p <0), (X4, ..., Xi))}, 76 = sup 7
1<I<r [ << <iy reN*

Dedecker & Prieur [25] ont montré que ce coefficient satisfaisait le lemme de couplage
suivant.

Lemme

Soit X une variable aléatoire définie sur un espace de probabilité (2, A, P) a valeurs
dans R et soit M une tribu. Supposons qu’il existe une variable aléatoire U uni-
formément distribuée sur [0,1] et indépendante de M et de o(X). Alors, il ex-
iste une variable aléatoire MV o(X) V o(U)-mesurable X*, de méme loi que X et
indépendante de M telle que

T(M,X)=E (X - X)),
ou, pour tout x ety de R, lr —y|, = 212:1 |z; — yil.

Dans le chapitre 3, nous verrons comment utiliser ce lemme pour approcher les suites
T-mélangeantes par des suites indépendantes, étendre ainsi ’algorithme de Baraud
et.al. [9] et en déduire une généralisation des résultats de Barron, Birgé & Massart
[10] au cadre T-mélangeant.
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Exemples de processus mélangeant

Pour les exemples de processus S-mélangeants, nous renvoyons aux livres de Doukhan
[28], Rio [60] ou Bradley [19]. Précisons seulement qu'une chaine de Markov sta-
tionnaire, irréductible, apériodique et positivement récurrente est (-mélangeante.
En revanche, de nombreuses chaines de Markov ne sont pas -mélangeantes mais
sont 7-mélangeantes. Par exemple, si (¢;);>1 sont des variables indépendantes de
Bernoulli de parametre 1/2, alors la solution stationnaire de 1’équation

1
X, = §(Xn71 + €,), Xo indépendante de (€;);>1

n’est pas [-mélangeante puisque G = 1 pour tout & > 1 (Andrews [3]) alors que
7 < 27% (Dedecker & Prieur [25]). Un autre avantage du coefficient 7 est qu’il est
calculable dans de nombreuses situations. Rappelons ici quelques exemples tirés de
Dedecker & Prieur [25].

Processus Linéaires.

Supposons que X; = Zj>0 a;&n—j, ou les (&;)iez sont i.i.d. On a

7 < 2B|S] Y layl.
Jjzk
Chaines de Markov
Soit (X}, )n>0 une chaine de Markov telle que X,, = F/(X,,—1,&,) ou F est une fonction
mesurable et ol (§;);>1 est une suite de variables aléatoires iid, indépendante de X.
Supposons qu’il existe k < 1 tel que

E(|F(z,&) — F(y,&)|) < slz —yl.

Alors, on a
7 < 2B(| X)) K"

Un exemple important est donné par les processus auto-régressifs X,, = t(X,,_1)+&,
ou t est une fonction k-Lipschitzienne.
Systémes dynamiques
Soit T une application mesurable de [0, 1] dans [0, 1]. Si v est une mesure de prob-
abilité T-invariante, et si Y est une variable aléatoire de loi v, la suite de vari-
ables aléatoires (Y; = T%(Y));>o définie sur ([0, 1],v) est strictement stationnaire.
Définissons l'opérateur K sur L'([0,1],v) & valeurs dans L*([0, 1], v) via I'égalité

VEk € L*>([0,1],v), /0 (Kh)(z)k(z)v(dz) = /0 h(z)(koT)(z)v(dx)

ou h € L'([0,1],v). On vérifie que (Y1, ...,Y,) a la méme loi que (X,, ..., X;), ol
(X;)i>1 est la chaine de Markov de distribution invariante v et de noyau de transition
K. Si T est uniformément dilatante (voir les hypotheses page 218 dans Dedecker &
Prieur [25]), il existe C' > 0 et p € (0,1) tels que

m(0(Xi,i > k), Xo) < CpP
(voir Dedecker & Prieur [25] page 230). Remarquons que la chaine de Markov (X;);>1
n’est pas f-mélangeante. En effet, f(o(X;),0(X,)) = B(a(T™(Y)),o(T(Y))). Comme
o(T™(Y)) C o(T(Y)), il vient, par stationnarité de Y;,

Blo(X1),0(Xn)) = Ble(T"(Y)),a(T™(Y))) = Blo(T(Y)),o(T(Y))).

Cette derniere borne est strictement positive des que v est non triviale.
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Décomposition des données par blocs

Pour démontrer théoriquement les résultats d’estimation dans le cadre mélangeant,
I'idée fondamentale est de découper le vecteur des données en blocs, pour utiliser
la méthode de couplage. On se donne une partition Iy, Jo, ..., [p—1, Jp—1 de {1,...,n}
telle que

g= inf (min(/y,;) — max(Z;)) > 0.

k=0,....,p—2

Pour tout k, on note Xy, le vecteur (X;)ier,, soit aussi [ = Ug;é[k et P le pro-
cessus empirique Pr = Y., 0x,/|I|. Les lemmes de couplage évoqués a la section
précédente servent a construire une suite de variables indépendantes (X}‘k)k:07,,_,p_1
telles que, pour une certaine distance d, on ait, pour tout k d(Xj, X7 ) < v(q)
ou v est le coefficient de mélange. Les quantités construites a partir du processus
empirique F'(P,) sont alors controlées en deux étapes.
-Des inégalités algébriques permettent d’obtenir une constante C' > 1 telle que

F(P,) < CF(Fy).

-Ensuite, comme

F(Pr) < F(Pp) + |F(Pr) = F(Pr)],

on peut controler F'(Pr) grace aux techniques valables pour des données indépendantes
(pour le terme F'(Pj)) et aux coefficients de couplage (pour le terme |F(P}) —
F(Py)).

A notre connaissance, toutes les méthodes de sélection de modeles proposées pour
étudier des processus mélangeants utilisent la méthode de couplage. Cette méthode
est particulierement efficace lorsqu’elle est associée a I’heuristique de rééchantillonnage.
En effet, nous allons montrer pour nos fonctionnelles d’intérét que F'(Pj}) se com-
porte essentiellement comme son espérance. Comme l'ont remarqué Kiinsch [44],
Liu & Singh [51], Radulovic [59], cette espérance est tres bien approchée par son
estimateur par rééchantillonnage, si on rééchantillonne les blocs (voir le chapitre 4
pour plus de détails).

Sélection de modeéles en milieu mélangeant

Baraud et.al. [9] ont montré que les pénalités de Barron, Birgé & Massart [10]
pouvaient étre utilisées dans le modele de régression quand les données sont [3-
mélangeantes. En utilisant I'indépendance du design et du bruit, ils obtiennent
une pénalité calculable en pratique. Avec les mémes outils, Comte & Merlevede
[23] ont montré que les pénalités de la forme Kd,,/n sont aussi efficaces en es-
timation de la densité. Nous étendons cette approche au chapitre 3 au cas de
données T-mélangeantes. Nous en déduisons en particulier 'adaptativité de § grace
au schéma de preuve de Barron, Birgé & Massart [10]. Ce dernier résultat est a
rapprocher de ceux obtenus par Gannaz & Wintenberger [34]. Ils avaient en effet
montré 'adaptativité de Iestimateur par seuillage de Donoho et al. [27] dans le
cadre de données gzg—mélangeantes (le coefficient 6 est défini dans Dedecker & Prieur
25)).

Le probleme de l'algorithme de Baraud et.al. [9] dans le modele de densité est
que la constante K dans la pénalité dépend des coefficients de mélange. Cette
pénalité est donc bien souvent incalculable en pratique. Comte & Merlevede [23]



14 CHAPTER 1. INTRODUCTION

ont proposé d’appliquer I'heuristique de pente dans le cadre mélangeant sans toute-
fois fournir de démonstration théorique de sa validité. Nous en proposons une dans le
chapitre 4 dans les cadres 3 et T7-mélangeants. Nous étendons aussi dans ce chapitre
I'approche par rééchantillonnage et obtenons ainsi des pénalités completement calcu-
lables & partir des observations. A notre connaissance, nous avons obtenu la premiere
preuve de leur validité théorique en estimation de la densité en milieu mélangeant.
Nous obtenons des inégalités oracles trajectorielles pour des données G-mélangeantes
et des inégalités oracles en moyenne pour les données 7-mélangeantes. Toutes les
procédures sont optimales, ce qui est encore un résultat nouveau.

La grande différence avec le cas indépendant est qu’un terme de couplage apparait
-dans le controle de la probabilité de déviation pour les processus [-mélangeants
-dans le controle de 'espérance du risque pour les processus T-mélangeants.

Ces termes de couplages sont controlés par les coefficients de mélange mais peuvent
dégrader les performances des estimateurs. Nous ne savons pas si nos controles sont
optimaux, mais les conditions de mélanges que nous demandons sont plus faibles
que celles décrites par Comte & Merlevede [23] dans le cas S-mélangeant, ce sont
les premieres dans le cas 7-mélangeant.

Remarquons qu’il y a un paradoxe a utiliser ’heuristique du rééchantillonnage en
milieu mélangeant. En effet, les poids sont échangeables, ce qui signifie que tout se
passe de la méme fagon si on échange les données alors que par définition, un proces-
sus mélangeant est un processus qui oublie avec le temps, au sens ot deux données
¢loignées sont presque indépendantes alors qu’on ne sait rien de la dépendance des
données rapprochées. Cette difficulté disparait lorsque I'on rééchantillonne les blocs
au lieu des données.

1.4 Présentation des résultats

Sélection de modeles optimale en estimation de la densité

Le chapitre 2 de la these est consacré a I'extension des résultats de Arlot [5] pour
les pénalités par rééchantillonnage et & ceux de Arlot & Massart [7] sur 'heuristique
de pente au cadre de ’estimation de la densité. L’hypothese fondamentale que nous
faisons (hypothese [V] dans la section 2 du chapitre 2) est que les déviations de la
pénalité idéale pen,,;(m) = 2v,(8,,) sont uniformément petites devant 1’espérance du
risque R,,/n = E(||s — §,,]|?). Cette hypothese est 1égerement différente de celles
traditionnellement considérées en sélection de modeles. En effet, [V] ne suppose
pas de forme particuliere pour I'espérance du risque, en particulier pour le terme
de variance, alors que celui-ci est souvent supposé borné par d,,/n. Cette borne
est bien justifiée quand les modeles sont relativement réguliers (voir la section 4
du chapitre 2) mais elle peut étre trés mauvaise en général. Birgé [14] a exhibé des
histogrammes de petites dimensions pour lesquels R,, >> d,,,. Sous cette hypothese,
nous justifions d’abord I'utilisation de I’heuristique de pente dans ’estimation de la
densité. La complexité C,, a considérer dans cette heuristique est I'espérance du
terme de variance D,,/n = E (||s;, — 8||?) et la constante Ky, = 1. En effet, on a
(voir la Proposition 2.2.2 du chapitre 2)

Proposition 1.4.1 Soit M,, une collection de modéles satisfaisant I’hypothese [V].
Supposons qu’il existe une constante 0 < 0 < 1 telle que 0 < pen(m) < (1—=9)D,,/n.
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Soit m, § les variables aléatoires construites par la procédure de sélection de modéles
./ Ve \ 7 e Ve . \ pa— 2
associée. Alors, sur un événement de probabilité supérieure a 1 — cre=2"™° on q

Dy > ¢g max Dy, ||s = 3[* > can® inf ||s — 5|,

ol ¢1, Ca, C3, Cy4, C5 SONt des constantes positives, dépendantes de 6.

Cette proposition justifie le premier point de I’heuristique de pente. Si la pénalité est
trop petite, Dy, est aussi grand que possible (en général de I'ordre de n), de plus, on
ne peut pas montrer d’inégalités oracles. L’heuristique de pente est completement
justifiée par la seconde proposition (voir Proposition 2.2.3 du chapitre 2)

Proposition 1.4.2 Soit M,, une collection de modéles satisfaisant I’hypothese [V].
Supposons qu’il existe 0 < § < 1 telle que

D,, R,, D, R,
2—= — f— < pen(m) < 2—= +0——.
n n n n

Alors, sur un événement de probabilité plus grande que 1 — cie=2™* o g

: . 1+9 _ . .
Dy < c3 mfg/l\l/lln Ry, |Is = 3]% < <m +cn 65) mleI}éln s = 3mll?,

ol ¢1, Ca, C3, Cyq, C5 SONt des constantes positives dépendantes de 9.

Le risque d'un oracle min,,cr, Ry, est en général de 1'ordre de n” avec r < 1. On
observe donc bien un saut de la complexité du modele sélectionné quand la pénalité
devient plus grande que D,,, /n, ceci justifie le second point de I'heuristique de pente.
Pour le dernier point, il suffit de faire tendre § vers 0 en vérifiant que les constantes
c1,C, C3, Cy, C5 N'explosent pas. Le probleme de cette heuristique en estimation de
la densité est que la complexité D,, est inconnue en pratique, elle doit donc étre
correctement estimée pour calibrer les pénalités. Nous montrons en section 4 du
chapitre 2 que, lorsque le modele est suffisamment régulier, la dimension d,, peut
étre utilisée a la place de D,,. Nous montrons aussi que, sans autre hypothese que
[V], on peut utiliser un estimateur par rééchantillonnage de D,,. Ce dernier choix
revient a utiliser les pénalités par rééchantillonnage d’Arlot [5]. On montre en effet
la proposition suivante (voir proposition 2.2.5 du chapitre 2)

Proposition 1.4.3 Soient X1, ..., X,, des variables aléatoires i.i.d de densité com-
mune s. Soit (W1, ..., W,,) un schéma de rééchantillonnage, soit W,, = > Wi/n et
soit vy, = Var(Wy —W,,). Soit M,, une collection de modéles satisfaisant ’hypothése
[V] et soit § l’estimateur sélectionné par la pénalité

peniim) = 208" (sup (012 0)?).

teEBm

Il existe des constantes cy, ca, c3, ¢4 Strictement positives telles que

P(ls—3|%<(1 —e2) inf |ls — §,,[|2 ) > 1 — cgecanm)?,
(Hs 5| _( +cn )mlel}\/in”s Smll ) > cse
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Tous les résultats de ce chapitre sont non asymptotiques avec constantes explicites.
Trois quantités nous permettent de décrire le saut de Dy dans I’heuristique de
pente ainsi que la vitesse de convergence de C), vers 1 dans les inégalités oracles.
La premiere est le risque d'un oracle, R,,, = min,,cr, R, 1la seconde est la plus
grande des variances D,,. = max;,enm, Dm, la derniere est €(R,,,) ou € est la fonction
introduite dans 'hypothese [V]. Les deux premieres quantités sont reliées par le
paradigme de la sélection de modeles. Ce paradigme peut se résumer aux hypotheses
suivantes

D,,,

”2 Dm*
n )

2 D,,, << Dp+, Ry, — +00.

>> ||s — S

~ s — S,

La derniere condition signifie que la vitesse d’estimation de s est non paramétrique.
Essentiellement, ceci signifie qu’il n’existe pas de modele de dimension finie expli-
quant s. Nos procédures ne sont optimales que sous cette hypothese (en particulier,
la condition ¢, > 0 dans la proposition 1.4.3 n’est vérifiée que s’il existe r > 0 tel
que R,,, > Cn"). Toutefois, quand R,, est borné, nous obtenons des inégalités
oracles avec une constante C' > 1. Ainsi, méme quand le probleme de départ est
tres simple, nos procédures restent compétitives.

Sélection de modeéles avec données mélangeantes

Le chapitre 3 est consacré au probleme de sélection de modeles classique mais
les données sont supposées mélangeantes. Ce chapitre s’inspire en grande partie
de T'article de Comte & Merlevede [23]. Cet article traite le cas de données (-
mélangeantes. La méthode de couplage que nous avons évoquée en section 3 est
utilisée pour montrer qu’un estimateur sélectionné avec une pénalité de la forme
Cd,, /n satisfait une inégalité oracle du type (1.3). Nous traitons d’abord des données
[-mélangeantes. Nous prouvons une inégalité oracle avec grande probabilité plutot
qu’en espérance. Ce point de vue est mieux adapté au lemme de couplage de Berbee.
Il nous permet d’affaiblir 'hypothese de Comte & Merlevede [23] sur la vitesse de
mélange. De plus, nous améliorons les constantes et nous ne supposons plus que s
est bornée. Nous obtenons le résultat suivant (voir la proposition 3.3.1 du chapitre
3).

Théoréeme:
Supposons que le processus (X, )nez est strictement stationnaire et [3-mélangeant.
Supposons de plus qu’il existe 0 > 2 tel que, pour tout entier 1, 3 < (14 1)~(+0),
Supposons que la collection de modéles M, satisfait certaines hypothéses techniques
et soit § l'estimateur sélectionné par la pénalité

Kd,,

pen(m) = —

Si K est assez grand, il existe des constantes positives ¢y, co, c3 telles que

P (15— sl > (14 estam) =) ing (s — sl + pen(m) ) < cx

Les hypotheses techniques de ce théoreme sur la collection M,, sont les mémes que
dans les articles de Comte & Merlevede [23] et Birgé & Massart [15]. La constante
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K dans la pénalité peut étre choisie beaucoup plus petite que dans le théoreme 3.1
de Comte & Merlevede [23], qui supposaient en outre ’hypothese 6 > 3.

Le principal probleme de ce résultat est que la constante K définissant la pénalité
dépend des coefficients de mélange et est donc inconnue en pratique. La constante K
est choisie de facon & assurer que pen(m) > E (||s,, — 3, ||?). Ainsi, I'inégalité oracle
obtenue est un peu plus faible que I'inégalité (1.3). Néanmoins, elle a la méme forme
que l'inégalité oracle obtenue pour des données indépendantes et permet d’obtenir
I’adaptativité de I'estimateur s a la régularité de s.

Nous étendons ensuite cette approche aux processus 7-mélangeants qui satisfont
aussi un lemme de couplage et une inégalité de covariance. Toutefois, ces résultats
sont plus faibles pour les processus 7-mélangeants et 1’extension des résultats est
techniquement difficile. En particulier, nous n’obtenons d’inégalité oracle que pour
des modeles d’ondelettes régulieres et bien localisées. L’avantage de ce résultat est
que le coefficient 7 est souvent plus facile a calculer que le coefficient § (voir les
exemples de la section 3). Nous avons montré le résultat suivant (Théoreme 4.1
dans le chapitre 3)

Théoréeme:
Soit M,, une collection de modéles engendrés par des ondelettes régulieres a support
compact. Supposons que le processus (X, )nez est strictement stationnaire et -
mélangeant. Supposons de plus qu’il existe 8 > 5 tel que, pour tout entier [, 7 <
(14 1)~0+9),
Soit 5 l'estimateur sélectionné par la pénalité

Kd,,

pen(m) = —

St K est assez grand, il existe des constantes ¢y, co telles que

B (15 - s1) < 1+ eltun) ) ( ing fls = s+ pentm) ).

meMy,

Ainsi, l'estimateur vérifie le méme type d’inégalités oracles que lorsque les données
sont indépendantes. On peut en déduire qu’il est minimax sur des classes d’espaces
de Besov en utilisant le procédé de Birgé & Massart [15]. Comme pour les données
F-mélangeantes, la constante K dépend des coefficients de mélange, elle est calibrée
de facon a assurer que pen(m) > E(|[s,, — 5]|%) et que cette majoration soit la
moins pessimiste possible.

Sélection de modeéles optimale en milieu mélangeant

Le principal défaut des résultats précédents est que la pénalité dépend des coeffi-
cients de mélange qui sont inconnus en pratique. Pour calibrer de fagon optimale la
constante dans le terme de pénalité, Comte & Merlevede [23] suggéraient, suivant
Birgé & Massart [16] d’utiliser I’heuristique de pente. Dans le chapitre 4, nous prou-
vons théoriquement le bien fondé de ce choix. Le lemme de couplage de Viennet [70]
nous permet d’étendre assez facilement les méthodes de preuves du chapitres 2 a des
données (-mélangeantes. Nous obtenons ’équivalent des Propositions 1.4.1, 1.4.2.
Ces résultats améliorent ceux de la section précédente. En effet, les pénalités sont
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maintenant explicitement calculables. De plus, les inégalités oracles comparent le
risque de § & inf,,ep,, ||S—38m]|? et plus & une borne supérieure de cet oracle. Comme
dans le cadre indépendant, I'heuristique de pente ne peut étre utilisée avec une com-
plexité C,, = d,, que si les modeles sont tres réguliers, par exemple si la fonction
(z,m) — supep,, t(x)/v/dy est presque constante. Cette derniere condition est
vérifiée dans les exemples mentionnés dans Comte & Merlevede [23]. Pour pouvoir
traiter des modeles un peu moins réguliers, nous avons aussi étendu ’approche par
rééchantillonnage. Nous obtenons 1’équivalent de la Proposition 1.4.3 dans le cas
[-mélangeant. Regardons ce résultat plus précisément.

Proposition 1.4.4 Soit X4, ..., X,, une suite strictement stationnaire de variables
aléatoires de méme densité s. Soit (Spm)mem, une collection de modéles satisfaisant
Uhypothése [V’]. Supposons que le processus (Xi)k=1,..n est B-mélangeant et qu’il
existe C > 0 et 6 > 2 tels que, pour tout [, 3 < C(1 +1)~F9 . Soit 5 l'estimateur
sélectionné par la pénalité de rééchantillonnage.

Pour tout k > 2, il existe des constantes ¢y et co telles que

z112 . R 9 (hl n)(9+2)’€
P (HS =57 > 1+ le(n))mg}an Is = 8| ) < CQT’

oty f(n) = (Inn)~2+=1),

On observe deux grandes différences par rapport au cas indépendant. D’abord, un
terme de couplage apparait dans le controle de la probabilité de déviation. Dans
le cas indépendant, la borne est de l'ordre de e~emm)? dans le cas mélangeant,
elle devient (logn)®n~%2. Ensuite, 'hypothese [V] est renforcée en une hypothese
[V’]. La conséquence de cette transformation est que la vitesse de convergence de
f(n) vers 0, qui était de l'ordre de n~¢ dans le cas indépendant devient (Inn)~°.
Comme pour les données indépendantes, la seule hypothese [V’] suffit pour pouvoir
appliquer les pénalités par rééchantillonnage.

Nous étendons aussi dans ce chapitre ces deux méthodes au cadre T-mélangeant.
Ce coefficient vérifie un lemme de couplage en distance L. Rappelons que dans la
méthode de couplage, nous devons controler des termes de la forme |F(P;) — F(Py)|.
Ces termes sont plus délicats a controler pour le coefficient 7 et, comme dans la
section précédente, nous choisissons des modeles d’ondelettes régulieres. De plus,
la forme du lemme de couplage nous a imposé de travailler en moyenne plutot que
sur des évenements de grandes probabilités. Les preuves du cas indépendant ne
s’appliquaient plus directement. Nous obtenons une inégalité oracle de la forme
(1.8) au lieu de (1.9). Néanmoins, ce résultat, comme en [-mélange, améliore les
résulats du chapitre 3 car les pénalités sont explicitement calculables et le risque
de § est comparé a celui de l'oracle plutot qu’a une borne supérieure de ce risque.
Regardons ce que devient I'inégalité oracle obtenue par pénalité bootstrap.

Proposition 1.4.5 Soit X1, ..., X,, une suite strictement stationnaire de variables
aléatoires de densité s et soit (Sm)mem, une collection de modéles d’ondelettes
réguliéres. Supposons que le processus (Xy)g=1,.n est T-mélangeant et qu’il ex-
iste C' > 0 et § > 5 tels que, pour tout I, 7, < C(1 + 1)~ Soit § I’estimateur
sélectionné par la pénalité de rééchantillonnage. Alors, il existe des constantes ¢ et
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cy telles que

o ' X ) (lnn)n(lﬂ))
E (s —3lP) < (1L + e fm)E( inf fls—5al?) + g,

ot f(n) = (Inn)~20+=1),

La condition de mélange est plus forte (f > 5) et le terme de couplage dans le
controle de 'espérance est plus grand que dans le cas f-mélangeant.

A notre connaissance les résultats de ce chapitre sont nouveaux. En effet,
-I'utilisation de I'heuristique de pente n’avait jamais été justifiée théoriquement pour
des données mélangeantes, dans aucun modele, pour aucun coefficient de mélange,
-l’algorithme de preuve dans le cas T-mélangeant est différent du cas indépendant, il
ne nécessite pas seulement la prise en compte d’'un terme de couplage. Les résultats
obtenus pour ces processus sont plus faibles que dans le cas indépendant, mais les
hypotheses pour les obtenir sont également un peu plus faibles,

-c’est la premiere fois que des méthodes de rééchantillonnage sont utilisées pour
calibrer les pénalités quand les données sont mélangeantes, méme si leurs bonnes
propriétés avaient déja été observées (voir Kiinsch [44], Liu & Singh [51], Radulovic
[59] par exemple).

Régions de confiance pour s

Le chapitre 5 traite du probleme de 'adaptativité pour les régions de confiance dans
le modele de densité. Ce probleme est fondamentalement différent pour les régions
de confiance et pour I'estimation. En effet, de nombreux estimateurs adaptatifs de
la densité ont été proposés, voir par exemple I'article de Barron, Birgé & Massart
[10] pour une construction par sélection de modeles. En revanche, comme le montre
I'article de Robins & van der Vaart [61], on ne peut pas construire de régions de
confiance adaptatives avec autant de généralité. Prenons l’exemple de fonctions s
a-holdériennes. On peut construire des estimateurs de s adaptatifs a la régularité a,
c’est-a-dire des estimateurs construits sans connaitre le vrai « et se comportant aussi
bien que possible quelle que soit cette régularité. En revanche, pour construire une
région de confiance pour s, on doit préciser une borne inférieure a_, sur I’ensemble
des régularités admissibles. De plus, on n’obtient de régions de confiance adapta-
tives qu’aux régularités comprises entre a_ et 2. La différence est que le biais du
modele doit étre estimé quand on construit une région de confiance. On doit donc
préciser un gros espace S auquel la densité est supposée appartenir. Si la fonction
s appartient a un sous-espace S, de S, la taille d'une région de confiance pour s
est bornée inférieurement par le supremum de deux quantités. La premiere est la
vitesse d’estimation dans le modele S, qui correspond a la vitesse de convergence
du terme de variance en estimation. La seconde est la vitesse d’estimation du biais
d’une fonction de S qui correspond a la vitesse de test de I’hypothese s € S,,, contre
I'hypothese s € S et s ¢ S,,. Cette seconde vitesse est souvent définie par le gros
espace S et limite 'adaptativité (voir Ingster [40, 41, 42]). Cette propriété négative
avait déja été isolée dans les articles de Juditsky & Lambert-Lacroix [43] et Baraud
[8] dans le modele de régression.

Les résultats de Robins & van der Vaart [61] sont asymptotiques et ils construisent
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leurs régions de confiance en découpant I’échantillon en deux, la premiere partie
servant a construire des estimateurs de s, la seconde servant a A(c)valuer l'erreur
dans ces estimations.

Au chapitre 5, nous améliorons leurs résultats en prouvant des bornes non asymp-
totiques sur la taille des régions de confiance et en construisant, en nous inspirant
des résultats de Baraud [8], des régions de confiance centrées sur des estimateurs
utilisant toutes les données. Nous estimons I’erreur commise par rééchantillonnage
pour ne pas avoir a découper 1’échantillon en deux parties. Techniquement, les out-
ils ressemblent a ceux du chapitre 2. Comme nous travaillons avec des données a
valeurs réelles, les preuves sont simplifiées par I'utilisation de I'inégalité de concen-
tration pour les U-statistiques de Houdré & Reynaud-Bouret [39].

Ces résultats négatifs ne nous ont pas incité a poursuivre dans cette direction, en
particulier, nous n’avons pas cherché a étendre ces résultats au cas mélangeant.

Outils probabilistes

Pour finir, nous recensons quelques outils probabilistes utiles dans les différents
chapitres. Les plus importants sont des inégalités de concentration. Les résultats de

base que nous utilisons peuvent étre trouvés dans les livres de Ledoux & Talagrand
[48], Ledoux [47] ou Massart [55].

Processus empirique

Nous avons vu que le terme de variance d'un estimateur §,, s’exprime comme le
supremum du carré du processus empirique sur Uellipsoide B, = {t € Sy, ||t < 1}.
Notons Z = sup,cp, Vn(t). L'inégalité de Talagrand (voir Talagrand [65]) décrit la
concentration de Z autour de son espérance. Bousquet [18] a utilisé la méthode
d’entropie de Ledoux [46] pour calculer les constantes optimales dans cette inégalité.
Il a obtenu le résultat suivant.

Théoreme:

Sotent X, X4, ..., X,, des variables aléatoires i.i.d. a valeurs dans un espace mesurable
(X, X) et soit S une classe de fonctions bornées par b. Soient v? = sup,cg Var(t(X))
et soit Z = sup,cg Unt. Alors,

2 bz
Ve >0, P (Z >E(Z)+ \/—(112 + 20E(Z))x + 3—> <e”.
n n
C’est le résultat a la base de toutes les inégalités de concentration que nous avons
montrées. Nous I’avons d’abord utilisé pour montrer la concentration de Z? autour
de son espérance.

Corollaire 1:
Notons D = E(Z?), v* = sup,eg Var(t(X)), € = b*/n, on a, pour tout x > 0,

n n

3/4 2\1/4 2 2 2
p (ZQ— D - D?/%(e(192)%)"* + 3v Dv?x + 3v°x + €(192) ) <o
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72— = < -
n n

P ( D 8D (ex?)V/* 4+ 7.61Vv2 D + e(40.25:p)2> < -
<e "

U-statistiques

En utilisant I'inégalité de Talagrand et des méthodes de martingales, Houdré &
Reynaud-Bouret [39] ont montré une inégalité de concentration pour des U-statistiques
construites a partir de variables aléatoires réelles. En évaluant les quantités d’intérét
de cette inégalité, nous avons obtenu les résultats suivants.

Corollaire 2:

Sotent X, X4, ..., X,, des variables aléatoires réelles et i.i.d, de densité s par rapport a
la mesure de lebesque . Soit (x)aen un systéme orthonormal dans L*(p) et soit S
espace vectoriel quil engendre. Soit B ={t € S, ||t| <1}, v* = sup,ep Var(t(X))
et b =sup,p ||t] . Soit

V) = s 30 SOUA() = PUs)(a(X) = P

i#j=1 AeA

Alors, pour tout x > 0 et tout & dans {—1,1}, il existe un événement Q, tel que
P(QS) < 2.8e* sur lequel on a,

2
U < 5.700YE & 802 % 4 3340 (f)g/g +1020 (b—‘”> .
n n n n
Nous utilisons cette inégalité dans le chapitre 5 ol nous nous intéressons a des
variables aléatoires réelles. Elle aurait suffit dans le chapitre 2. Nous avons préféré
montrer une inégalité un peu plus générale, valable en toutes dimensions. Nous
avons ainsi pu travailler avec des blocs dans le cas mélangeant. En utilisant notre
inégalité de concentration de Z? et l'inégalité de Cauchy-Schwarz, on montre le
corollaire suivant.

Corollaire 3:

Sotent X, X1, ..., X,, des variables aléatoires i.1.d a valeurs dans un espace mesurable
(X, X) de loi P. Soit p une mesure sur (X,X) et soit (ty)rea un ensemble de
fonctions de L*(u). Soit

B={t=Y at. Y@ <1}, D=E (sup<t<X> - Pt)?) ,
AEA AEA teB

b2
v? = sup Var(t(X)), b =sup ||t ande= —.
teB n

teB
Soit
1 n
U= —— Ia(X;) — Pty)(tA(X;) — Pty).
TPy Z > (ta(X5) M) (A (X5) A)
1#£j=1 AeA
Alors, on a
3/4(, ,.2\1/4 2 2 2
V>0, P (U - 5.31D°%*(ex®)* 4+ 3Vw lfx+3v x + €(19.1x) ) <907,
n p—
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9D3* (ex)V4 + 7.61Vv2D 40.37)2
Ve >0, P (U < — (ez”) 77 + 1” T4 z) ) < 3.8e7%.
/”L J—

Processus empirique rééchantillonné

Pour étudier les pénalités et les régions de confiance construites par rééchantillonnage,
nous avons dii étudier la version rééchantillonnée du processus Z? introduit précédemment.
Nous avons utilisé une remarque de Arlot [5] pour montrer le lemme suivant.

Lemme:

Soient Xy, ..., X,, des variables aléatoires i.i.d de loi P. Soit (t)\)xen une collection
de fonctions de L*(p). Soit p(A) = 3" ca(wn(tr))?. Soit (Wi, ..., W,,) un schéma de

rééchantillonnage, soit W,, = >"1"  W;/n et soit v}, = Var(Wy; — W,,). Soit

P () = (i) ) JEY (0 (1))

A€A

T =3 calts — Pty)? et

U= ﬁ D (X)) — Pta)(ta(X;) — Pty).

i#j=1 AEA
Alors, on a

1 —1 1 1
p(A) = ~PT+ U p"(A) = ~P,T = ~U, p(A) = p" (A) = U.

n n n

Ce lemme, les inégalités de concentration précédentes et 1'inégalité de Cauchy-
Schwarz suffisent a étudier les quantités définies par rééchantillonnage. En par-
ticulier, on déduit de ce lemme deux propriétés fondamentales des pénalités par
rééchantillonnage pen.

-La moyenne de la pénalité idéale coincide avec celle de pen.

-La concentration de pen autour de sa moyenne fait intervenir les mémes quantités
que celle de pen,,, elle est méme souvent meilleure (effet régularisant du bootstrap).

Conclusion

Les principaux apports de la these concernent le probleme de sélection de modeles
optimale pour des données indépendantes (Chapitre 2) et mélangeantes (Chapitre
4). Dans ces deux chapitres, nous proposons des pénalités facilement utilisables en
pratique et tres performantes en théorie.

Dans les chapitres 3 et 5, nous démontrons de nombreux lemmes techniques, qui
ont permis de comprendre la méthode de couplage pour les données mélangeantes
(Chapitre 3) et le comportement du processus empiriques et du processus de rééchantillonnage
sur les fonctionnelles d’intérét dans le modele de densité (Chapitre 5). Le Chapitre

5 peut ainsi étre lu avant le chapitre 2 pour se familiariser avec le rééchantillonnage
dans le modele de densité. Le chapitre 3 fournit une bonne introduction a ’extension

de preuves faites pour des données indépendantes par la technique de couplage.
Chaque chapitre correspond a un article, ils peuvent donc étre lus de fagon indépendante.



Chapter 2

Optimal model selection in density
estimation

Abstract

We build penalized least-squares estimators using the slope heuristic and re-
sampling penalties. We prove oracle inequalities for the selected estimator with
leading constant asymptotically equal to 1. We compare the practical perfor-
mances of these methods in a short simulation study.

Key words: Density estimation, optimal model selection, resampling methods,
slope heuristic.
2000 Mathematics Subject Classification: 62G07, 62G09.

2.1 Introduction

The aim of model selection is to construct data-driven criteria to select a model
among a given list. The history of statistical model selection goes back at least
to Akaike [1], [2] and Mallows [53]. They proposed to select among a collection of
parametric models the one which minimizes an empirical loss plus some penalty term
proportional to the dimension of the model. Birgé & Massart [15] and Barron, Birgé
& Massart [10] generalized this approach, making in particular the link between
model selection and adaptive estimation. They proved that previous methods, in
particular cross-validation (see Rudemo [62]) and hard thresholding (see Donoho
et.al. [27]) can be viewed as penalization methods. More recently, Birgé & Massart
[17], Arlot & Massart [7] and Arlot [5], (see also [4]) arised the problem of optimal
efficient model selection. Basically, the aim is to select an estimator satisfying an
oracle inequality with leading constant asymptotically equal to 1. They obtained
such procedures thanks to a sharp estimator of the ideal penalty pen;;. We will
be interested in two natural ideas, that are used in practice to evaluate pen,; and
proved to be efficient in other frameworks. The first one is the slope heuristic. It
was introduced in Birgé & Massart [17] in Gaussian regression and developed in
Arlot & Massart [7] in a M-estimation framework. It allows to optimize the choice
of a leading constant in the penalty term, provided that we know the shape of pen,,;.
The other one is Efron’s resampling heuristic. The basic idea comes from Efron
[31] and was used by Fromont [32] in the classification framework. Then, Arlot

23



24 CHAPTER 2. OPTIMAL MODEL SELECTION IN DENSITY ESTIMATION

[5] made the link with ideal penalties and developed the general procedure. Up to
our knowledge, these methods have only been theoretically validated in regression
frameworks. We propose here to prove their efficiency in density estimation. Let us
now explain more precisely our context.

2.1.1 Least-squares estimators

In this chapter, we define and study efficient penalized least-squares estimators in
the density estimation framework when the error is measured with the L2-loss. We
observe n i.i.d random variables Xi, ..., X,,, defined on a probability space (2, A, P),
valued in a measurable space (X,X), with common law P. We assume that a
measure 4 on (X, X) is given and we denote by L?(u) the Hilbert space of square
integrable real valued functions defined on X. L?(u) is endowed with its classical
scalar product, defined for all ¢,¢ in L?(u) by

<ttt >= /Xt(x)t’(:c)du(az)

and the associated L?-norm ||.||, defined for all ¢ in L*(u) by ||t]] = /<, >. The
parameter of interest is the density s of P with respect to p, we assume that it
belongs to L?(p). The risk of an estimator § of s is measured with the L*-loss, that
is ||s — 5|2, which is random when 3 is.

s minimizes the integrated quadratic contrast PQ(t), where @ : L?*(u) — L'(P)
is defined for all ¢ in L?(u) by Q(t) = ||t]|> — 2t. Hence, density estimation is a
problem of M-estimation. These problems are classically solved in two steps. First,
we choose a "model” S, that should be close to the parameter s, which means that
inf;cg, ||s — ¢||* is ”small”. Then, we minimize over S,, the empirical version of the
integrated contrast, that is, we choose

5m € arg tmén P,Q(1). (2.1)
E€Sm

This last minimization can be computationaly untractable for general sets S,,, lead-
ing to untractable procedures in practice. However, it can be easily solved when .5,
is a linear subspace of L?(u) since, for all orthonormal basis (¢))xem, we have

b= S (Pan)n, (2.2)

AEm

Thus, we will always assume that a model is a linear subspace in L?(u). The risk
of the least-squares estimator §,, defined in (2.1) is then decomposed in two terms,
called bias and variance, thanks to Pythagoras relation. Let s,, be the orthogonal
projection of s onto S,

Is = smll* = lls = smll* + lsm — Smll*.

The statistician should choose a space S, realizing a trade-off between those terms.
S, must be sufficiently “large” to ensure a small bias ||s — s,,||?, but not too much,
for the variance ||s,, — 4,,||* not to explose. The best trade-off depends on unknown
properties of s, since the bias is unknown, and on the behavior of the empirical min-
imizer S, in the space S,,. Classically, .S,, is a parametric space and the dimension
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dm of S, as a linear space is used to give upper bounds on D,,, = nE (||s,, — 8 |*)-
This approach is validated in regular models under the assumption that the sup-
port of s is a known compact, as mentioned in section 2.3. However, this definition
can fail dramatically because there exist simple models (histograms with a small
dimension d,,) where D,, is very large, and infinite dimensional models where D,,
is easily upper bounded. This issue is extensively discussed in Birgé [14]. Birgé
chooses to keep the dimension d,, of S,, as a complexity measure and build new
estimators that achieve better risk bounds than the empirical minimizer. His proce-
dures are unfortunatly untractable for the practical user because he can only prove
the existence of his estimators. Even his bounds on the risk are only interesting the-
oretically because they involve constants which are not optimal. We will not take
this point of view here and our estimator will always be the empirical minimizer,
mainly because it can easily be computed, see (2.2). We will focus on the quantity
D,,/n and introduce a general Assumption (namely Assumption [V]) that allows
to work indifferently with D,,/n or with the actual risk [/s,, — §,,||*>. We will also
provide and study an estimator of D,,/n based on the resampling heuristic.

We insist here on the fact that, unlike classical methods, we will not use in this chap-
ter strong extra assumptions on s, like ||s||, < oo or assume that s is compactly
supported.

2.1.2 Model selection

Recall that the choice of an optimal model S, is impossible without strong as-
sumptions on the function s, for example that we have precise informations on the
regularity of s is regular. However, under less restrictive hypotheses, for example
that s is regular with an unknown regularity, we can build a countable collection
of models (S;,)mem,, growing with the number of observations, such that the best
estimator in the associated collection ($,,)menm, realizes an optimal trade-off, see for
example Birgé & Massart [15] and Barron, Birgé & Massart [10]. The aim is then to
build an estimator m such that our final estimator, s = §; behaves almost as well
as any model m, in the set of oracles

M:={m, € My, ||5m, — s||> = inf |5, — s|]*}.
meMy,

This is the problem of model selection. More precisely, we want that s satisfies an
oracle inequality defined in general as follows.

Definition: (Trajectorial oracle inequality) Let (pp)nen be a sequence such that
Y nenPn < 00, let (Cp)nen and (R pn)nen be sequences of positive real numbers. The
estimator § = Sy, satisfies a trajectorial oracle inequality TO(Cy, (Romn)mem,, Pn) if

* 5 — s||? i — Sml? < pp. .
VnEN,IP’(Hs s|| >C"mler}£rn{HS Smll +Rm,n}>_pn (2.3)

When § satisfies an oracle inequality, C,, is called the leading constant.

In this chapter, we are interested in the problem of optimal model selection defined
as follows.

Definition: (Optimal model selection) We say that § is optimal or that the proce-
dure of selection (X1, ..., X)) — m is optimal when 3 satisfies a trajectorial oracle
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inequality TO(1 4 74, (Rim.n)mem,  Pn) with r, — 0 and for all n in N* and m in
M,, R, = 0. In order to simplify the notations, when 5 is optimal we will say that
§ satisfies an optimal oracle inequality OTO (7, py)-

In order to build m, we remark that, for all m in M,,, we have
Is = 8mll* = [13m]1* = 2P3m + [IslI* = PaQ(31m) + 200 (3m) + [1s]I°, (2.4)

where v,, = P, — P is the centered empirical process. An oracle minimizes ||s — 5, ||*
and thus P,Q(3,,) + 2v,(5,). As we want to imitate the oracle, we will design a
map pen : M,, — RT and choose

m € arg m}& P,Q(3,) + pen(m), §= 8. (2.5)
meMnpn

It is clear that the ideal penalty is pen,;(m) = 21,(8,,). For all m in M,,, for all
orthonormal basis (¢y)axem, we have 8., = >\ o (Poa)¥y and sy, = >0 (P,

thus
Vn(gm - Sm) =Vn (Z(Vnw)\)wk> = Z(Vni/ix)2 = ”ém - Sm”2'

xem xem
Let us define, for all m in M,,
p(m) = vn(Sm = sm) = [[5m — sm*.
From (2.4), for all m in M,,, we have
Is = 31° = 1151° = 2P5 + |Is[|* = [I3]|* — 2.3 + 203 + |5’

< BuQ(8m) + pen(m) + (2v,(3) — pen(rm)) + ||s||*
= |Is = 3ul” + (pen(m) — 20, (3m)) + (20a(3) — pen(rin))

Hence, for all m in M,,,
Is = 311% < [ls = 3lI*+(pen(m) — 2p(m))+(2p(1i) — pen(rin))+2vn (s —5m). (2.6)
Let us define, for all ¢, ¢y > 0, the function

{M—l if z<1/c

l1—cox

o+ +
Jere :RT =R, 2 400 if x>1/cy °

(2.7)

It comes from inequality (2.6) that § satisfies an oracle inequality OT'O( f22(€n), Pn)
as soon as we have, with probability larger than 1 — p,

Vm e M, |2p(7‘n) —Ape’r‘g(m)| < €, and (2.8)
S — Sm

20, (Sir — Sm)

s = & lI* + lls = 3l

Y(m,m') € M2,

5 < €n. (2.9)

Inequality (2.9) does not depend on our choice of penalty, we will check that it can
easily be satisfied in classical collections of models. In order to obtain inequality
(2.8), we use two methods, defined in M-estimation, but studied only on some
regression frameworks.
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The slope heuristic

The first one is refered as the ”slope heuristic’. The idea has been introduced
by Birgé & Massart [17] in the Gaussian regression framework and developed in a
general algorithm by Arlot & Massart [7]. This heuristic states that there exist a
sequence (A,;)menr, and a constant K, satisfying the following properties,

1. when pen(m) < KpinA,, then Ay, is too large, typically As > C max,,e g, Am,
2. when pen(m) o~ (Kpin + 0)A,, for some 6 > 0, then Ay, is much smaller,
3. when pen(m) ~ 2K i, A, the selected estimator is optimal.

Thanks to the third point, when A,, and K,;, are known, this heuristic says that
the penalty pen(m) = 2K,inA,, selects an optimal estimator. When A,, only is
known, the first and the second point can be used to calibrate K, in practice. We
use the following algorithm, see Arlot & Massart [7]:

Slope algorithm

For all K > 0, compute the selected model 7 (K) given by (2.5) with the penalty
pen(m) = KA,, and the associated complexity Ay;(x).

Find the constant Ky, such that Ay k) is large when K < Ky, and "much
smaller” when K > K.

Take the final m = m(2Kpin)-

We will justify the slope heuristic in the density estimation framework for A, =
E(||$m — 8m||?) = Dm/n and Ky, = 1. In general, D, is unknown and has to be
estimated, we propose a resampling estimator and prove that it can be used without
extra assumptions to obtain optimal results.

Resampling penalties

Data-driven penalties have already been used in density estimation in particular
cross-validation methods as in Stone [64], Rudemo [62] or Celisse [21]. We are inter-
ested here in the resampling penalties introduced by Arlot [5]. Let (W, ...,W,,) be
a resampling scheme, i.e. a vector of random variables independent of X, X, ..., X,
and exchangeable, that is, for all permutations 7 of (1, ...,n), we have

(W1, ...,W,) has the same law as (W), ..., Wr@m)-

Hereafter, we denote by W,, = >_""  W;/n and by E" and £" respectively the ex-
pectation and the law conditionally to the data X, X1, ..., X,,. Let PV =3>""  W;dx,/n,
vV = PV — W, P, be the resampled empirical processes. Arlot’s procedure is based
on the resampling heurististic of Efron (see Efron [30]), which states that the law of

a functional F'(P, P,) is close to its resampled counterpart, that is the conditional
law LY (Cw F(W,,P,, PV)). Cw is a renormalizing constant that depends only on
the resampling scheme and on F. Following this heuristic, Arlot defines as a penalty
the resampling estimate of the ideal penalty 2D,,/n, that is

pen(m) = 20w EY (1} (5V)), (2.10)
where 5% minimizes PV Q(t) over S,,. We prove concentration inequalities for

pen(m) and deduce that pen(m) provides an optimal procedure.
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The chapter is organized as follows. In Section 2.2, we state our main results, we
prove the efficiency of the slope algorithm and the resampling penalties.

In Section 2.3, we compute the rates of convergence in the oracle inequalities using
classical collections of models. Section 2.4 is devoted to a short simulation study
where we compare different methods in practice. The proofs are postponed to Sec-
tion 2.5. Section 2.6 is an Appendix where we add some probabilistic material, we
prove a concentration inequality for Z%, where Z = sup, v,,(t) and B is symmetric.
We deduce a simple concentration inequality for U-statistics of order 2 that extends
a previous result by Houdré & Reynaud-Bouret [39].

2.2 Main results

Hereafter, we will denote by ¢, C', K, k, L, a,, with various subscripts some constants
that may vary from line to line.
2.2.1 Concentration of the ideal penalty

Take an orthonormal basis (1)) xem of Sy,. FEasy algebra leads to

Sm = > _(PUa)r, 8m = > (Patha)th, thus [|sm — &ml” =D (va(t))*.

AEm AEM AEM

S, 1s an unbiased estimator of s,, and
pen;(m) = 20, (8m) = 200 (8m — Sm) + 200 (5m) = 2||5m — Sml|* + 20n(5m).
For all m,m' in M,,, let
p(m) = [[sm = 3ml> = Y (Wa(Wn))?, (m,m’) = 2 (s = $)- (2.11)
Aem

From (2.6), for all m in M,,,

s = 3[15 < [Is = 8mll5 + (pen(m) — 2p(m)) + (2p(ii) — pen(in)) + 8(rir, m). (2.12)

In this section, we are interested in the concentration of p(m) around E(p(m)) =
D,,/n. Let us first remark that, for all m in M,,, p(m) is the supremum of the
centered empirical process over the ellipsoid B,, = {t € S,,, ||t|| < 1}. From
Cauchy-Schwarz inequality, for all real numbers (by)xem,

sz = ( sup Zaﬂu) ) (2.13)

AEm > a)\ <1 AEm

We apply this inequality with by = v,,(1)). We obtain, since the system (1y)xem 18
orthonormal,

D (waltn)* = SUP (Zawn @/)A) = sup <Vn (Z@A%)) = sup (vu(t))”.

a2 2
Aem 31 rem Za <1 rem teBm
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Hence, p(m) is bounded by a Talagrand’s concentration inequality (see Talagrand
[65]). This inequality involves D,, = nE (||5,, — sn||*) and the constants

1
em = — sup ||t]|%, and v? = sup Var(t(X)). (2.14)
N teBm t€ B,

More precisely, the following proposition holds:

Proposition 2.2.1 Let X, X4, ..., X,, be id random variables with common density
s with respect to a probability measure . Assume that s belongs to L?(u) and let S,
be a linear subspace in L*(u). Let s,, and §,, be respectively the orthogonal projection
and the projection estimator of s onto Sp,. Let p(m) = Sy — 8m||*, D = nE(p(m))
and let vy, e, be the constants defined in (2.14). Then, for all x > 0,

3/4
P <p(m) — % > D"{ (emx2)1/4 + 0.7y Dpv2,x 4+ 0.1505,x + 6m$2> < /20
n

n
(2.15)
1.8D* (epa®)/* + 1.714/D 02,2 + 4.06¢,,22
P(&_p(m) - 8 (emx*)V/*+ 1.7 v2v + 4.06e,x ) < 2,867/
n
(2.16)

Comments : From (2.12), for all m in M,,,

- . D,, D,,
s =308 < s sull+ (pentm) 22 ) 42 (22 = pim))
Dy, Dy, . .
+2 (p(m) — 7) + (27 — pen(m)) +d(m,m).  (2.17)
It appears from (2.17) that we can obtain oracle inequalities with a penalty of order
2D,,, /n if, uniformly over m,m’ in M,

D
p(m) — Tm << ||s = 3p|)? and §(m’,m) << ||s — &ml* + |Is — S|

Proposition 2.2.1 proves that the first part holds with large probability for all m in
M,, such that e,, Vv2 << nE(||s — §,]|?). Actually, the other part also holds under
the same kind of assumption.

2.2.2 Main assumptions

For all m, m’' in M,,, let

R . D
2 =E(lls = 8ull?) = lls = smll” + =2,
2 1 2
Uyt = sup Var(t(X)), emm = — sup 1l -
tE€Sm+S,,1, |1t <1 N teSm+8, 1, |Itl<1

For all k € N, let M% = {m € M,,, R,, € [k,k+ 1)} and for all n in N, for all
k>0,k >0and~ >0, let

Lns (K, k') = In(1 4 Card(MH¥)) +In(1 + Card(ME1)) + In((k + 1) (K" + 1)) + (Inn)?
(2.18)
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Assumption [V]: There exist v > 1 and a sequence (€,)nen, with €, — 0 such that,
for all n in N, we have

U2 ’ )2 e /
sup sup — ) 2 (kK b < e
(ksk)E(N®)2 (/)M x ME { ((Rm V Ry RV Ry | ™7

[BR] There exist two sequences (h:)pen< and (hS)nen+ with (hS V h:) — 0 as
n — oo such that, for all n in N*, for all m, € argmin,,cn, Ry and all m* €
arg maXm,em, Dm, we have

nl[s — s+

R
Mo S hz/’

m* m*

< hr.

-

Comments:

e Assumption [V] ensures that the fluctuations of the ideal penalty are uni-
formly small compared to the risk of the estimator §,,. Note that for all k, &/,
ln~(k, k') > (Inn)7, thus, Assumption [V] holds only in typical non parametric
situations where R,, = inf,,erq, Ry — 00 as n — oo.

e The slope heuristic states that the complexity Ay of the selected estimator
is too large when the penalty term is too small. A minimal assumption
for this heuristic to hold with A,, = D,, would be that there exists a se-
quence (0,,)nen- with 6, — 0 as n — oo such that, for all n in N*, for all
m, € argmin,,ca, E (||s — §,,]|?) and all m* € argmaxen, E (||Sm — 8m|?),
we have

Dy, <0, Dppys.

Assumption [BR] is slightly stronger but will always hold in the examples (see
Section 2.3).

In order to have an idea of the rates R,,€,, h), ho and 6,,, let us briefly consider the
very simple following example:

Example HR: We assume that s is supported in [0, 1] and that (S,,)men,, is the
collection of the regular histograms on [0, 1], with d,, = 1,...,n pieces. We will
see in Section 2.3.2 that D,, ~ d,, asymptotically, hence D,,» ~ n. Moreover, we
assume that s is Holderian and not constant so that there exist positive constants
€1, Cu, O, @ such that, for all m in M,,, see for example Arlot [5],

ad,® < ||s — spl|* < cud .
In Section 2.3.2, we prove that this assumption implies [V] with ¢, < C'In(n)n~1/(8a+4),
Moreover, there exists a constant C' > 0 such that R,,, < inf,,cn, (cund,* + dp,) <
Cn~ V@t “thus R, /Df, < Cnpt/Cetb=l — Op=20u/Qautl) = Gince there ex-
ists C > 0 such that n|ls — s,||*/Dp- < Cd, ¢ = Cn~, [BR] holds with
ho = Cn~20e/Cautl) and ¥ = On=o.
Other examples can be found in Birgé & Massart [15], see also Section 2.3.
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2.2.3 Results on the Slope Heuristic

Let us now turn to the slope heuristic presented in Section 2.1.2. The following
theorem proves the first point of this heuristic.

Theorem 2.2.2 (Minimal penalty) Let M,, be a collection of models satisfying [V]
and [BR] and let €, =€, V h},.

Assume that there ezists 0 < §,, < 1 such that 0 < pen(m) < (1 — 6,)D,,/n. Let
m, § be the random variables defined in (2.5) and let

On, — 28€
Cp=——"2.
1+ 16¢,

There exists a constant C > 0 such that, with probability at least 1 — C’e_%(h”m,

P (Dm > ¢y Dy, ||s = 3]° > 5%% nf ls — §m||2) >1—Ce 27 (2.19)
Comments: Assume that 6, = 0 > 0, then, for all n > n,, ¢, > ¢ > 0, thus
cn/h8 — 00, as n — oo. Hence, inequality (2.19) proves that an oracle inequality
can not be obtained if pen(m) is not larger than D,,/n. Moreover, Dy > ¢D,,~ is
as large as possible. This proves the first step of the slope heuristic.

The following theorem justifies the points 2 and 3 with A,, = D,,,/n, Ky, = 1.

Theorem 2.2.3 Let M,, be a collection of models satisfying Assumption [V]. As-
sume that there exist 0_ > —1, 6t > —1 and 0 < p’ < 1 such that, with probability

at least 1 —p/,

D,, R, D, m
2— + 06— < pen(m) < 2— +5+R—.
n n n n

Let i, § be the random variables defined in (2.5) and let

1+ — 46¢, -1
Vs
1+ 61 + 26¢,

Co(6_,6%) = (

Theqe exists a constant C' > 0 such that, with probability larger than 1 — p' —
Ce*ﬁ(lnn)'V;

Dy < Cr(6_, 0N Ry, I8 — 3|17 < Cu(6_,6) inf s — 8wl (2.20)
meMnp

Comments :

e Assume that, foralln >n,, 1+ > ¢ >0, 0, < C < oo, then there exists
K > 0, n; € N* such that, for all n > ny, C,(6_,04) < K, thus Dy, jumps
from D,,« (Theorem 2.2.2) to R,,, (2.20) when pen(m) is around D,,/n. This
proves the second step of the slope heuristic and clarifies what we meant by
“much smaller”.

e The fact that a penalty term of order 2D,, /n leads to an efficient model selec-
tion procedure comes from inequality (2.20) applied with small §_ and 6. The
rate of convergence of the leading constant to 1 is then given by the supremum
between d_, 41 and ¢,.



32 CHAPTER 2. OPTIMAL MODEL SELECTION IN DENSITY ESTIMATION

e The condition on the penalty has the same form as the one given in Arlot
& Massart [7]. It comes from the fact that we do not know D,,/n in many
cases, therefore, it has to be estimated. We propose two alternatives to solve
this issue. In Section 2.2.4, we give a resampling estimator of D,,. It can be
used for all collection of models satisfying [V] and its error of approximation is
upper bounded by €,R,,/n. Thus Theorem 2.2.3 holds with (§_ VvV 6T) < Ce,.
In Section 2.3.2, we will see that, in regular models, we can use d,, instead of
D,,, and the error is upper bounded by C'R,,/R,,,, thus Theorem 2.2.3 holds
with (0_ vV 6T) < C/R,,, << €, p’ = 0. In both cases, we deduce from
Theorem 2.2.3 that the estimator s given by the slope algorithm achieves an
optimal oracle inequality OTO(ke,, Ce~2™"). In Example HR, for example,
we obtain €, = Cn~ /Gt 1y p,

2.2.4 Resampling penalties

Optimal model selection is possible in density estimation provided that we have
a sharp estimation of D,, = nE (sup,cp_ (va(t))?). We propose an estimator of
this quantity based on the resampling heuristic. The model selection algorithm
that we deduce is the same as the resampling penalization procedure introduced
by Arlot [5]. Let F be a fixed functional. Efron’s heuristic states that the law
L(F(vy,)) is close to the conditional law LY (Cw F(v2V)), where Cy is a normal-
izing constant depending only on the resampling scheme and the functional F.
Let PV = 3" Wx,/n and v}V = PW — W, P,. The resampling estimator of
Dy, is DYV = nC%EY (supep, (v (t))?) and the resampling penalty associated is
pen(m) = 2D /n. Actually, the following result describes the concentration of DV
around its mean D,, and around np(m).

Proposition 2.2.4 Let (W1,...,W,) be a resampling scheme, let S,, be a linear
space, By, = {t € Sy, ||t| < 1, Dy, = nE (sup,ep,, (va(t))?) and let D)V be its re-
sampling estimator based on (W1, ..., W,,), that is D}V = nC3EY (sup,cp, (1Y (1))?),
where vy, = Var(W,—=W,,) and C3, = (v4,)~L, then, for allm in M,,, E(DY) = D,,.
Let ey, vy, be the quantities defined in (2.14). For all x > 0, on an event of proba-
bility larger than 1 — 7.8e™",

4 40.37)?
DZ‘{—Dm < V8emDpx+ e, (EerM)

n—1
9D (ema?) V4 + 7.61\/02 Do
+ . (2.21)
n—1
4 19.1x)?
DK - D, > —\8enD,xr—e, (; + %)
n p—
5.31D5 " (ea?) V4 + 3y V3, Dpx + 30 (2.92)
n—1 ' '

Moreover, for all x > 0, we have

w 3/4 2\1/4 2 2 2
P (p(m) Dy - 5.31D5 " (emx®)* + 3/v2, Dz + 3v;,x + €,(19.1x) ) < 90

n n—1
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n—1

w DY (ema?)/* + 7.61\/02.D 40.37)?
P (Dm (m) < 9Dy (ema®)/* + 7.61\/v2, Dyx + €,,,(40.32) <380,
n

(2.24)

Remark

The concentration of the resampling estimator involves the same quantities as the
concentration of p(m), thus, it can be used to estimate the ideal penalty in the slope
heuristic’s algorithm presented in the previous section without extra assumptions on
the collection M,,. Proposition 2.2.4 and Theorem 2.2.3 prove that this resampling
penalty leads to an efficient model selection procedure. However, we do not need
to use the slope heuristic in our framework to obtain an optimal model selection
procedure as shown by the following theorem.

Theorem 2.2.5 Let Xy,..., X, be i.i.d random variables with common density s.
Let M,, be a collection of models satisfying Assumption [V]. Let Wy, ..., W, be a
resampling scheme, let W,, = Y1\ W;/n, v}, = Var(Wy —W,) and Cy = 2(vd,)~".
Let § be the penalized least-squares estimator defined in (2.5) with

penon) = Cw Y ((sup (10)?).

teEBm

Then, there exists a constant C > 0 such that

P (Hs —3||* < (1 + 100¢,) inf ||s — §m||2) >1— Ce s (2.25)
Comments : The main advantage of this results is that the penalty term is always
totally computable. Unlike the penalties derived from the slope heuristic, it does not
depend on an arbitrary choice of a constant K,,;, made by the observer, that may
be hard to detect in practice (see the paper of Alot & Massart [7] for an extensive
discussion on this important issue). However, Cyy is only optimal asymptotically. It
is sometimes useful to overpenalize a little in order to improve the non-asymptotic
performances of our procedures (see Massart [55]) and the slope heuristic can be
used to do it in an optimal way (see our short simulation study in Section 2.4).

2.2.5 A remarks on the ”regularization phenomenon”

The regularization of the bootstrap phenomenon (see Arlot [4, 5] and the references
therein) states that the resampling estimator CyEW (F(v)V)) of a functional F(v,)
concentrates around its mean better than F'(v,). This phenomenon can be justi-
fied with our previous results for our functional F'. Recall that we have proven in

Proposition 2.2.1 that, for all = > 0, with probability larger than 1 — 3.8e=*/%,

_ 1.8D3* (ena?) V4 + 1.5y/ D2z + 02022 + 4.1e 2>

n

In Example HR,, we have the following upper bounds

d
D < dms e < ==, vy, < cllsl|V/din.
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Thus, there exists a constant C' such that, for all z > 0,

np(m) — 2 i 2 e /20, )
IP’<| p(m) Dm|>0dm< \/ﬁ+<\/ﬁ) >>§38 (2.26)

On the other hand, it comes from Inequalities (2.21) and (2.22), that, for all z > 0,
we have, on an event of probability larger than 1 — 7.8¢~%/20,

2
D) = Dn| < V0denDpr+ ey <1‘”—5 - il_xl)

+1.8D,?3,{4(em:102)1/4 + 1.45/v2, Dyw + 0.202,
n—1 '

Thus, there exists a constant C' such that, for all z > 0,

P <}DZZ — D,,| > Cd,, (\/§+ (5)2)) < 7.8¢7/%,
n n

The concentration of D! is then much better than the one of np(m). This implies
that D!V is an estimator of D,, rather than an estimator of np(m). Thus, the
resampling penalty can be used when D,,/n is a good penalty for example, under
[V]. When D,,/n is known to underpenalized, see the examples in Barron, Birgé &
Massart [10], there is no chance that D)V /n can work.

2.3 Rates of convergence in classical collections

The aim of this section is to show that [V] can be derived from a more classical
hypothesis in two classical collections of models: the histograms and Fourier spaces.
We derive the rates €, under this new hypothesis.

2.3.1 Assumption on the risk of the oracle

As mentioned in Section 2.2.2, Assumption [V] can only hold if there exists v > 1
such that R,(Inn)™" — oo as n — oo, where R,, = inf,,crq, Ry In our example,
we will make the following Assumption that ensures that this condition is always
satisfied.

[BR] (Bounds on the Risk) There ezist constants C, > 0, o, > 0, v > 1, and a
sequence (0,)nen with 0,, — 00 as n — oo such that, for all n in N*, for all m in
M,

02(Inn)> < R, < R, < C,n™.

Comments: Assumption [BR] holds with 6, = Cn® for the collection of regular
histograms of example HR, provided that s is an Holderian, non constant and
compactly supported function (see for example Arlot [4]). It is also a classical result
of minimax theory that there exist functions in Sobolev spaces satisfying this kind
of Assumption when M,, is the collection of Fourier spaces that we will introduce
below.
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We want to check that these collections satisfy Assumption [V], i.e. that there exists
~v > 1 such that

U2 / 2 [ 7
sup sup — ) v N2 (kK < el
(kK E(N*)2 () €M x ME { ((Rm v Rmf> R V Ry Ak K)

For all m € M,,, R,, < C,n®*, thus for all k > C,n*, Card(MF¥) = 0. In particular,
we can assume in the previous supremum that & < C,n* and k' < C,n*. Hence,
there exists a constant x > 0 such that In[(1 + k)(1 4+ £’)] < klnn. We also add the
following assumption that ensures that there exists a constant x > 0 such that, for

all k € N, we have In(1 + Card(MF)) < klnn.

[PC] (Polynomial collection) There exist constants capq > 0, apn > 0, such that, for
all n in N,
Card(M,,) < cpnM

Under Assumptions [BR] and [PC], there exists a constant x > 0 such that, for all
v>1and n > 3,

U2 ’ 2 e f
sup sup — )y ) 2 (kK
(k,k")E(N*)2 (m,m/)e ME x ME' <Rm \% Rm/) R,V R,y 7

2

< U\ (Inn)*
Su k(Ilnn)7.
B (mvm/)elé)Mn)2 Rm \/ Rm/ Rm \/ Rm/

2.3.2 The histogram case

Let (X,X) be a measurable space. Let (P,,)mem, be a collection of measurable
partitions P, = (I))xem of subsets of X such that, for all m € M,,, for all A € m,
we have 0 < u(ly) < oco. Let m in M, the set S,, of histograms associated to
P, is the set of functions which are constant on each I\, A € m. S, is a linear
space. Setting, for all A € m, ¥\ = (\/ (1)) 1y, the functions (¢))xem form an
orthonormal basis of S,,.

Let us recall that, for all m in M,,,

= S Var(a(X) = Y P() — (P = P E D e (a0

AEM AEM AEm /i([)\)

Moreover, from Cauchy-Schwarz inequality, for all x in X, for all m, m’ in M,,

1 1
sup t*(x Z Yi(z), thus e, v = — sup : (2.28)

n I
teB,, Aemum/ remum/’ ,u( )\)

Finally, it is easy to check that, for all m ,m’ in M,,

Uy = SUp Var(¥r(X)) = sup PXeh)l=PX e IA)).

2.29
AEmUm/ AEmUm/ N(IA) ( )

We will consider two particular types of histograms.
Example 1 [Reg] : p-regular histograms.
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For allm in M,,, P,, is a partition of X and there exist a family (dp,)menm, bounded
by n and two constants c,, C., such that, for all m in M,,, for all X € M,,

Cr Crn
< u(ly) <

dm m

The typical example here is the collection described in Example HR.

Example 2 [Ada]: Adapted histograms.
There exist positive constants c,, Cyy, such that, for all m in M, for all A € M,
wu(ly) > c,nt and

P(X € 1))

(1)

[Ada] is typically satisfied when s is bounded on X. Remark that the models
satisfying [Ada] have finite dimension d,,, < Cn since

S Cah-

1> Z P(X € I)\) > Cah ZM(I)\) > Cahcrdmn_l

AEM AEM

The example [Reg].
It comes from equations (2.27, 2.28, 2.29) and Assumption [Reg] that

Coitdm = [[5ml|* < Di < i — |5l

T

1l V dyy ~1/2
emm < cp— 2 < sup lE o s < e PNl do Voo

n teB /

m,m

Thus )
ot 1 (R Foe) £ ]

B A
RV Ry — " h T (RN R
If D,, V Dy < 62(Inn)?,

v (D \/D )+ ||s ||2 C
RV R vR <O = Gulon)

If D,V Dy > 62(Inn)*

< CntL.

2 , 2
G for /D VDT C
B V R DoV D,y 0, (Inn)"

There exists k > 0 such that 62(Inn)* < kn since for all m in M,, R, <
n|s — smll? + et dm < (||8)1? + ¢, )n. Hence Assumption [V] holds with v given in
Assumption [BR] and €, = C6,, 1z

The example [Ada].
It comes from inequalities (2.28), (2.29) and Assumption [Ada] that, for all m and
m' in M,,

emm < ¢! and vfmm, < Cyp.
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Thus, there exists a constant x > 0 such that, for all m an m’ in M,,, we have

’Ugn m/’ 2 V Em,m’ < K
Ssu d ? EEE—
mmneinty? | \ B V R BV Ry [ = 02(lnn)»

Therefore Assumption [V] holds also with v given in Assumption [BR] and ¢, =
KO 2

2.3.3 Fourier spaces

In this section, we assume that s is supported in [0, 1]. We introduce the classical
Fourier basis. Let ¢ : [0,1] = R, 2 — 1 and, for all k € N*, we define the functions

Yo [0,1] = R, z— V2cos(2rkx), oy 1 [0,1] — R, x+— /2sin(2rkz).
For all j in N*, let
m; ={0yU{(i,k), i=1,2, k=1,....j} and M,, = {m;,j =1,...,n}.

For all m in M,,, let S,, be the space spanned by the family (¢))xem. (¥x)rem is an
orthonormal basis of S, and for all j in 1,...,n, d,, =275+ 1.
Let 7 in 1,...n, for all z in [0, 1],

J
Z Vi(z) =1+2 Z cos?*(2mkx) + sin’®(27ka) = 1+ 2j = dp,.

AeEm; k=1

Hence, for all m in M,,,

Dy=P | > 43| = lsmll® = dm — lsml® (2.30)

)\ij

It is also clear that, for all m, m’ in M,,,

A V dpy
et = ——— 02 < |||V dm V dpr (2.31)
n ’

The collection of Fourier spaces of dimension d,, < n satisfies Assumption [PC], and
the quantities D,, €y, and Uim, satisfy the same inequalities as in the collection
[Reg], therefore, [V] comes also in this collection from [BR]. We have obtained the
following corollary of Theorem 2.2.5.

Corollary 2.3.1 Let M,, be either a collection of histograms satisfying Assumptions
[PC]-[Reg] or [PC]-[Ada] or the collection of Fourier spaces of dimension d,, < n.
Assume that s satisfies Assumption [BR] for some v > 1 and 0,, — oo. Then, there
exist constants k > 0 and C > 0 such that the estimator s selected by a resampling
penalty satisfies

P <HS - 5”2 < (1 + 59;1/2> il}\f/l HS _ §m”2) >1— Cefé(mn)'v.
meMy
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Comment: Assumption [BR] is hard to check in practice. We mentioned that it
holds in Example HR provided that s is Holderian, non constant and compactly
supported (see Arlot [5]). It is also classical to build functions satisfying [BR] with
the Fourier spaces in order to prove that the oracle reaches the minimax rate of
convergence over some Sobolev balls, see for example Birgé & Massart [15], Barron,
Birgé & Massart [10] or Massart [55]. In these cases, there exist ¢ > 0, & > 0 such
that 6, > cn®. In more general situations, we can use the same trick as Arlot [5]
and use our main theorem only for the models with dimension d,,, > (Inn)**27, they
satisfy [BR] with 6,, = (Inn)?, at least when n is sufficiently large, because

||s||2 + R, > ||s||2 + D,, > cd,, > c(lnn)4(lnn)2'y.

With our concentration inequalities, we can control easily the risk of the models
with dimension d,, < (Inn)**?" by k(Inn)*+*/2 with probability larger than 1 —
Ce 2™ and we can then deduce the following corollary.

Corollary 2.3.2 Let M,, be either a collection of histograms satisfying Assumptions
[PC]-[Reg] or [PC]-[Ada] or the collection of Fourier spaces of dimension d,, < n.
There exist constants k > 0, n > 3+ 5v/2 and C > 0 such that the estimator §
selected by a resampling penalty satisfies

Inn)" .
P(”S_§H2 < (1—0—/6(11177,)71) ( inf HS—§mH2+M)) > 1_C€fé(lnn) _
meMy, n

2.4 Simulation study

We propose in this section to show the practical performances of the slope algorithm
and the resampling penalties on two examples. We estimate the density s(z) =
(3/4)x~ 419 11(x) and we compare the three following methods.

1. The first one is the slope heuristic applied with the linear dimension d,,, of the
models. We observe two main behaviors of dy, k) with respect to K. Most of
the times, we only observe one jump, as in Figure 2.1, and we find K,;, easily.
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Figure 2.1: Classical behavior of K — dy,(x)
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Figure 2.2: Comparison of d,,, and DY on the selected model

We also observe more difficult situations as the one of Figure 2.2 below, where
we can see several jumps. In these cases, as prescribed in the regression frame-
work by Arlot & Massart [7], we choose the constant K,;, realizing the maximal
jump of dy (k). Arlot & Massart [7] also proposed to select Ky, as the minimal
K such that dyyx) < dp+(Inn) 71, but they obtained worse performances of the
selected estimator in their simulations.

We justify this method only for collection of models where d,, ~ KD,, for
some constant K. We will see that it gives really good performances when this
condition is satisfied.

2. The second method is the resampling based penalization algorithm of Theorem
2.2.5. Note here that all the resampling penalties D'V /n can be easily com-
puted, without any Monte Carlo approximations. Actually, for all resampling
scheme,

W n

AEm i#j=1

Resampling penalties give always good approximations of D,,. However, in
non asymptotic situations, it may be usefull to overpenalize a little bit in
order to improve the leading constants in the oracle inequality (in Theorem
2.2.3, imagine that 46¢, is very close to 1).

3. In a third method, we propose therefore to use the slope algorithm applied
with a complexity D!V. By this way, we hope to overpenalize a little bit the
resampling penalty when it is necessary.

2.4.1 Example 1: regular case

In the first example, we consider the collection of regular histograms described
in example HR and we observe n = 100 data. In this example, we saw that
DY ~ D,, ~ d,,. We can actually verify in Figure 2.2 that these quantities almost
coincide for the selected model.
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We compute N = 1000 times the oracle constant ¢ = ||s — §||*/(infenm,, |5 — Sm|*)
for the 3 methods. We put in the following array the mean, the median and the
0.95-quantile, gg.95 of these quantities.

method mean of the N constants ¢ | median | ¢g.o5
slope 4+ d,, 3.56 2.30 |10.07
resampling 4.43 2.52 | 1547
resampling + slope 3.57 2.21 |10.86

We observe that the slope algorithm allows to improve the resampling penalty in
practice. This may be due to a little overpenalization even if it is not a straight-
forward consequence of our theoretical results. Note that, as d,, ~ DY the slope
algorithm leads to the same results when applied with d,, or with D!V. Although
we have an explicite formula to compute the resampling penalties, the computation
time is much longer if we use D!V. Therefore, we clearly recommand to use the slope
algorithm with d,, for regular collections of model, as regular histograms or Fourier
spaces described in Section 2.3.3.

2.4.2 Example 2: a more complicated collection

In the next example, we want to show that the linear dimension shall not be used
in general. Let us consider a slightly more complicated collection. Let k, Ji, Jo,n be
four non null integers satistying k <n, J; <k, J» <n —k. We denote by Sk s, 1o
the linear space of histograms on the following partition.

k k
[—,(l+1)—|,1=0,...,J1 —1
i ngtli=0n-1j

k- 1—k/n k 1—k
UH—JFZ /n,—+(l+1) /n{,lzo,...Jg—l}.
n 2 n J2

Let n € N* and let M,, = {(k,J;, o) € (N*)3; k <mn, J; <k, Jo <n-—k}
It is clear that Card(M,) < n®. The oracle of this collection is better than the
previous one since the regular histograms belongs to (S5 )mem,- It is easy to
check that the dimension of S j, s, is equal to J; + Jy and that Dy, 5, 5, » is equal
to (nJi/k)F(k/n) + (nJy/(n — k))(1 — F(k/n)) — ||sk.1y.50nl/%/n, where F is the
distribution function of the observations. Hence, there is no constant K, such that
Kodi 5y gom =~ Dg g, .5m as in the previous example. We also compute N = 1000
times the oracle constant ¢ = ||s — §||*/(inf,nen, ||s — 8m||?) for the 3 methods,
taking n = 100 observations each time. The results are summarized in following
array.

method mean of the N constants ¢ | median | ¢g.o5
slope 4+ d,, 8.30 7.01 |19.73
resampling 6.11 5.08 | 13.52
resampling + slope 5.33 4.04 |12.92

The slope heuristic gives bad results when applied with d,,,. This is due to the fact
that d,, is not proportional to D,, here. The resampling based penalty 2D} /n is
much better and, as in the regular case, it is well improved by the slope algorithm.
Therefore, for general collections of models where we do not know an optimal shape
of the ideal penalty, we recommand to apply the slope algorithm with a complexity
equal to DV
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2.5 Proofs

2.5.1 Proof of Proposition 2.2.1

It is a straightforward application of Corollary 2.6.6 in the appendix.

2.5.2 Technical lemmas

Before giving the proofs of the main theorems, we state and prove some important
technical lemmas that we will use repeatedly all along the proofs. Let us recall here
the main notations. For all m, m’ in M,,, we have

p(m) = [|sm = 3ml®, D = nE(p(m)) = nE (|3, — sm]*)
Ry, =nE (||s = 5n?) = nlls = sml|* + D, 6(m,m’) = vy (8 — Sp).
Forallm e N*, k>0, k' >0, v > 0,, let [k] be the integer part of k and let
Ly~ (K, k') = In((1 + Card(MIM)) (1 + Card(ME1))) +1In((1 + E)(1 + &) + (Inn)”.

Recall that, for all m, m' in M,,, we have

VRrrliy (R Bt) < (R V R,
mm (lny(Bny Rir))® < €n (R V Ryw). (2.32)
Let us prove a simple result
Lemma 2.5.1 For all K > 1,
Z Z K[In(1+Card(MX))+1n(1+k)] < o0, (2.33)

kEN me Mk
For all m in M,,, let l, =l (R, Ry), then, for all K > 1/+/2,

D e K = B(2k?)e K, (2.34)
meMy
For all m, m' in M, let Ly, m = by (R, Ry), then, for all K > 1,
Z 6—K21m7 (Z(KQ))Q —K2(lnn) (235)
(m,m’)E(Mn)2
Proof :
Inequality (2.33) comes from the fact that, when K > 1,

VkeN, Y e KIn0CadM) <1 and 7 e KIE < oo

meMk keN*

For all k such that M* #£ 0, for all m in M* 1, > 2[In(1 + Card(MF)) + In(1 +
k)] + (Inn)?, thus, for all K > 1/v/2, it comes from (2.33) that

Z 6—K2lm < e—KQ(lnn)WZ Z 6—2K2[ln(1+card(M§))+1n(1+k)} < Z(2K2)6—K2(lnn)w.
meMy keN me Mk
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Finally, for all (k, k') such that M* x M* £ 0,
L > In(1 4 Card(MF)) 4+ In(1 + k) + In(1 + Card(M*)) + In(1 + &) + (Inn)”,

thus, from (2.33),

2

2: efKQIm’m/ _ 2: 2: efKQ[1n(1+Card(M§))+1n(1+k)] €7K2(1nn)7
(m,m’)e(M3) keEN me Mk

Lemma 2.5.2 Let M,, be a collection of models satisfying Assumption [V]. We
consider the following events.

Qs = {V(m, m') € M2, §(m,m) < 66"@}
D R D R
Q, = — = <106, 2 — 2> _90¢, -2
P ﬂ {{p(m) = O€n, " }ﬂ{p(M) = O€,, - }}

mEMn

and Qp = Qs N Q,. Then there exists a constant C' > 0 such that
P(Q5) < Ce™ ™7 P(QS) < Cem 27 P(Q5) < Cem20nm)7,

Proof :
Let K > 1 be a constant to be chosen later. We apply Lemma 2.6.8 in the
appendix to u = 8, — Sy, S = Sy + Sy, L = id, x = K?,,,(Ry,, Ryy). For all

n > 0, for all m, m' in M,,, on an event of probability larger than 1 —e‘KQlW(R’”’Rm’),

202, K%l Ry Ror) + €t (K21 (Rny R ))? /9
nm '

Sm,m') < Lls — sl +

(2.36)
From [V], for all m, m’ in M,,,

em,m/ (Kan,’y(RWH Rm'))Q

2vfn’m,K2[nn(Rm, Ry))+

9 9

4
< (Q(Ken)2 + (Ken) ) B \;le.

Moreover, for all m,m’ in M,,, we have

[$m — Sm’”2 < 2([|s = SmH2 +[|s — Sm’H2) < 2Ry + Rpy) < 4RV Ryy).

Let e,(K) = \/(Ke,)? + (Ke,)*/18. In (2.36) we take = e, (K) and we obtain
R,V Ry

n

P (5(m, m') > 4de,(K) ) < e Klnoy(Bm, Ronr) (2.37)

From (2.35), for all K > 1,

R,V Ry

P (V(m,m') e M2, 6(m,m') > de, (K) -

Let K = 1.1 and take n sufficiently large so that K%e2/18 < 1, then 4e, (K) < 6¢,.
Hence, the first conclusion of Lemma 2.5.2 holds for sufficiently large n, it holds in
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general, provided that we increase the constant C' if necessary.
We apply Assumption [V] (see (2.32)) with m = m/, let l,,, = I, (R, Ry,), for all
K > 0, for all n such that 4.06(Ke,)? < 2, we have

DY (e (K21 Y4 + 0.7/ Dyt K2, + 0.1502 K 21, + €y (K20 )?
n

R R

< (1.7Ke, +0.15(Ke,)? + (Kep)') —= < 3Ke,—~.
n

18D (em (K 2L)2) V4 4+ 1.71\/ D02, (K21, + 4.06€ (K21, )2
n

R, R,

It comes then from Proposition 2.2.1 applied with x = K?1,, that, for all m in M,,

2

D,, R, _ K2
P (p(m) — 7 > BKEnT) <e 12(0 lm.

Thus, from (2.34), for all K > /10, and for all n sufficiently largege,

Dm Rm 7_2 s
P (vm e M, p(m) — == > 3Ken—) < S(K?2/10)e~ 50 (nm)
n n

We use the same arguments to prove that

Dm Rm __2 s
P (vm e M,, p(m) — =2 < 6Ken—) < S(K?2/10)e 50 (nm)
n n

Fixe K = +/10.5, then for all n sufficiently large , the conclusion of Lemma 2.5.2
holds. It holds in general provided that we increase the constant C' if necessary.

Lemma 2.5.3 Let (1y)aea be an orthonormal system in L*(p) and let L be a linear
functional defined on L*(pn). Let p(A) = 3, cp(vn(L(¥2)))?. Let (Wi, ...,W,) be a
resampling scheme, let W, = Y"1 W;/n and let v}, = Var(Wy — W,,). Let

DY = n(viy) ™" Y EY (0 (L))

AEA

T = 5 en(L(n) — PL($)))%, D = PT and

- ﬁ ST S (L) (X0) = PLON)) (L) (X;) — PL(1y)).

i£j=1 ACA

then w
1 —1 D
p(A) = ~P,T+—=U, DY = P, T — U, p(A) — A =U
n n

E(DY)=D, DY — D =v,T —U.
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Proof :
It is easy to check that

) = Y0 ZL U2)(X0) = PL))Y = 3 S (L) (X0) — PLO))

LS S IX) ~ PLO LX) — PLE)
1#j=1 AEA
- %&T+n_1U

Recall that v}V = PV — W, P,. For all X in A, since Y . (W; —W,) = 0, we have

ADW) = 2 SV = W) L)X

DK/ = ZEW <— Z (Wi — Wn)(L(%)(Xi) - PL@/’A)))
AEA
- %Z B W) (1wt - PLG +

i=1 Yw

LSS B (L) (X)) — PLO))L)(X;) — PL()).
i#j=1 AeA

Since the weights are exchangeable, for all i = 1,..,n, we have E((W; — W,,)?) =
Var(W; — W,,) =3, and foralli £ j =1,...,n

UIQ/VEZ'J‘ =K ((VVZ - Wn)(Wj - Wn)) =K ((W1 - Wn)(WQ - Wn)) .
Moreover, since Y i (W; — W,,) = 0, we have

<§}m )] }:ELV Wn)?) + i: 2B,

1=1 1#j=1

= nE((W, —W,)?) +n(n—1)E ((W1 — W) (Wy — Wn)) :
Hence, foralli # j=1,...,n, E;j; = —1/(n — 1), thus

0 = F

DY =P, T —U.

The last inequalities of Lemma 2.5.3 follow from the fact that E(U) = 0. Finally,

w _
R = e

n n n
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Lemma 2.5.4 Let

n
mGMn
DV R,
Q = ﬂ {—m —p(m) > —12€n—}
meMy n

and Q, = Q, N Q. There exists a constant C' > 0 such that P(QS) < Ce2(nn)”,

Proof :
From Assumption [V] applied with m = m/, (see (2.32)), if l,, = Lo (R, Rin),
we have, for all K > 0,

D3 (e (K21,)))Y* < Key R, /02, Dp(K2l,,) < Kep Ry,

V2 (K?1,) < (Kep)* R, em(Klp)? < (Kep)* Ry

We apply Proposition 2.2.4 with x = K?l,, and we have

DK 2 2 o Bm —K?2
P (= = p(m) > (831Ke, + 3(Ken)® + (19.1)(Ke,)!) 1 ) < 2e7,

Thus, for all K > 1/(v/2), if e,(K) = n (8.31Ke, + 3(Ke,)? + (19.1)?(Ke,)*) /(n —
1), we have from (2.34)

DK R 2\ ,—K?2(Inn)Y
P (vim € My 22— pim) > (1)) < 2m(an)e 0
n n
Take K = 8/8.31 and n > 10 sufficiently large to ensure that 3K?¢, +(19.1)2K%e3 <
1, then we have

1
en(K) < 50 (8en + €1) < 106,

We deduce that, for sufficiently large n, we have
P(QC) < 25 (2K2)e K nn)",
We also apply Proposition 2.2.4 with x = K?l,,, and we use the same arguments

to prove that, for K = 16/16.61, for all n > 10 sufficiently large to ensure that
(40.3)2K*e3 <2

Dg Rm 2\ —K?(Inn)Y
P (Vm € M,, =™ — p(m) < —20e,—= | < 3.85(2K2)e .
n n

Hence, the conclusion of Lemma 2.5.4 holds for sufficiently large n. It holds in
general, provided that we increase the constant C' if necessary.
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2.5.3 Proof of Theorem 2.2.2

If ¢, < 0, there is nothing to prove. We can then assume that ¢, > 0, this implies
in particular that

28¢, < 6, < 1.

We use the notations of Lemma 2.5.2. From Lemma 2.5.2, the inequalities (2.19)
will be proved if, on Q7, we have Dy > ¢, D,,~ and

<112 Cn . TS
— > — inf — )
s =l > £ int s

Let m, € arg min,,c p,, Ry, ™M minimizes over M,, the following criterion.

Crit(m) = PaQ(3,) + pen(m) + [|s|* + 2v,(sm,)
s = smll? = p(m) + 6(mq, m) + pen(im).
Recall that 0 < pen(m) < (1—46,)D,,/n. On Qr, for all m in M,,, since R,, > R,,,,
we have the following inequalities
D, R, D,,
Crit(m) > ||s — sm||* — —= — 16€,—= > —(1 + 16¢,,) ——.
n n n

R, D,, Dy,
Crit(m) < ||s = sml|* + 266, —= — §,—= = (1 + 26¢€,)||5 — Sml|* — (5, — 26€,) —.
n n n

When D,, < ¢,D,,~, we have

n||s — spm+||?

Thus Crit(m) > Crit(m*). This implies that Dy, > ¢, Dp».
Moreover, on {27, we also have, for all m in M,,

Ry Dy Ry
_ g2 = W) — 21 ) > (1 — 206,)
s = 62 = 224 (ptin) - 22) = (1~ 2062,

and

Ry, Ry,
inf ||s — 8,]|> < inf —=(1410¢,) < —2(1+ 10¢,).
meMy meMn N n

Thus

Dy, Dy
s — 31> > (1—206,)— > (1—20¢,)— > (1 — 20¢,)c,
n

1— 20€n Rm Cp, 1-— 20€n A 2
— > ———— " inf |s— 5.,
he n h2 1+ 10€,, meM,

B
n

Cn

We conclude the proof, saying that ¢, < 1/28 implies that (1 — 20¢,)(1 + 10¢,)"! >
8/38 > 1/5.
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2.5.4 Proof of Theorem 2.2.3

If _ — 46¢, < —1, there is nothing to prove, hence, we can assume in the following
that 6_ — 46¢,, > —1.
We keep the notation €27 introduced in Lemma 2.5.2. Let

2D,, R, 2Dy, Rp
Qe = ) {T”—?Spe“(m>§7+5 7}’

meMy,

Q= Qr NQpen and m, € argming, e, Ry Recall that P(Qpe,) > 1 —p’ and that,
m minimizes over m the following criterion.

Crit(m) = PuQ(8n) + pen(m) + |[s|I” + 2vp(sm,)
Is = smll* = p(m) + 8(mo, m) + pen(m).
Therefore, on €2, for all m in M,,, since R,, > R,,,,

D
Crit(m) > (1+ 5)% + (Tm —p(m)) - 6en%

D
> (146 —166,)[|s — spmll* + (1 +6_ — 16¢,) —
n

m Dm
> (146 — 166,)2m
n
. Ry,

If D, > Ch(6_,0") R,
(1+6_ —16€,) Dy, > (1401 + 26€,) Ry, s

Thus Crit(m) > Crit(m,), hence Dy, < C,(0_,0")R,,, .

Moreover, from (2.6), for all m in M,,

s —35|I° < s = 8ull* + (pen(m) — 2p(m)) + (2p(1n) — pen(rn)) + d(rn, m)
< s = dml?+2 (% —p(m)) + (6t 66,1)%
+2 (p(m) - %) + (—0_ + 660%

< Is = 8wl + (46¢, + 5*)% + (26€,, — 5)%.

For all m in M,,, we have, on Qp,

R D R
_ 5 2= m _Zm) 5 g _ fim
s = 82 = = +(p<m> n)_u 206,

Hence, for all m € M,,,

_5_ ~
s — .
1 — 20e,

46¢,, ot 26€,
|rs—§r\2sus—ém|r2(1+ n )+ ‘

1 — 20e,

This concludes the proof of Proposition 2.2.3.
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2.5.5 Proof of Proposition 2.2.4

We apply Lemma 2.5.3 with L = id and A = m. By definition of p(m) and D!V, we
have

DY 1

n  n(n—1)

p(m) —

D) (Wa(X) = Pun)(¥a(X)) — Piby).

i#£j=1 Aem

Thus, from Lemma 2.6.7 in the appendix, we have, for all z > 0,

Drvr[L/ > 5.31D2{4(6m$2)1/4 +3 V U%Dmx + 3U3¢$ + 6m(191$)2> < 2%
e .
n—1 =

n—1

DW 9D (e, 22)/* + 7.61/v2 D,, (40.32)2
P <—m — p(m) > (ema”) 7 + Vin D + € (40 32) < 3.8¢7".
n

This proves (2.23) and (2.24).
In order to obtain (2.21) and (2.22), we introduce, for all m in M,,, the function
Ton = Y sem (¥ — Py)? and the random variable

1 n
Un = y— D) @ (X0) — Poa) (a(X;) — Piy).
i#j=1 Aém
We apply Lemma 2.5.3 with L = id, we have
DY — Dy, = v,(Tp) — Upn.

From Bernstein’s inequality (see Proposition 2.6.3), we have, for all x > 0 and all £
in {—1,1},

2Var(T,,(X T _
. (5%%) . V ar(Tu(X)z | | ||oox> -
n 3n
From Cauchy-Schwarz inequality, we have T,, = sup,c5 (¢t — Pt)?, thus ||T,,||, /n =
4e,, and Var(T,,(X))/n < ||Tn|l PTn/n = 4€y, Dy, therefore, for all 2 > 0 and all

¢in {—1,1},

dey,
P (gyn(Tm) > \/8em Dy + 63 x) <eo,

Moreover, from Lemma 2.6.7 in the appendix, we have, for all x > 0,

p (Um - 5.31 D" (ema?) /4 + 3 /02, Dyt + 3027 + em(19.1x)2> -

n—1

n—1

3/4 2\1/4 2 2
P (Um _ 9D (ema®) " + 7.614/v3, Dint + €1, (40.3) ) < 380"
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We deduce that, for all x > 0, with probability larger than 1 — 4.8¢™", we have

4 40.3x)?
DK —D,, < V8enDpnx+ e, <§ + ﬂ)

n—1
+9Df’n/4(emacz)1/4 + 7.61/v2 D,,x
n—1 '

Moreover, for all x > 0, we have, on an event of probability larger than 1 — 3e™",

4 19.1z)?
DZ‘{—Dm > —\8enD,x — e, (—erM)

3 n—1
5.31D3* (ema®)/4 + 31/02 Doy + 302 %
n—1 '

2.5.6 Proof of Theorem 2.2.5
Recall that P (Q5) < Ce~2”  and that, on €7, we have

R .
Ym € M, (1 —206,)— < ||s — &%,
n

R,V R,y
Vm,m' € M2, 6(m,m’) < 6e, ———".
n
Let Qp be the event defined in Lemma 2.5.4 and let Q = Qp N Qr, from Lemma
2.5.2, P (Q°) < Cem2nm" Recall that pen(m) = 2D /n. On €, from (2.6), for all
n such that 20¢, < 1, for all m in M,,,

R, Ry
s =3[ < ||s = 8mll* + 266, — + 16€,—
n n
26€ 16€
< a2 O e 2 0% e g2
— ”8 Sm” +1_206n”8 Sm” +1_20€nHS SH
Hence, for all n such that 20¢, < 1, on €2,
1—36¢€,)|ls — 8> < (1+6¢,) inf |s— 38>
(1= 366,)ls = 5> < (1 +6e,) inf |5 = 5

For all n such that 42/(1 — 36¢,) < 100,

42¢, ) . . .
Is — 3|2 < <1 + 1_756%) it s =8l < (1+1006,) inf s = 5]
Hence (2.25) holds for sufficiently large n, it holds in general provided that we
enlarge the constant C' if necessary..

2.6 Appendix

In this Section, we state and prove some technical lemmas that are useful in the
proofs. The main tool is the first Lemma based on Bousquet’s version of Talagrand’s
inequality. It is a concentration inequality for the square of the supremum of the
empirical process over a uniformly bounded class of functions. Recall first Bousquet’s
and Klein versions of Talagrand’s inequality.
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Theorem 2.6.1 (Bousquet’s bound) Let Xy, ..., X,, be i.i.d. random variables valued
in a measurable space (X, X) and let S be a class of real valued functions bounded
by b. Let v* = sup,cg Var(t(X)) and let Z = sup,cg vnt. Then

Ve >0, P (Z >E(Z) + \/g(v2 +2bE(Z))x + g_x> <e”.
n n

Theorem 2.6.2 (Klein’s bound) Let Xy, ..., X,, be i.i.d. random variables valued in
a measurable space (X, X) and let S be a class of real valued functions bounded by
b. Let v? = sup,cq Var(t(X)) and let Z = sup,eg vnt. Then

vz >0, P <Z <E(Z) - \/3(02 + WBE(Z))x — ?) <

n n |
Let us now also recall Bernstein’s inequality.

Proposition 2.6.3 Bernstein’s inequality
Let Xy, ..., Xy, be tid random variables valued in a measurable space (X, X) and let
t be a measurable real valued function. Then, for all x > 0, we have

b (Vn(t) L [RVar(X)e ||t||oox> P

n 3n -

We derive from these bounds the following useful corollary. Hereafter, S denotes a
symetric class of real valued functions upper bounded by b, v? = sup,.¢ Var(t(X)),
7 = Sup,eg Unt, nE(Z?) = D. Since S is symetric, we always have Z > 0.

Corollary 2.6.4 Let S be a symetric class of real valued functions upper bounded
by b, v* = sup,eg Var(t(X)), Z = sup;cg vnt, nE(Z?) = D, e, = b*/n and

nE,, = 225¢, + (2.1 + \/27?) V2D + V15D 41,

then we have

E(Z*1z35(2)) < (E(2))°P(Z 2 E(Z)) + Ep. (2.38)
In particular, we have
(E(2))? <E(Z%) < (B(2))* + B (2.39)
Proof :
We have

E(ZQ:lZZE(Z)) = / P(Z2122E(Z) > .T)d.’lf :/ P(lez]}g(z) > \/E)dﬂf
0 0

— (E(2)?P(Z >E(2)) + /(E(Z))Q P(Z > z)dz

Take z = (E(Z) + 1/2(v? + 20E(Z))y/n + by/(3n))? in the previous integral, from
Bousquet’s version of Talagrand’s inequality, we have

E(Z1550) < E(Z)\/g(v2+2bE(Z)) /0 N e—\;dy+ 20" + 14BE(2) /3 /0 vy

n Y n

n n

b |2 < 200 [ _
+—1/=(v%2 + 20E(Z)) e Y\/ydy + ot ye Ydy.
0 0
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Classical computations lead to

0o VY

Therefore, if e, = b?/n, using repeatedly the inequalities
a®b™* < aa+ (1 —a)b (2.40)

and va + b < \/a + /b, we obtain, for all > 0,

VRGE(Z) < g 2L (),

<3P
1/2 3/4 n1 3/2 2ey,
(ViE(Z))'%¢)" < 26, A(VnE(2))3? + t3om
Thus
./ 3/4
E(Z*12552)) < <2v2 + geb +v 227T€b> 1 LY \/EE(Z) )

3/2 1/4
+(%W%HM5>JE()2V4JE(2/M)

<2+n@>%2+\/§m@(2)+<g+m+§‘§+ )—

N (n(ﬁ 28) +2f) (VIE(2))* (en)""

IA

3 n

Therefore, taking n = 0.088, we obtain

VIE(Z) | e (VRE(Z)Y? ()"

2
E(Z*1758(2) < 2.1 + 1522 4 /270
- n n n

Finally, we use Cauchy-Schwarz inequality to obtain that v/nE(Z) < (nE(Z2))Y/? =
(D)2, Since v*> < D, we get (2.38).

We deduce from this result the following concentration inequalities for Z2

Corollary 2.6.5 Let e, = b*/n. We have, for all x > 0,

n n

P <22 D D3/4(eb(19:p) )4 4 3V Dv2x) + 3vx + eb(19x)2> g
<e .

Moreover, for all x > 0, we have, with probability larger than 1 —e™™,

D_ D3¢,/ (V15 + 4.127F) + VvZD(4.61 4 3\/T) + 225¢,(6.222 + 1)

n - n

(2.41)
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Proof :

From Bousquet’s version of Talagrand’s inequality and from (E(Z))? < E(Z?),
we obtain that, for all x > 0, we have, with probability larger than 1—e™*, Z?>—D/n
is not larger than

4D (eya®)V + VD (14Veya? /3 + 2v/20%x) + 4D (eya?)3/* /3 + 3v%x + €402 /3

n
We use repeatedly the inequality a®b'™® < aa + (1 — )b to obtain that, with
probability at least 1 —e™*, Z? — D/n is not larger than

(44 32/9)D¥4(eyx*) /4 + 2/2v/ Dv2x + 30z + (3 + 14/n* + 8/ /0)epa? /9
- :

For n = 0.07, this gives

» D - D34 (e, (192)2)V4 + 2¢/2v Dv2x + 302w + €,(192)?

n n

Z

For the second one we use Klein’s version of Talagrand’s inequality to obtain, for all
z > 0 such that r(z) = \/2(v2+ 2bE(Z))z/n + 8bzx/3n < E(Z),

P(Z* < (E(Z) - 7’(:6))2) <e".

X}\lfe have (E(Z) — r(z))? = (E(2))? — 2E(Z)r(z) + r(z)? > (E(Z))? — 2E(Z)r(x),
P (7% < (E(Z))? — 2E(Z)r(z)) < e

From the previous corollary, we have (E(Z))? > E(Z?) — E,,, thus
P(Z? <E(Z%) — E,, —2E(Z)r(z)) < e "

In order to conclude the proof of 2.6.5, just remark that

4D¥*(epa?)/* 4 3/ Dv2x + 16y/Deya? /3
n

(4 4 32n/9) D% *(eyz®)/* + 3/ Dv2x 4 16/ (9n?) ey
" :

2E(Z)r(x)

For n = 0,0357, we obtain (2.41).

Finally, we have obtained the following result for the concentration of Z2 around its
mean

Corollary 2.6.6 For all x > 0, we have

3/4 2\1/4 2 2 2
. <22 _ D D¥i(e(19)")" + 3VDe%x 4 3v% + e(192) ) -
n n

72— = < —
n n

. ( D 8D¥4(eyz®)V4 + 7.61v0? Dz + eb(40.25x)2> -
< ee ",
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Proof :

In order to obtain the second inequality, we remark that the inequality is trivial
when z < 1, thus we only have to use (2.41) for x > 1 and then we have \/z > 1
and 22 > 1.

We will use this lemma to obtain a concentration inequality for totally degenerate
U-statistics of order 2. The following result generalizes a previous inequality due to
Houdré & Reynaud-Bouret [39] to random variables taking values in a measurable
space.

Lemma 2.6.7 Let X, X4, ..., X,, be i.i.d random variables taking value in a measur-
able space (X, X) with common law P. Let u be a measure on (X, X) and let (ty)ren
be a set of functions in L*(u). Let

B={t=)Y axty, » a3 <1}, D=E (sup(t(X) - Pt)?) :
AEA AEA teb
b2
v? = sup Var(t(X)), b=sup ||t ande, = —.
teB teB n

Let
1 n
U=rm—D Z D (EA(X) = PH)(1A(X;) — Pty).
1#£j=1 €A
Then the following inequality holds

3/4 2\1/4 2 2 2
Vi >0, P (U - 5.31D°%*(epx®)V* + 3vVv2Dx + 3v°x + €,(19.1x) ) <90,
n—1
(2.42)
D34 (epx?)V/* + 7.61v 02D 40.3z)?
Ve >0, P <U < 9D (e ) 1” T+ e(030)" ) _age (943)
n _
Proof :

Remark that, from Cauchy-Schwarz inequality, we have

sup(v,(t))* = ( sup Za,\yn(t,\)> = Z(yn(t,\))Q.

teb 2 a3<1 \ea AEA
For all z in X, from Cauchy-Schwarz inequality, we have

sup(t(z) — Pt)* =Y _(ta(x) — Pty),
teB \

in particular, we have D = ), _, Var(i,(X)). Moreover, easy algebra leads to

S0 = 530S (X) - Pia)?

AEA =1 A€A

% 3 ST(X) - PO (X)) - Pr)

i#j=1 AeA

1 n—1
= -P ty — Pty)? .
nn(Z()\ A)>+ - U

A€A
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Let Z2 = supye(vn(t))?, Ta = Y sen(tr — Pta)?, we have
1 D
E(Z?) =E (—PnTA) -z
n n

Hence

U —

n 1 (22 _E(Z2) - %V,L(TA)) .

n _—
From Corollary 2.6.6, we have, for all z > 0,

3/4 2\1/4 P 2 2
p <22 D - D% (e (192)%)Y* 4+ 3V v2Dx + 3v°z + e,(19x) ) <o

n n

7P — =< —

. < D 8D¥*(ey(2)?)V4 + 7.61vVv2Dx + eb(40.25:c)2> < g
< 2.8e".
n n

Moreover, from Bernstein inequality, we have, for all z > 0,

P (—VnTA > \/2Deyr + %) <e”.

P (VnTA > +\/2Deyr + %) <e "

We apply inequality (2.40) with a = D3*(e,22)V/4, b = ey1/7, @ = 2/3 and we obtain

24/2 V2
P (—I/nTA > TfD3/4<€bx2)l/4 + e (%)) <e "

22 V2
P (VnTA > T\/_D3/4(eb:c2)1/4 + ep (HTSL)) <e™.

Therefore, for all x > 0, we have

. (U _ 5:3LD% ()" + 302D + 3% + e ((192)° + (v + v2x)/3)> < 9ot
< 2e "

n—1

. (U _ _9D¥H(eyr?)* + T61Ve* D + ef ((40.252)2 + (z + v/2x) /3)) < 380
n _—

These inequalities are trivial when x < 1. We only use them when z > 1 and we
obtain (2.42) and (2.43) since x < ? and \/r < z? when z > 1.

Let us now state the corollary of Bernstein’s inequality that we used repeatedly in
the article.

Lemma 2.6.8 Let X, Xy, ..., X, be i.1.d random variables taking value in a measur-
able space (X, X') with common law P. Let p be a measure on (X, X') and let (1x)ren
be an orthonormal system in L*(u). Let L be a linear functional in L*(u) and let
B = {t = Yoen L), Sen @3 < L}, 02 = sup, Var(t(X)), b — supyc ]
and e, = b?/n. Let u be a function in S, the linear space spanned by the functions
(¥a)rea and let n > 0. Then the following inequality holds

2 2 2
Vo >0, P <Vn(L(u)) > gHuH? + W) < e (2.44)
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Proof :
From Bernstein’s inequality, we have

n 3n

95

o0, P (VH(L(U)) y WVar(L(u)(X))x . ||L<u>||ooas> -

Since t = L(u/||u||) belongs to B, we have

n 3n n

\/2Var(L(u)(X))x+||L(u)||oox _ ||u||< 2Var(t(X))z

We conclude the proof using the inequality (a + b)? < 2a? + 2b%.

N
3n
N, 9 1 [20v%x
< 1 _
< 2HuH +277< - +

2
b_x
3n |
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Chapter 3

Adaptive density estimation of
stationary (-mixing and 7-mixing
processes

Abstract:

We propose an algorithm to estimate the common density s of a stationary process
X1,...,X,. We suppose that the process is either # or 7-mixing. We provide a
model selection procedure based on a generalization of Mallows’ C), and we prove
oracle inequalities for the selected estimator under a few prior assumptions on the
collection of models and on the mixing coefficients. We prove that our estimator is
adaptive over a class of Besov spaces, namely, we prove that it achieves the same
rates of convergence as in the i.i.d framework.

Key words: Density estimation, weak dependence, model selection.
2000 Mathematics Subject Classification: 62G07, 62M99.

3.1 Introduction

We consider the problem of estimating the unknown density s of P, the law of a ran-
dom variable X, based on the observation of n (possibly) dependent data X3, ..., X,
with common law P. We assume that X is real valued, that s belongs to L?(u)
where 1 denotes the Lebesgue measure on R and that s is compactly supported, say
in [0,1]. Throughout the chapter, we consider least-squares estimators §,, of s on
a collection (S,,)mem, of linear subspaces of L?(u). Our final estimator is chosen
through a model selection algorithm.

Model selection has received much interest in the last decades. When its final goal
is prediction, it can be seen more generally as the question of choosing between the
outcomes of several prediction algorithms. With such a general formulation, a very
natural answer is the following. First, estimate the prediction error for each model,
that is ||s — §,,]|3. Then, select the model which minimizes this estimate.

It is natural to think of the empirical risk as an estimator of the prediction error.
This can fail dramatically, because it uses the same data for building predictors and
for comparing them, making these estimates strongly biased for models involving a
number of parameters growing with the sample size.

o7
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In order to correct this drawback, penalization’s methods state that a good choice
can be made by minimizing the sum of the empirical risk (how do algorithms fit the
data) and some complexity measure of the algorithms (called the penalty). This
method was first developped in the work of Akaike [1] and [2] and Mallows [53].
In the context of density estimation, with independent data, Birgé & Massart [15]
used penalties of order L, D,,/n, where D,, denotes the dimension of S,, and L,
is a constant depending on the complexity of the collection M,,. They used Tala-
grand’s inequality (see for example Talagrand [65] for an overview) to prove that
this penalization procedure is efficient i.e. the integrated quadratic risk of the se-
lected estimator is asymptotically equivalent to the risk of the oracle (see Section
2 for a precise definition). They also proved that the selected estimator achieves
adaptive rates of convergence over a large class of Besov spaces. Moreover, they
showed that some methods of adaptive density estimation like the unbiased cross
validation (Rudemo [62]) or the hard thresholded estimator of Donoho et al. [27]
can be viewed as special instances of penalized projection estimators.
More recently, Arlot [5] introduced new measures of the quality of penalized least-
squares estimators (PLSE). He proved pathwise oracle inequalities, that is deviation
bounds for the PLSE that are harder to prove but more informative from a practical
point of view (see also Section 2 for details).
When the process (X;)i=1,.., is f-mixing (Rozanov & Volkonskii [71] and Section 2),
Talagrand’s inequality can not be used directly. Baraud et al. [9] used Berbee’s cou-
pling lemma (see Berbee ([13]) and Viennet’s covariance inequality (Viennet [70]) to
overcome this problem and build model selection procedure in the regression prob-
lem. Then Comte & Merlevede [23] used this algorithm to investigate the problem
of density estimation for a [-mixing process. They proved that under reasonable
assumptions on the collection M, and on the coefficients 3, one can recover the
results of Birgé & Massart [15] in the i.i.d. framework.
The main drawback of those results is that many processes, even simple Markov
chains are not f-mixing. For instance, if (¢;);>1 is iid with marginal B(1/2), then
the stationary solution (X;);>o of the equation

X, = %(Xn_l + €,), Xo independent of (¢;);>1 (3.1)
is not f-mixing (Andrews [3]). More recently, Dedecker & Prieur [25] introduced
new mixing-coefficients, in particular the coefficients , ® and 3 and proved that
many processes like (3.1) happen to be 7, ¢ and [-mixing. They proved a cou-
pling lemma for the coefficient 7 and covariance inequalities for ¢ and 3. Gannaz
& Wintenberger [34] used the covariance inequality to extend the result of Donoho
et al. [27] for the wavelet thresholded estimator to the case of $-mixing processes.
They recovered (up to a log(n) factor) the adaptive rates of convergence over Besov
spaces.
In this article, we first investigate the case of f-mixing processes. We prove a path-
wise oracle inequality for the PLSE. We extend the result of Comte & Merlevede [23]
under weaker assumptions on the mixing coefficients. Then, we consider 7-mixing
processes. The problem is that the coupling result is weaker for the coefficient 7
than for 3. Moreover, in order to control the empirical process we use a covariance
inequality that is harder to handle. Hence, the generalization of the procedure of
Baraud et al. [9] to the framework of T-mixing processes is not straightforward.
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We recover the optimal adaptive rates of convergence over Besov spaces (that is the
same as in the independent framework) for 7-mixing processes, which is new as far
as we know.

The chapter is organized as follows. In Section 2, we give the basic material that
we will use throughout the chapter. We recall the definition of some mixing coeffi-
cients and we state their properties. We define the penalized least-squares estimator
(PLSE). Sections 3 and 4 are devoted to the statement of the main results, respec-
tively in the [-mixing case and in the 7-mixing case. In Section 5, we derive the
adaptive properties of the PLSE. Finally, Section 6 is devoted to the proofs. Some
additional material has been reported in the Appendix in Section 7.

3.2 Preliminaries

3.2.1 Notation.

Let (€2, A,P) be a probability space. Let 1 be the Lebesgue measure on R, let .||,

be the usual norm on LP(u) for 1 < p < co. For all y € RY, let |y|, = 320, |uil.
Denote by A, the set of r-Lipschitz functions, i.e. the functions ¢ from (R, ].|,) to
R such that Lip(t) < k where

() — t(y)|

|z —yl:

Lip(t)zsup{ ,fv,yeRl,x%y}ém
Let BV and BV; be the set of functions ¢ supported on R satisfying respectively
It g, < o0 and ||t]| 5, < 1 where

[l py = sup sup [t(@it1) — t(ai)|.

neN* —oco<a1<...<an <00

3.2.2 Some measures of dependence.

Definitions and assumptions

Let Y = (Y1, ..., Y]) be a random variable defined on (2, A, P) with values in (R', |.|,).
Let M be a o-algebra of A. Let Py |, Py; 0 be conditional distributions of ¥ and
Y1 given M, let Py, Py, be the distribution of ¥ and Y7 and let Fy,ja, Fy; be
distribution functions of Py, x and Py,. Let B be the Borel o-algebra on (R |.|,).
Define now

BM,a(Y)) = E(supmyW(A)—Py(An),

AeB

B = 5 (s o) = Fe(o)] )

and if E(]Y|) < oo, 7(M,Y) = E <sup Py im(t) — IP’y(t)|) .

tEANL

The coefficient B(M,o(Y)) is the mixing coefficient introduced by Rozanov &
Volkonskii [71]. The coefficients 5(M,Y7) and 7(M,Y") have been introduced by
Dedecker & Prieur [25].
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Let (Xg)rez be a stationary sequence of 1"eal~ valued random variables defined on
(Q, A, P). For all k£ € N*, the coefficients f, Or and 75 are defined by

B = B(o(Xii < 0),0(Xii 2 k), fr = sup{B(0(X,,p < 0), X;)}.

Jj=k
If E(]X:|) < oo, for all £ € N* and all r € N*| let
1
Tk, = max — sup {7(o(X,,p <0),(X;,,.... X4,))}, T = sup g,
1<i<r | p<iy <. <iy reN*

Moreover, we set Gy = 1. In the sequel, the processes of interest are either §-mixing
or T-mixing, meaning that, for v = [ or 7, the y-mixing coefficients 7, — 0 as
k — +oo. For p € {1,2}, we define &, as:

kp=pY "B, (3.2)
=0

where 0° = 1, when the series are convergent. Besides, we consider two kinds of
rates of convergence to 0 of the mixing coefficients, that is for y = 3 or 7,

[AR] arithmetical y-mixing with rate 6 if there exists some 6 > 0 such that v, <
(14 k)~0%9 for all k in N,

[GEO)| geometrical y-mixing with rate € if there exists some 6 > 0 such that v, <
e~ % for all k in N.

Properties

Coupling

Let X be an Rl-valued random variable defined on (2, A,P) and let M be a o-
algebra. Assume that there exists a random variable U uniformly distributed on
[0, 1] and independent of M V o(X). There exist two M V o(X) V o(U)-measurable
random variables X} and X distributed as X and independent of M such that

B(M,o(X)) =P(X # X) and (3.3)
T(M,X)=E(|X - X3|)). (3.4)

Equality (3.3) has been established by Berbee [13], Equality (3.4) has been estab-
lished in Dedecker & Prieur [25], Section 7.1.

Covariance inequalities

Let X,Y be two real valued random variables and let f, h be two measurable func-
tions from R to C. Then, there exist two measurable functions b; : R — R and
by : R — R with E (b;(X)) = E(b2(Y)) = B(0(X),0(Y)) such that, for any conju-
gate p,q > 1 (see Viennet [70] Lemma 4.1)

[Cov(f(X), h(Y))] < 2EY7 (| f(X)[b1 (X)) EVI(|A(Y)|%B(Y)).

There exists a random variable b(o(X),Y) such that E(b(c(X),Y)) = f(c(X),Y)
and such that, for all Lipschitz functions f and all h in BV (Dedecker & Prieur [25]
Proposition 1)

|Cov(£(X), (Y < (Al gy E (IF(X)[b(0(X),Y)) < [[All gy ||f||005(0(X)>Y23 .
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Comparison results

Let (Xy)rez be a sequence of identically distributed real random variables. If the
marginal distribution satisfies a concentration’s condition |Fx(z) — Fx(y)| < K|z —
y|* with @ <1, K > 0, then (Dedecker et al. [24] Remark 5.1 p 104)

B < QKI/(H“)T,%(““) < 21/ (ta) o/t D),

In particular, if Py has a density s with respect to the Lebesgue measure p and if
s € L?(u), we have from Cauchy-Schwarz inequality

1/2
|Fx(x) — Fx(y)| = |/1[m,y}5dﬂ| < lIslly (/ 1[:v,y]d,u) = lIslly [ = y['?,

thus )
B < 2|87 7%,

In particular, for any arithmetically [AR] 7-mixing process with rate 6 > 2, we have

Be < 2ls]l5 (1 + k)05, (3.6)

Examples

Examples of f-mixing and 7-mixing sequences are well known, we refer to the books
of Doukhan [28] and Bradley [19] for examples of f-mixing processes and to the book
of Dedecker et. al [24] or the articles of Dedecker & Prieur [25], Prieur [58], and
Comte et. al [22] for examples of 7-mixing sequences. One of the most important
example is the following: a stationary, irreducible, aperiodic and positively recurent
Markov chain (X;);>; is f-mixing. However, many simple Markov chains are not
[-mixing but are 7-mixing. For instance, it is known for a long time that if (€;);>1
are i.i.d Bernoulli B(1/2), then a stationary solution (X;);>o of the equation

1
X, = §(Xn_1 + €,), Xo independent of (¢;);>1
is not 3-mixing since 3, = 1 for any k > 1 whereas 7, < 27% (see Dedecker & Prieur
[25] Section 4.1). Another advantage of the coefficient 7 is that it is easy to compute
in many situations (see Dedecker & Prieur [25] Section 4).

3.2.3 Collections of models

We observe n identically distributed real valued random variables Xy, ..., X, with
common density s with respect to the Lebesgue measure p. We assume that s be-
longs to the Hilbert space L?(u) endowed with norm ||.||,,. We consider an orthonor-
mal system {1} ; 1yep Of L2(u) and a collection of models (Sp)men, indexed by
subsets m C A for which we assume that the following assumptions are fulfilled:
[M;] for all m € M, Sy, is the linear span of {tjx}; 4)c,, With finite dimension
D,, = |m| > 2 and N,, = max,,enm, D, satisfies N,, < n;

[Ms] there exists a constant ¢ such that

Vi, m' € My, Vt € Sy, V' € Sy, ||t +]|oc < ©v/AEM(Sy + S )|+ |2
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[M3] D,, < D,, implies that m C m’ and so S,, C S, .
As a consequence of Cauchy-Schwarz inequality, we have

2
Z wik = sup Ht”"; (3.7)
G emum’ _ t€Sm+5, 40 |[t]3
see Birgé & Massart [15] p 58. Three examples are usually developed as fulfilling
this set of assumptions:
[T] trigonometric spaces: tpo(x) = 1 and for all j € N*, v,,(z) = cos(2mjx),
Y;0(z) = sin(2mjz). m = {(0,0), (5, 1), (j,2), 1 < 4,5/ < Jn} and D,, = 2J,, + 1;
[P] regular piecewise polynomial spaces: S, is generated by r polynomials 1;
of degree k = 0,...,7 — 1 on each subinterval [(j — 1)/Jm,7/Jm] for j = 1,..., Jp,
Dy =rdp, Mpy={m={0,k), j=1,....Jp, k=0,...,r =1}, 1 < J,, <[n/r]};
[W] spaces generated by dyadic wavelet with regularity r as described in Section 4.
For a precise description of those spaces and their properties, we refer to Birgé &
Massart [15].

3.2.4 The estimator

Let (X, )nez be a real valued stationary process and let P denote the law of Xj.
Assume that P has a density s with respect to the Lebesgue measure p and that
s € La(p). Let (Sm)mem, be a collection of models satisfying assumptions [M]-
[M3]. We define S,, = Upeat, Sm, Sm and s, the orthogonal projections of s onto
Sy, and S, respectively, let P be the joint distribution of the observations (X, ),ez
and let E be the corresponding expectation. We define the operators P,, P and v,
on L*(p) by

n

Pt =23 4(xy), Pt= / H)s(2)dp(x), v (t) = (P, — P

i=1

All the real numbers that we shall introduce and which are not indexed by m or n
are fixed constants. In order to define the penalized least-squares estimator, let us
consider on R x S, the contrast function v(z,t) = —2t(x) + [|t||> and its empirical
version 7, (t) = P,7y(.,t). Minimizing -, () over S,, leads to the classical projection
estimator §,, on S,,. Let §, be the projection estimator on .S,,. Since {wj,k}(j,k)em
is an orthonormal basis of S, one gets

Sm= Y (Patbir)tie and 7u(8m) = — Y (Puthy)”

(4,k)EM (49,k)em

Now, given a penalty function pen : M,, — R* we define a selected model 1 as
any element

M € arg min (y,(5,m) + pen(m)) (3.8)
and a PLSE is defined as any s € S;; C S, such that

Yn(8) + pen(m) = inf (v,(8,) + pen(m)). (3.9)

mEMn
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3.2.5 Oracle inequalities

An ideal procedure for estimation chooses an oracle
me € Arg min {||s — 5,2}
mGMn

An oracle depends on the unknown s and on the data so that it is unknown in
practice. In order to validate our procedure, we try to prove:
-non asymptotic oracle inequalities for the PLSE:

B (s = 313) < L inf {E (s = sl + Rim,m)}, (3.10)

for some constant L > 1 (as close to 1 as possible) and a remainder term R(m,n) > 0
possibly random, and small compared to E (||s — 3 ”3) if possible. This inequality
compares the risk of the PLSE with the best deterministic choice of m. Since m is
random, we prefer to prove a stronger form of oracle inequality :

B (Is - 518) < 28 gl = sl + REm) ) (3.11)

or, when it is possible, deviation bounds for the PLSE:
P (ls =58> L it (Is = sali+ Rlm) ) <o (312
meMp

where typically ¢, < C/n'™ for some v > 0. Inequality (3.12) proves that, asymp-
totically, the risk ||s — || is almost surely the one of the oracle. Let

~112 . N 2
0= {lls= s3> £ ing (I = snl + Rim) .

We have
E (s — 812) = E (s — 813 10) + E (Ils — 5] 1a-) .

It is clear that E (||s — 3|3 1oc) < LE (infem, {||s — Smll5 + R(m,n)}) . Moreover,
we have ||s — 5|2 = ||s — s ||> + || — 5]|7 < ||s]|* + P Dy, < ||s]|* + ®%n, thus, when
(3.12) holds, we have

_ C
E (Hs — ng 1Qc) < (||s||* + ®*n)c, < =

Therefore, inequality (3.12) implies

<112 . L2 C
B (s = 318) < inf {15~ snll + BOm )} ) + 2.

We can derive from these inequalities adaptive rates of convergence of the PLSE on
Besov spaces (see Birgé & Massart [15] for example). In order to achieve this goal,
we only have to prove a weaker form of oracle inequality where the remainder term
R(m,n) < LD,,/n for some constant L, for all the models m with sufficiently large
dimension. This will be detailed in Section 5.
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3.3 Results for g-mixing processes

From now on, the letters x, L and K, with various sub- or supscripts, will denote
some constants which may vary from line to line. One shall use L, to indicate more
precisely the dependence on various quantities, especially those which are related to
the unknown s.

In this section, we give the following theorem for S-mixing sequences. It can be seen
as a pathwise version of Theorem 3.1 in Comte & Merlevede [23].

Theorem 3.3.1 Consider a collection of models satisfying [M;], [Ma] and [Ms].
Assume that the process (X, )nez 18 strictly stationary and arithmetically [AR] (-
miaxing with mizing rate 0 > 2 and that its marginal distribution admits a density s
with respect to the Lebesque measure i, with s € Lo(p).

Let Ky be the constant defined in (3.2) and let 5§ be the PLSE defined by (3.9) with

K®%k,D,,
pen(m) = A, where K > 4.
n
Then, for all k > 2 there exist cg > 0, Ly > 0, v1 > 0 and a sequence €, — 0, such

that

3 2 . 2 (log n)0+2)x
P15 s> (ra) it (s = sl pentm)) ) < 2B
(3.13)

Remark: The term K®2k; is the same as in Theorem 3.1 of Comte & Merlevede
[23] but with a constant K > 4 instead of 320. The main drawback of this result
is that the penalty term involves the constant x; which is unknown in practice.
However, Theorem 3.3.1 ensures that penalties proportional to the linear dimension
of S, lead to efficient model selection procedures. Thus we can use this information
to apply the slope heuristic algorithm introduced by Birgé & Massart [17] in a
Gaussian regression context and generalized by Arlot & Massart [7] to more general
M-estimation frameworks. This algorithm calibrates the constant in front of the
penalty term when the shape of an ideal penalty is available. The result of Arlot &
Massart is proven for independent sequences, in a regression framework, but it can
be generalized to the density estimation framework, for independent as well as for
(B or 7 dependent data. This result is beyond the scope of this chapter and will be
proved in chapter 4.
We have to consider the infimum in equation (3.13) over the models with sufficiently
large dimensions. However, as noted by Arlot [5] (Remark 9 p 43), we can take the
infimum over all the models in (3.13) if we add an extra term in (3.13). More
precisely, we can prove that, with probability larger than 1 — L (logn)@+2)% /nf/2
2
15— s]3 < (1+e) inf (||s—3mls+pen(m)) + Lm, (3.14)
meMpy n

where L > 0 and v, > 0.
Remark : The main improvement of Theorem 3.3.1 is that it gives an oracle
inequality in probability, with a deviation bound of order o(1/n) as soon as € > 2
instead of # > 3 in Comte & Merlevede [23]. Moreover, we do not require s to be
bounded to prove our result.
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Remark: When the data are independent, the proof of Theorem 3.3.1 can be
used to obtain that the estimator § chosen with a penalty term of order K®D,,/n
satisfy an oracle inequality as (3.13). The main difference would be that r; = 1,
thus it can be used without a slope heuristic (even if this algorithm can be used
also in this context to optimize the constant K) and the control of the probability
would be Lsefln(”)Q/CS for some constants Lg, Cy instead of Lg(log n)((’”)mf(’/2 in
our theorem.

3.4 Results for -mixing sequences

In order to deal with 7-mixing sequences, we need to specify the basis (1; 1) k)ea-

3.4.1 Wavelet basis

Throughout this section, r is a real number, » > 1 and we work with an r-regular
orthonormal multiresolution analysis of Lo(u), associated with a compactly sup-
ported scaling function ¢ and a compactly supported mother wavelet ¢. Without
loss of generality, we suppose that the support of the functions ¢ and ¢ is an interval
[A1, As) where A; and A, are integers such that Ay — Ay = A > 1. Let us recall
that ¢ and v generate an orthonormal basis by dilatations and translations.
Forall k € Z and j € N*, let ¢hgy : o — V26(2x —k) and ¢ : x — 29/2(27x — k).
The family {(vjx)j>0kez} is an orthonormal basis of Lo (). Let us recall the follow-
ing inequalities: for allp > 1, let K, = (v/2||9|l,) V¢, K1 = (2v/2Lip(¢))VLip(¢)),
KBV = AKL

Then for all j > 0, we have [|1;x]loo < Koo2’/2,

Z |0 ] < AK 27 (3.15)
keZ 00
Lip(¢j.) < K297 (3.16)
[irllsy < Kpv2//?. (3.17)

We assume that our collection (.Sy,)mem, satisfies the following assumption:
[W] dyadic wavelet generated spaces: let J,, = [log(n/2(A+ 1))/log(2)] and for all
I =1, ..., J,, let

m={(0,k),—Ay <k <2—AYU{(j,k), 1 <j<Jpn —Ay<k<—A +27}
and S, the linear span of {1; 1} ¢ xyem. In particular, we have D,, = (A —1)(J,, +
1) + 27T and thus 2/ < D,, < (A —1)(Jp, + 1) 4+ 2Im 1 < A2Im T,

3.4.2 The 7-mixing case

The following result proves that we keep the same rate of convergence for the PLSE
based on T-mixing processes.

Theorem 3.4.1 Consider the collection of models [W]. Assume that (X,)nez is
strictly stationary and arithmetically [AR] T-mizing with mixing rate @ > 5 and that
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its marginal distribution admits a density s with respect to the Lebesgque measure fu.
Let 5 be the PLSE defined by (3.9) with

=~ -\D
pen(m) = KAK Kpy (Z ﬁl> Tm’ where K > 8.
1=0

Then there exist constants co > 0,7, > 0 and a sequence €, — 0 such that

E([|5-sl3) < (1+e) (meMn, Djnnzfco(lognw1 s — smll3 + pen(m)) : (3.18)
Remark : As in Theorem 3.3.1, the penalty term involves an unknown constant
and we have a condition on the dimension of the models in (3.18). However, the
slope heuristic can also be used in this context to calibrate the constant and a care-
ful look at the proof shows that we can take the infimum over all models m € M,,
provided that we increase the constant K in front of the penalty term. Our result
allows to derive rates of convergence in Besov spaces for the PLSE that correspond
to the rates in the i.i.d. framework (see Proposition 3.5.2).

Remark : Theorem 3.4.1 gives an oracle inequality for the PLSE built on 7-mixing
sequences. This inequality is not pathwise and the constants involved in the penalty
term are not optimal. This is due to technical reasons, mainly because we use the
coupling result (3.4) instead of (3.3). However, we recover the same kind of oracle
inequality as in the i.i.d. framework (Birgé and Massart [15]) under weak assump-
tions on the mixing coefficients since we only require arithmetical [AR] 7-mixing
assumptions on the process (X,,)nez. This is the first result for these processes up
to our knowledge.

Let us mention here Theorem 4.1 in Comte & Merlevede [23]. They consider a-
mixing processes (for a definition of the coefficient o and its properties, we refer to
Rio [60]). They make geometrical [GEO] a-mixing assumptions on the processes
and consider penalties of order Llog(n)D,,/n to get an oracle inequality. This leads
to a logarithmic loss in the rates of convergence. They get the optimal rate under
an extra assumption (namely Assumption [Lip] in Section 3.2). There exist random
processes that are 7-mixing and not a-mixing (see Dedecker & Prieur [25]), however,
the comparison of these coefficients is difficult in general and our method can not
be applied in this context.

The constants ¢y, v1,n, are given in the end of the proof.

Remark : Inequality (2.6) can be improved under stronger assumptions on s. For
example, when s is bounded, we have B, < C /T Under this assumption and 6 > 3,
we can prove that the estimator s satisfies the inequality

~ . (log n)n(€+1)
B(l5 s < @te) (| il s sl pen) ) + BT

MEMu, Dm>co(logn)t

When 6 < 5, the extra term (log n)*®*V /n(0=3)/2 may be larger than the main term
Inf ey, Dp>eollognyn ||$ — Sml|3+ pen(m). In this case, we don’t know if our control
remains optimal. On the other hand, Proposition 3.5.2 ensures that s is adaptive
over the class of Besov balls when 6 > 5.
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3.5 Minimax results

3.5.1 Approximation results on Besov spaces

Besov balls.

Throughout this section, A = {(j, k), j € N, k € Z} and {94, (j, k) € A} denotes
an r-regular wavelet basis as introduced in Section 4.1. Let a,p be two positive
numbers such that a+1/2—1/p > 0. For all functions ¢ € La(p), t = 3_; 1yen Lisjes
we say that ¢ belongs to the Besov ball B, ; o0(M1) on the real line if [[¢[|, , . < M

where
1/p
Ht”@pm — S,ug 9i(e+1/2-1/p) (Z \tj,k\p> .
JE

keZ

It is easy to check that if p > 2 B, , o(M1) C Ba2.(M7) so that upper bounds on
By 2,00(My) yield upper bounds on B, p oo (M7).

Approximation results on Besov spaces.

We have the following result (Birgé & Massart [15] Section 4.7.1). Suppose that
the support of s equals [0, 1] and that s belongs to the Besov ball B, 2 (1), then
whenever r > o — 1,

2 @ 2
HSHM272Jma < (2A)2 ||$||o¢,2,oo D72a (3 19)
4(40 1) I Gt N |

Is = smll; <

3.5.2 Minimax rates of convergence for the PLSE

We can derive from Theorems 3.3.1 and 3.4.1 adaptation results to unknown smooth-
ness over Besov Balls.

Proposition 3.5.1 Assume that the process (X, )nez is stricly stationary and arith-
metically [AR] B-mizing with mizing rate § > 2 and that its marginal distribution
admits a density s with respect to the Lebesque measure p, that s is supported in
[0,1] and that s € L*(u). For all a, My > 0, the PLSE § defined in Theorem 3.3.1
for the collection of models [W] satisfies

LMl (log n)(9+2)n
nb/2

Vk > 2, sup P (||§ — s||§ > LMl,a,gn_ZO‘/(ZO‘H)) <
$€Bq,2,00 (M1)

Proposition 3.5.2 Assume that the process (X, )nez is stricly stationary and arith-
metically [AR] T-mizing with mizing rate 0 > 5 and that its marginal distribution
admits a density s with respect to the Lebesque measure p, that s is supported in
[0,1] and that s € L*(u). For all a, My > 0, the PLSE § defined in Theorem 3.4.1
satisfies

sup E (H§ — ng) < LMha,@n’Qa/@aH).
SGBQQ’OO(Ml)

Remark: Proposition 3.5.2 can be compared to Theorem 3.1 in Gannaz & Winten-
berger [34]. They prove near minimax results for the thresholded wavelet estimator
introduced by Donoho et al. [27] in a ¢-dependent setting (for a definition of the
coefficient ¢, we refer to Dedecker & Prieur [25]). Basically, with our notations,
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their result can be stated as follows: if (X, )nez is ¢-mixing with ¢1(r) < Ce=*" for
some constants C a, b, then the thresholded wavelet estimator § of s satisfies

) log n 2a/(2a+1)

Va >0, Vp > 1, sup E (15— sll5) < Laranap (—) .
$E€Ba,p,00(M1)NL>® (M) n

The main advantage of their result is that they can deal with Besov balls with

regularity 1 < p < 2. However, in the regular case, when p > 2, we have been able

to remove the extra logn factor. Moreover, our result only requires arithmetical

[AR] rates of convergence for the mixing coefficients and we do not have to suppose
that s is bounded.

3.6 Proofs.

3.6.1 Proofs of the minimax results.

Proof of Proposition 3.5.1: ~
Let @ > 0 and M; > 0 and assume that s € By2o0(Mp). Let M,, = {m €
M., Dy, > co(logn)™}. By Theorem 3.3.1, there exists a constant Ly > 0 such that

D, Ly(log n)@+2)s
P(|]§—5H§>L9 inf {Hs—smngLT}) < Lollog )i (3.20)

meMnpn n9/2

It appears from the proof of Theorem 3.3.1 that the constant L, depends only on
|Is|l2 and that it is a nondecreasing function of ||s||2 so that Ls can be uniformly
bounded over B, 2.,(M;) by a constant Ly, so that, by (3.20)

Dm L lO n (9+2)H
P (15— sl > 2o int {ls sl + 22 }) < Lol
meM n

= 672
In particular, for a model m in M,, with dimension D,, such that
co(logn)’“ < Llnl/(2a+1) <D, < LGl/@aﬂ)7

we have

= nf/2

Dm L | (0+2)r
IP’<H§—SH§>L9 (Hs—smHg_,_T)) < , (logn) .

Since s belongs to B, 2.0 (M7), we can use Inequality (3.19) to get
Is = smlls < La,as Dy

Thus we obtain

0+2)K

_ 90 /(%: Ly, (logn)!
P(HS—SH; > LMl,a,en 20/ (2 +1)) < M1( nge/Q) In

Proof of Proposition 3.5.2:
Let @ > 0 and M; > 0 and assume that s € B, 2.0(M;). By Theorem 3.4.1, we
have

D,,
in {Hs—sm|r§+—}).
My, n

me

B (55l < Lo
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Inequality (3.19) leads to ||s — sm|ls < Lo, D72, so that for a model m in M,
with dimension D,, such that

Co(logn)'Yl < Llnl/(Qa—i—l) <D, < Lin/(Qoz—‘,—l)’

we find
E (|5 — s|[3) < Loann 2/ 0

3.6.2 Proof of Theorem 3.3.1:

For all m, in M,,, we have, by definition of m

Yn(5) +pen(m) < Yu(5m,) + pen(m,)
Py(8) + v,7(8) + pen(n) < Py(5, )+Vw(8mo) + pen(m,)
Py(8) — Py(s) — 2v,8 + pen(m) < Pv(8,,) — Py(s) — 2v,8m,, + pen(m,)
Since for all t € Ly(u), Py(t) — Py(s) = ||t — s||3, we have

s = 315 < [Is = 8, ll5-+pen(mo) =V (mo) = (Den(rm) =V (1)) =20 (8, — ), (3.21)

where, for all m € M,,

V(m) = 2v, (8, — =2 Z “(Yik)

(j,k)em

This decomposition is different from the one used in Birgé & Massart [15] and in
Comte & Merlevede [23]. It allows to improve the constant in the oracle inequality
in the #-mixing case. Moreover, we choose to prove an oracle inequality of the form
(3.12) for B-mixing sequences, which allows to assume only § > 2 instead of 6 > 3.
Let us now give a sketch of the proof:

1. we build an event Q¢ with P(Q¢) < pf, such that, on Qc¢, v, = v, where v}
is built with independent data. A suitable choice of the integers p and ¢ leads
to pB, < C(Inn)'n=92.

2. We use the concentration’s inequality (3.7.4) of Birgé & Massart [15] for x*-
type statistics, derived from Talagrand’s inequality. This allows us to find
p1(m) such that on an event ; with P(2{ N Q¢) < Ly 4¢,

sup {V/(m) —pi(m)} <0.

meMy,
¢, < C(In n)7"n_9/2 and L, s is some constant depending on s.

3. From Bernstein’s inequality, we prove that, for all m,m’ € M, there exists
pa(m,m’) such that, for all n > 0, on an event Qy with P(Q5 N Q¢) < Lo sy,

2
n ' [8m — 5m’||2
sup Un(Sm — S ) — =pa(m,m’) — —————= % < 0.
i, { (o = o) = el ) =

Moreover, for all m,m’ € M,,, po(m,m’) < pa(m, m) + pao(m’,m’).



70 CHAPTER 3. MODEL SELECTION FOR MIXING DATA

4. We have sz — sm,ll2 < ll5m — 8|13 + |5 — sm, |3 because sz — Sy, is either
the projection of sz — s onto S,,, or the projection of s — s,,, onto Sj. Take
pen(m) > py(m) + npa(m, m), we have, on Q; N Qs N Qe

s =88 < N =S = 722 + pen(m,) — 2 (322)
—(pen(ih) — pa(11)) — (pr(i) — V(1)) — 20 (5m, — )
< s = s+ pen(me) = L) i, i)
+np2(1i, m,) + Ism, = sl (3.23)
n
(1= ) s =308 < (1 D)l =+ penons) + sl ). (328

In (3.23), we used that V(m,) = 2|8, —8m, ||3 > 0. In (3.24), we used that V},, > 0.
Pythagoras Theorem gives

V(m,)
2

Finally, we prove that we can choose n = (logn)?, with v > 0 such that nps(m,, m,) =
o(pen(m,)) and we conclude the proof of (3.3.1) from the previous inequalities.
We decompose the proof in several claims corresponding to the previous steps.
Claim 1 : For all [ = 0,...,p — 1, let us define Ay = (Xag41, ..., X(2111)q) and

By = (X(2i11)g+15 -+ X(242)¢). There exist random vectors Af = (X3, 1, -, X(21+1)q)

and B} = (X("2l+1)q+1, ...,X(*21+2)q) such that for all { =0,...,p—1:

1. Af and A; have the same law,
2. Aj is independent of Ay, ..., Aj_1, Aj..., A]_;
3. P(A # A7) < 5,

the same being true for the variables B;.

Proof of Claim 1 :
The proof is derived from Berbee’s lemma, we refer to Proposition 5.1 in Viennet
[70] for further details about this construction.[]

2 <112
= lls = sm, |l and;[ls — sall3 < s — 3]

A2
s = Sm, ll2 =

Hereafter, we assume that, for some x > 2, /n(logn)®/2 < p < y/n(logn)® and
for the sake of simplicity that pg = n/2, the modifications needed to handle the extra
term when ¢ = [n/(2p)] being straightforward. Let Q¢ ={VI=0,...,p—1 A, = A}, B, = B/}.
We have ( 652
. logn "
P(Q¢) <2pB, < QMT
Let us first deal with the quadratic term V' (m).
Claim 2 : Under the assumptions of Theorem 3.3.1, let € > 0, 1 < v < k/2. We

define L3 = 20%k;, L3 = 8D%2,/ry, Ly = 2Pr(e) and

2
B (logn)” Ls
Ll,m =4 ((1 + 6)L1 + L2 D71n/4 + (log n)“_'y . (325)
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Then, we have

Li,,D 1 v
IP’( sup {V(m)—M}ZOﬁQC) < L, exp _(ogn) )
meMy n V Isl2

where Ly, = 2> "5 exp(—(log D)7/ HsHé/Q) In particular, for allr > 0, there exists
a constant L, . depending on ||s|,, such that

LmDm L;T’
]P’(sup {V(m)— L }20ﬂ90)§ .

mGMn n

Remark : When (Ly/L;)%(logn)*?~" < D,, < n, we have

2
14e+ < ) W‘”] 4L2.
Proof of Claim 2 :

Let Pr(t) => " t(X})/n and vi(t) = (PF — P)t, we have
m)lao, =2 Z )2 (5010

Ll,m <

(4,k)em
Let B1(Sm) = {t € Sp; |It]l, < 1}. Vt € Bi(Sw), let t(a1,...,xq) = Db t(x;)/2q
and for all functions ¢g : R — R let
1 % 1 %
Pisg =3 > 9(45). Piyg =5 > 9(B}). Pg= [ gPaldn).
=0 =0

and U4 ,9 = (Pj&p — P)g, Uppg = (Pé,p — P)g.

Z (V) (W) < 2 Z Vpr]k+2 Z VB;ﬂ/’gk

(4,k)em (j,k)em (J,k)em

Now we have

In order to handle these terms, we use Proposition 3.7.4 which is stated in Section
7. Taking

> Var(dir(Ar), Vo = sup Var(f(A), and Hy, = || Y (45)°]
(j,k)em teB1(Sm) (j,k)em .

we have

o 1+e€) 2 H,x B
Ve >0, P U2 a); 2( By, + Vit | — + k(e) —= <e " (3.26
> Ak 7 Vo (€) ) (3.26)

(j,k)em

In order to evaluate B,,, V,, and H,,, we use Viennet’s inequality (3.54). There
exists a function b such that, for all p = 1,2, P|b]? < K, where £, is defined in (3.2)
and for all functions t € Ly(P),

Var(t(A;)) < letQ.
q
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Thus
— 1 K1
B2 = > Var(ihu(4)) < p Yo PW S| Y W rFa
(jk)em (jk)em GRem ||
From Assumption [M,], Gikyem %21@ ’ < ®%D,,, thus,
®%k D
B2 < —m (3.27)
q
From Viennet’s and Cauchy-Schwarz inequalities
Pth (Pt2)1/2<Pb2)1/2

V2= sup Var(f{(A;)) < sup < sup [t
teB (Sm) teBi(Sm) 94 teB (Sm)

Since t € B1(S,,), we have by Cauchy-Schwarz inequality
(P2 < ([t N1t Nsl1) 2 < (Nl Nisllo) 2.

From Assumption [M;], we have [|t]| < ®v/D,,, and from Viennet’s inequality
Pb? < Ky < 00, thus we obtain

D3/
Vi < D2(|lsly w) /2= (3.28)
Finally, from Assumption [Ms], we have, using Cauchy-Schwarz inequality
1 2Dy,
| S oa] <l el < e
(4,k)em o (j,k)em oo

Let y, > 0. We define

2
(log Dm)w + Yn (10g Dm)y + Yn
L,=1(1 Li+L L .
<( el 2\/ 2DL/4 + o 2(logn)~

We apply Inequality (3.26) with = = ((log D,,)” + yn)/ ||$||§/2 and the evaluations
(3.27), (3.28) and (3.29). Recalling that 1/p < 2/(y/n(logn)”), this leads to

LD, (log Dy )" Yn
P Vaplin > <exp | —————= | exp(— ).
2 Thots n ( Vsl ) 5112

(4,k)em

In order to give an upper bound on H,,x, we used that the support of s in included
in [0, 1], thus
L= sll; < sll,-

The result follows by taking y, = (logn)” > (log D,,)".0]
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Claim 3. We keep the notations k/2 > v > 1, Ly of the proof of Claim 2. For all
m,m’ € M,, we take

2

(logn)” 40
Ly =4 L .
m,m ( 2\/<Dm V Dm/)1/4 + 3(logn)“*”f ) (3 30>

we have, for all n > 0,

lsll

2 (logn)?Y

m — °om/ me’ Dm\/Dm’ o

P sup  Vp(Sm — Smr) — Ism = Smelly _ 1 L ) >0] < Lsqe )
m,m’EMy, 27) 2 n

(log(DmVD,_ /)"
- 1/2

with Ly =25 e e 70
Remark : The constant L, , is finite since for all z,y > 0, (log(zVy))? > ((logx)”+
(logy)7)/2.

As in Claim 2, when (Ly/L;)®(logn)*®=) < D,, < n, we have

232\ 2k—2v) 4 T2
Ly <1+ logn) “\""“V4L7.
Proof of Claim 3.

We keep the notations of the proof of Claim 2 and for m,m’ € M,,, let t,, ,» =
(Sm — Smr)/ ||Sm — Smr|lo- We use the inequality 2ab < a®n~! 4 b%n, which holds for
all a,b € R, n > 0. This leads to

% * ”Sm_sm’H2 N« 2
Vn(8m = $mr) = |I8m — Smwly v () < T2 + ) (v (tmm))
HSm—Sm/”2 n,_ _ 7 2
= B L ) + Pali)

[8m — Sm/”g

<
= oy

+0(Zap(tm))* + (T8, ()

Now from Bernstein’s inequality (see Section 7), we have

— 2V 7?mm’ A 7?mm’ 0o —
Vo >0, P (m,p(tm,m,) >\/ ar( ; )z | 73p” x) <eT. (3.31)

From Viennet’s and Cauchy-Schwarz inequalities, we have

— Pbt2 ’ ||tm,m’||oo\/m
Var (tm (A1) < mm’ - '

- q q

Moreover

Py < K2, Pt?n,m/ < o oo [ Em,me 215 |2-
Since tpm € SiUSyy and [t v |l2 = 1, we have, from Assumption [Ma] ||t m|leo <
®\/D,, V D, Let y, > 0. We apply Inequality (3.31) with x = [(log(D,,V D,/))”+
Ynl/ ||s||§/2. We define

2

Lo _ <L2 \/ (08D V D))" + o . 42 [(lo5(Dn v D))" + w)

1 2(Dyy V Dy /4 6(logn)"
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we have
_ — L;n m/(Dm \/ Dm/) (log(Dm \/ Dm,>>'y _ s 1/2
P Dap(tmm) >\/ — < exp <— TG e—unllsly?
2

The result follows by taking v, = (logn)” and using 2 < D,,, < n.

Conclusion of the proof:

Let n > 0 and pen'(m) > (L1, + nLpmm)Dm/n where Ly, and L, ,, are defined
respectively by (3.25) and (3.30). From Claims 1, 2 and 3 and (3.24), we obtain
that, for all m, and with probability larger than L, g(logn)@+2xp=6/2

1 -~ ]- Dmo
(1- 5) ls =515 < (1 + 5) s = $m, I3 + pen’ (mo) + nL(m,, mo) e (3:32)

Assume that D,, > (Ly/L;)®(logn)*?=)  then we have from remarks 3.6.2 and
3.6.2

2k(€) o 2
L, < |1 1 1 (*=29)| 412 and
Lm < l+€+< +\/H_1)(ogn) ] 1 an

23/2 2 k) 4 72
Lym < 14 1 TERTYALL.
’ ( 3\//‘?1) (Ogn) !

Take n = (logn)*~ 7, we have (Lj,, + 9Lm,m,)Dm,/n < Cpen(m,). Fix e > 0
such that [1 + €]> < K/4. Since k > v, for n > n,, we have Ly, + 1Ly, < KL3,

thus, inequality (3.13) follows follows from (3.32) as soon as n > n,. We remove the
condition n > n, by improving the constant L in (3.13) if necessary.l]

3.6.3 Proof of Theorem 3.4.1.

The proof follows the previous one, the main difference is that the coupling lemma
(Claim 1) as well as the covariance inequalities are much harder to handle in the
T-mixing case. This leads to more technical computations to recover the results
obtained in the [-mixing case (see Claims 2, 3 and the proof of inequality (3.45)).
We start with the decomposition (3.21). As in the previous proof, the decomposition
of the risk given in Birgé & Massart [15] or in Comte & Merlevede [23] could be
used. This leads to a loss in the constant in front of the main term in (3.18) without
avoiding any of the main difficulties. We divide the proof in four claims.

Claim 1 : For alll = 0,...,p — 1, let us denote by A; = (Xaig41, .-, X(241)q) and
By = (X@it1)g415 -+ X(at2)g). There exist random vectors Af = (X341, -, X(*21+1)q)
and Bf = (X7, oy X ) such that for alll =0,...,p—1 :

(214+1)g+17 0“2 (2142)q

o A7 and A; have the same law,

o A7 is independent of Ao, ..., Ai—1, A§..., A4
o E(|A — Ajly) < g7

the same being true for the variables B;.
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Proof of Claim 1 :

We use the same recursive construction as Viennet [70].
Let (0;)o<j<p—1 be a sequence of independent random variables uniformly distributed
over [0,1] and independent of the sequence (A;)o<j<p-1. Let A5 = (X7, ..., X;) be
the random variable given by equality (3.4) for M = o(X;, i < —q), Ap and dy.
Now suppose that we have built the variables A for | < I’. From equality (3.4)
applied to the o-algebra o(A;, A, [ <l'), Ay and Jy, there exists a random variable
Aj, satisfying the hypotheses of Claim 1.
We build in the same way the variables B} for all { =0, ...,p — 1.

We keep the notations v, 4 ,, Upp, t and B1(S,,) that we introduced in the proof
of Theorem 3.3.1. As in the proof of Theorem 3.3.1, we assume that, for some
k> 2, /n(logn)*/2 < p < /n(logn)* and for the sake of simplicity that pg =
n/2, the modifications needed to handle the extra term when ¢ = [n/(2p)] being
straightforward. We have

Vi) = > (k) <2 > (Pa= PP () +2 Y (1) (154)3.33)

(j,k)em (j,k)em (j4,k)em

Claim 2 : There exists a constant L = La i, k. x0 Such that

oo n K(6+1)
E (Z (P, - P;:ij,k)f) < B (3.34)

J,k€Em

Proof of Claim 2 :

El D (P=P(Wn) | < Ef sw > (Po—P)2(t)

(k) meMn (i kyem
< Y. D E((B-P) (W)
meMy (j,k)Em
2 p
< 3 SN (Gamli kL) + gpm(Gk,1L1))

meMy LI'=1
with
ImaG LU =E | Y (5(A) — biul(A))) (Djr(Ar) — bil(A))
(j,k)em
We develop this last term and we get, since

K287 |1 —y|,
2q

(@) — Yiny)| <
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GamG B L) < B D |in(A) = din(AD)] [ (Ar) — $ul(A})

(4,k)em
i o Av— A
< E{ D (A — 4| Hep2
(4,k)em
K, P _
< ; 1 sup Z 2%/2 Wj,k(ﬂf) - %’,k(y)’
YR\ (i kmem
Kp7,
L .
< TqZQ?’J/Q sup {ZWM(SU) —¢j,k(y)|}
=0 YER | hez
2 A
< gAKLKOOQQ‘]’”Tq since Z\w]k\ < AK, 272
keZ o

We can do the same computations for the term ¢g,,(7, k,[,1') and we obtain

N 2 2Jm 2Jn (log )=+
E( D>, (P P)Wyn)" | <Ly D 2/ < L2 < L—2r—.

j,kem meMn

The last inequality comes from g > \/n/(2(logn)*) and Assumption [AR], the one
before comes from Assumption [W]. O

Claim 3. Let us keep the notations of Theorem 3.4.1, let u=6/(7T+0) < 1/2 and
recall that k > 2. Let v be a real number in (1,k/2). Let

L} = AK Kpy Y B, L3 =20Kp, > B Ly = k(e)®

=0 k=0

2
B (log Dy, )7 (log Dy,)”
and Ll,m = 4(1 + 5) ((1 + €)L1 + Lo W + st ) (3-35)

There exists a constant L, such that

Ll,mDm
n

E | sup Z (v3)* (Wik) —

meMn | (. kyem

<L
n

Remark : The series )7, 5, and Yoo B}j are convergent under our hypotheses

on the coefficients 7. Since s € L?([0,1]), we have from Inequality (3.6), 3 <
2||s||§/37'll/3 and thus 3, < 2||s||7?(1 +1)~0+9/3. The series Y reo i converge since
0 > 5 and
1+60) 2(1+46 -5
wlhf) 249 05
3 T+0 0+7

We use here (3 instead of 7 which allows to take L; not depending on ||s||,.
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Proof of Claim 3 :
As in the previous section we use the following decomposition

Z W) (in) = Z (9A7p(@5j,k)+7737p(?/;j,k))2

(j,k)em (4,k)em
<2 ) (Pap(in)” +2 > (785 (0))°
(4.k)em (4,k)em

We treat both terms with Proposition 3.7.4 applied to the random variables (A} )o=1,..p-1
and (B )i—o,. p—1 and to the class of functions { Vik) (k) em} Let

> Var (Yx(A), Vi = sup Var(f(4 I @7 klle

(G.k)em t€B1(Sm) (g k)em

We have, from Proposition 3.7.4

1 /2 H,,
Ve >0, P Z 2205k ( ) B, +Vn =4 K(€) ’ <e™”.
(4,k)em \/]_9 p p

Let us now evaluate B,,, V,, and H,,, we have

T (Seo)

From (3.17) and (3.15) we have V7, k HQ/JMHBV < Kpy2? and Vj || 3 cq [05nllloe <
AK,27/2. Thus, from Inequality (3.5)

> Var (Z%k ) <2 0) D (a+1=DICov(ya(X1), (X))l

(j,k)em (4, k)em =1
< QQZZZWM”BV (146 (X1)|b(o(X1), X0))
7=0 k€zZ =1
q
< QKBVQZ2]/2 Z\%k Xo)] Zﬁlq
keZ o =1

< 2 <AKOOKBV > ﬁ]) D

1=0
The last inequality comes from Assumption [W].
Since L3 = AKKpy Y oy 0 we have
12D,
2q

B? < (3.37)

Let us deal with the term V2. We have
9 q
5> (g+1—k) sup |Cov(t(X1),t(Xy))| (3.38)

t€B1 (Sm) 2q)* £ tEB (Sm)

V2 < sup Var(t(A))) <
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From Inequality (3.5), we have

|Cov(t(X1), t(Xp)| < [1tll gy Il Br—1-
Since t belongs to By(S,,), we have t = E(M)em a;j Yk, With E(M)Em aik < 1.
Thus, by Cauchy-Schwarz inequality
!

> ft(wig) —ta)] <Y |%k|Z|¢j,k(sz‘+1)—¢j,k($i)|

=1 (j,k)em
1/2 o\ 1/2
< Z a?,k Z (Z [V k(Ti1) — %k(fb’z)\>
(j.k)em (Gk)em \ i
1/2
< Z [ < KpvDp,.
(4,k)em
Thus ||t]| 5 < DmKpy. From Assumption [Ms], we have ||t|| < ®+/D,,. Thus
|Cov(t(Xy), t(Xz))| < K gy fr1 D32 (3.39)

Moreover, we have by Cauchy-Schwarz inequality and [M,]

|Cov(t(X1), LX) < Nt £l Wslly < @ ls]ly v/ Do (3.40)
We use the inequality a A b < a“b'™* with
6

= OKgyfB_1DY? b= D, u=—<

DO | —

From (3.39) and (3.40), we derive that
ICov(t(X1), t(X0))| < LiLDY2 where L) = & (KBVBk,l)” Is|i

Pluging this inequality in (3.38), we obtain

1—u 1/2+u
Vo < Lalislly " Do

since L3 = 20K}, Y Bi. (3.41)
k=0

Finally, we have from hypothesis [Ms)]

®2D,,
ook < . (3.42)

, 4
(4,k)em

H? <

e~ =

Let y > 0 and let us apply Inequality (3.36) with = = ((log D)/ |Is]5 ") +
(y/D,ln/er“). We have, from (3.37), (3.41) and (3.42)

L%Dm + L3\/m ((logDm)y + Yy )
2pq 2p sl Dyt
1/2 2 Y
. \/L§||s||;—UD,,{ +u <(log D)y ) P L
2pq Isll3 DYt

m

Pl Y (7ap)(Wys) > | (14 ¢)

(j,k)em
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Then, we use the inequality v/a + 8 < y/a + /3 with
B (log D)
sl

and the inequality (a + 0)? < (1 +€)a® + (1 + € 1)b? with

| (log D,,) L logD )Y D,,
< (1+e€)Ly + Lo Dif-u ” ” " (log )~ T

1 Ly
db=—|(L — .
v = 7z (0 + i)

Setting L,, = (1 + €)a’n/D,,, we obtain

. L.Dn  (14eD " Ly )’
Pl > (7a0) (k) — . (L2 Il + (logn)~Dy,
(G k)em )

7(10gDm)'Y
<e lslzT* o~

Thus, for all y > 0,

and (f = 1/2+u

D;(1/2+“)y

- L.,.D,, L (logDm)”f D—(1/2+u)
Pl sup Z (DA,p)2<wj,k)— y—|—y Z e lsIi™

meMy, (,k)em meMn,
2
where Ly = 2(1+¢ 1) |:(L2\/ I1s]157) V Ls/((log 2)“2“)} . We can integrate this last
inequality to prove Claim 3.0

Claim 4 :We keep the notations of the previous Claims. Let
2

Lo(m,m) =4 <L2\/ (;%gingi%;l?;)Lv + 3(1ogq;)“'v> : (3.43)

Then there exists a constant Lo depending on ||s||, and 6 such that, for all n > 0

2
m — om/ L ) ' Dm\/Dm’ Ls
il s Lot sy L= sl Lamm) N - koo
m,m’GMn 2

n n n

Proof of Claim 4 :

2
m — om/ L ) ' Dm\/Dm/
E| sup {Vn(sm — Spr) — Is 5 sl —1 2{rm, ) )}>

m,m’eMy, n n

<E <SUP(Pn — By)(sm — Sm’))

m,m/

2
m — °om/ L 5 ! Dm Dm/
+E (sup {y;(sm — Sp) — Is 5 swllz n 2(m, 1) (Din V )}> (3.44)
U

m,m/’ n
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Since VI =0, ...,p — 1, E (A, — 4}|,) < g7,, we have

B (sup (P = P2)(sm = 5)) < 2 2 B (6 = 5or)(41) = (5 — 50 (A7)

m,m/’

< 7 Z Lip(sm — Smr)-

m,m’

When m C m’, we have, for all z,y € R, using Assumption [W],

|(Sm — Sm) < Z Z 1P ||7/}Jk |) Vi k(y)|

|x—y| j=Jm+1k=—A yl

Let us fix j € [J;,+1, Jyy], from Assumption [W], there is less than A indexes k € Z
such that ¢, x(x) # 0, thus there is less than 24 indexes such that [¢; ,(z)—; k(y)| #
0. Hence

> [Py Warle) = dulo)l 24 5up | Py Lip(¥;)

~ |z =y
< 2A|s|, Kp2%/2.

Thus, Lip(s$m — Sm) < Al|s|l, Kpv/823/%//2/(/8 — 1) and by Assumptions [W],
[AR] and the value of ¢,

1 Kk(04+1)+1
E (sup(Pn — P ($m — sm/)) < L5n3/2(log n), < LSM

sup Oy (3.45)
Let us deal with the other term in (3.44). We have, Yn > 0

||3m_3m’||2 n, - _ -
Lm0l 8 ) + )

2
Sm — Sm! B -~ - B
% + 0Pap o ))? + 0 T5p(Emmr))? (3.46)

Vp(Sm — 8mr) < ?

<

where, as in the proof of Theorem 3.3.1, ¢, 1 = (S — S ) /||Sm — S ||2. We apply
Bernstein’s inequality to the function ¢,,,, and the variables A}, we have

2V t_mm/ A t_mm/ o0 _
V:L’ > O ]P) (VAP( ,) > \/ ar( ) ( 0)).T _'_ ” ) ” 'T) S e :B. (347)

D 3p

We proceed as in the proof of Claim 3 to control this variance. We have, by station-
arity of the process (X, )nez,

q—1

Var(Ep e (Ao)) = 2—22 S (g = B0V (b (X2, Ene (X))

k=0

From Inequality (3.5), we have

|COV(tm,m’(X1)>tm,m’(Xk+1))| < Htm,m’HBV Htm,m’Hoo Bk
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Let m A'm’ be the set of indexes that belong to mUm/ but do not belong to mnNm’.
We use the same computations as in the proof of Claim 3 to get

”Z(j,k)Em/Am<ij,k>wjvk

)BV < D isllEy < Kpv(DwnVDyw).

”tm,m’ ” <
BV |Sm — Sm H2 e Am
Since ||tmm |, = PV Dm V Dy, we have
|COV(tm7m/ (Xl), tm,m’ (Xk+1))| S (I)KBVBk(Dm V Dm’)3/2- (348)

Moreover, we have

CoV (Em,m (X1)s b (Xb11)) < [ [l o e [ 5112 < @ I8y v/ (Do V Dy, ).

(3.49)
Thus, using a A b < a*b*~* with
~ 6 1
a = (I)ngﬁk(Dm V Dm’)3/27 b=® ||$||2 \/ (Dm V Dm/), and u = m < 5,
we have
|COV(tm7M’(X1)>tm,m’(Xk+1))| < (I)K%VBI? HSH;_U (Dm \ Dm’)1/2+u-
Thus
I U = QU —u (Dm Vv Dm’>1/2+u
Var(tomm (Ag)) < PKpy, <Z %) sl 5 : (3.50)
k=0
Moreover 1 1
||ﬂmn/||0O < §||tm7m/||0O < §<I> D, Vv D!. (3.51)

Now, we use (3.47) with = = (log(Dy, V Do)/ ||8]13" + 3/ (D V Dy ) /2%, From
(3.50) and (3.51), we have for all y > 0,

e (D V/ D) /24 sl "y
P tm m’ > L 1 Dm \/ Dm/ 0%
Pap(mm) > Lo o (log( '+ Doy By
@DV D, [ (log(D v D))" | y
Op s, (D V Dy )1/ 40
-~ (IOE';(D'm\/Dm/))'Y y
<e lIsl3=% e (DmvD, NI7ZFu

Now we use the inequality va + b < \/a + Vb with

1—
Isllz "y

a= (1Og(Dm V Dm/))fy and b = (Dm v Dm/)1/2+u

and we obtain, using Assumption [M]

o Lo(m,m")(D,, Vv D!, Ly
P <VA’ptm7m/ _ \/ 2( )7(1 ) o \/ﬁ(\/ng y))
_ (log(Dm VD, )7

T—u —(D,,vD /)—(1/2+u)y
< e HSHQ e ( m m ,
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with

2

Lo(m,m/) = (Lz\/(log(Dm V Dy ) )Y N ®(log(Dyy V Dm’)>’y> |

(Dyy, V Dy )H/2~u 3(logn)*

o
d Ly = Loy/|ls|i v ———
an 2/ lsllz 3(log 2)~2¢

Thus, we obain

* Ly(m, m')(D,, V D! 12
d <(’/A71f’t7wn')2 > 2 l I m) +4=(y+ yQ))
n n
_ (log(Dvam/))W _
<e lslly ™™ (DmVD,, /2w

The same result holds for 7p ,t,, /. Thus we obtain from (3.46)

Sm = S5 Ly(m,m') (D, V D! L?
P (slon - ) 3 Lom sl Tl D0V DL) g, )
n n n
_ (og(DmvD, /)Y y
< 2e lslly~ (D v D, ) 1/2Fu

We deduce that

m — Sm/ 2 L / Dm\/Dl
P (Elm, m' € My, Vi(Sm — Sm) — u _ 4 o(m, m’)( i
2n n
L2 _ (og(DmvD )7 B y
> 8?7_5(y + y2)) <2 Z e sl o DmvD, N
n
m,m/eMy,

We integrate this last inequality to get Claim 4.0]

Conclusion of the proof:
Take

m

D
pen’(m) > (2L m + nLa(m, m))T,

where Ly ,,, and Lo(m, m) are defined by (3.35) and (3.43) respectively. From Claims
2, 3 and 4, if we take the expectation in (3.21), we have, for some constant L,

. . Dy, L
E (1 = 518) < B (s = S + pent(1n,) = V) + 20Laim, ) 222 ) + 222
(3.52)

2(7+0)/(6-5)

Moreover, if D,,, > ((La2/L1)(logn)"~7/?) , we have

Ly Ls ?
" < (1 1 14+ =1 — (k=)
iz = (1+¢) (( +e)+< +2L1)(ogn) )

< (1+e+1+e)(1+e (1 + QL—E’I)Q (logn)~2=".  (3.53)

We use the inequality (a + b)? < (1+ €)a® + (1 + € 1)b? to obtain (3.53). Moreover,

we have

1

® 2
Ly(m,m) < 4L7 <(1 + 6T) (logn)(“”) :
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As in the proof of Theorem 3.3.1, we take n = (logn)*~7 and we fix € sufficiently
small. For n > n,, we have 2L;,, + nLy(m,m) < KL?. Thus inequality (3.18)
follows from (3.52).0

3.7 Appendix

This section is devoted to technical lemmas that are needed in the proofs.

3.7.1 Covariance inequality

Lemma 3.7.1 Viennet’s inequality Let (X,,)nez be a stationary and (-mizing pro-
cess. There exists a positive function b such that P(b) < 720 By, P(bP) < p> 2, P74,
and for all function h € Ly(P)

Var (i h(Xl)> < 4qP(bh?). (3.54)
=1

3.7.2 Concentration inequalities

We sum up in this section the concentration inequalities we used in the proofs. We
begin with Bernstein’s inequality

Proposition 3.7.2 Bernstein’s inequality
Let Xy, ..., Xy, be tid random variables valued in a measurable space (X, X) and let
t be a measurable real valued function. Let v = Var(t(Xy)) and b = ||t||_, then, for

all x > 0, we have
2
P((Pn—P)t>m/—x+b—x> <e @
n  3n

Now we give the most important tool of our proof, it is a concentration’s inequality
for the supremum of the empirical process over a class of function. We give here the
version of Bousquet [18].

Theorem 3.7.3 Talagrand’s Theorem

Let Xy, ..., X, be i.i.d random variables valued in some measurable space [X,X].
Let F be a separable class of bounded functions from X to R and assume that all
functions t in F are P-measurable, and satisfy Var(t(X1)) < 02, ||t]looc < b. Then

P (sup vp(t) > E (sup yn(t)) + \/Qx (0% + 20 (supc r vn(t))) + bx) <e”.

teF teF n 3n

In particular, for all € > 0, if k(e) = 1/3 + €, we have

P (fgﬁ va(t) > (14 €)E <§£ Vn(t)) + J\/%jL m(e)%) <e 7,

We can deduce from this Theorem a concentration’s inequality for y-square type
statistics. This is Proposition (7.3) of Massart [55].
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Proposition 3.7.4 Let Xy,..., X,, be independent and identically distributed ran-
dom variables valued in some measurable space (X, X). Let P denote their com-

mon distribution. Let ¢y be a finite family of measurable and bounded functions on
(X, X). Let

Hy =Y ¢l and By =) Var(ga(X1)).

AEA AEA
Moreover, let Sy = {a € R* : 3, ., a3 =1} and

VZ=sup ¢ Var Za,\@(Xl) )
aESA AeA
Then the following inequality holds, for all positive x and €

1/2
1+ 2 H
P <Z(Pn - P)ngA) > \/{BA +Vay/ ;x + k(e) 2”3 <e®,  (3.55)

AEA

where r(e) = e 1 +1/3.

Proof :
Following Massart [55] Proposition 7.3, we remark that, by Cauchy-Schwarz’s
inequality

1/2
(z ¢) — Y s = swp v, (z ¢) |

AeA AESA YA a€Sp XA

Thus the result follows by applying Talagrand’s Theorem to the class of functions

f:{t:Za)\gb,\; CZGSA}.

AEA



Chapter 4

Optimal model selection for
stationary, § and 7-mixing data.

Abstract:

We build penalized least-squares estimators of the marginal density of a sta-
tionary process, using the slope algorithm and resampling penalties. When the
data are 8 or T-mixing, these estimators satisfy oracle inequalities with leading
constant asymptotically equal to 1.

Key words: Density estimation, optimal model selection, resampling methods,
slope heuristic, weak dependence.
2000 Mathematics Subject Classification: 62G07, 62G09, 62M99.

4.1 Introduction

The history of statistical model selection goes back at least to Akaike [1], [2] and
Mallows [53]. They proposed to select among a collection of parametric models the
one which minimizes an empirical loss plus some penalty term proportional to the
dimension of the models. Birgé & Massart [15] and Barron, Birgé & Massart [10]
generalize this approach, making in particular the link between model selection and
adaptive estimation. They proved that several estimation procedures as cross vali-
dation (Rudemo [62]) or hard thresholding (Donoho et.al. [27]) can be interpreted
in terms of model selection.

More recently, Birgé & Massart [17], Arlot & Massart [7] and Arlot [4], [5] arised
the problem of optimal model selection. Basically, the aim is to select an estimator
satisfying an oracle inequality with leading constant asymptotically equal to 1.
Two totally data driven procedures are known to achieve this goal: the slope al-
gorithm, introduced by Birgé & Massart [17] and the resampling penalties defined
by Arlot [5]. Arlot & Massart [7] and Arlot [5] proved that these estimators are
efficient to select the best histogram in a general regression framework. In Chapter
2, we proved that these procedures are also optimal in density estimation, when the
data are independent.

There exists a lot of statistical frameworks where the data are not independent.
The previous results may therefore not hold. Baraud et.al. [9] proved that penalties
proportional to the dimension can also be used when the data are S-mixing (for a

85



86 CHAPTER 4. OPTIMAL MODEL SELECTION FOR MIXING DATA

definition of the coefficient (3, see Rozanov & Volkonskii [71] or Section 4.2). They
worked in a regression framework and Comte & Merlevede [23] extended the result
to density estimation. In Chapter 3, we proved that the same penalties can also
be used with 7-mixing data (the coefficient 7 has been introduced by Dedecker &
Prieur [25], see Section 4.2). The main problem of the algorithm proposed by Comte
& Merlevede [23] is that the penalty term involves a constant depending on the mix-
ing coefficients (both in the 5 and 7-mixing cases) which is typically unknown in
practice.

As in the independent case, we prove that a resampling estimator catches the shape
of the ideal penalty with great generality as it “learns” part of the mixing struc-
ture of the data (Kiinsch [44], Liu & Singh [51]). We will also prove that the slope
algorithm can be used to calibrate in an optimal way the constant in front of the
penalty term. The new penalization procedure is totally data driven.

Let us now explain more precisely the problem that we will consider.

4.1.1 Least-squares estimators

We study efficient penalized least-squares estimators in density estimation when
the error is measured with the L2-loss. We observe n identically distributed random
variables X1, ..., X,,, defined on a probability space (2, A, P), valued in a measurable
space (X, X), with common law P. We assume that a probability measure p on
(X, X) is given. We denote by L?(u) the Hilbert space of square integrable real
valued functions defined on X and by ||| the associated L?-norm. The parameter of
interest is the density s of P with respect to u, we assume that it belongs to L*(p).
For all function g in L'(P), we define

Pg = /ngdﬂ =E(9(X)),

where X is a copy of X, independent of (X7, ..., X,). s minimizes the integrated
contrast PQ(t), where the contrast function @ : L*(u) — L'(P), is defined for all ¢
in L*(p) by Q(t) = ||t]|* — 2t. The risk of an estimator § of s is measured with the
L?-loss, that is ||s — §||?, which is random when 3 is.

The problem of density estimation is a problem of M-estimation. These problems
are classically solved in two steps when the data are independent. First, we choose a
"model” S, close to the parameter s, which means that infycg,, ||s — ¢[|* is “small”.
Define the empirical process P, for all functions g in L'(P) by

1 n
Png = ﬁ ZQ<XZ)
i=1

We minimize over S,, the empirical version of the integrated contrast, that is, we
choose

5m € arg tmén P,Q(t).
E€Sm

When the data are mixing, the coupling method is a very powerful tool to extend
the methods developed in the independent case. It can be summarized as follows.

Coupling method: Let Iy, Jo, ..., [,_1, J,—1 be a partition of {1,...,n} satisfying
¢ = ming_g__,1min(lx+;) — max(fy) > 0 (for a proper definition of this partition
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see Section 4.2). For all k = 0,...,p — 1, let Ay = (X})ier,- A coupling lemma
associates to the sequence (Ag)x—o.. p—1 independent random variables (Aj}) such
that E (d(Ax, Af)) < 7(q), where v is the mixing coefficient of the data, d is a
distance on X%. Let I = Ug;é[k and let P4 be the empirical process based on the
data (Xj, 1 € I), that is Py = ), 6x,/|1|. To bound quantities of the form F(P,),
built with the empirical process, we first use algebraic inequalities to obtain

F(P,) < CF(Py). (4.1)

Then we have
F(Py) < F(Pa+) + |F(Pa) — F(Pa~)

We can now use the results available for independent random variables to bound
F(P4~) and the mixing properties to bound |F(P4) — F(Pa~)

Up to our knowledge, all the model selection procedures proposed for mixing data
used the coupling methods. In this scheme, the bounds given on F(P,) are the
same as those given for F'(P,4) and the only essentially suboptimal bound is the
first one: F(P,) < CF(P4). We want to extend the procedures developed in the
independent case in Chapter 2 through the coupling method. As we are looking
for optimal results, we will work with the process P, instead of P,, avoiding the
lost (4.1). The counterpart of this choice is that we do not use all the data to
build our estimator. In particular, the variance of an oracle built only with the
variables (X;);er is bigger than the one of an oracle built with all the sample when
the data are independent. However, we will see in Section 4.4 that our final estimator
improves the previous procedures proposed in a mixing setting. Let us now define the
least-squares estimators by $4,, € arg mineg, P4aQ(t). The minimization problem
defining 54,, can be computationaly untractable for general sets S,,, leading to
untractable procedures in practice. However, in density estimation, it can be easily
solved when S,,, is a linear subspace of L?(u) since, for any orthonormal basis (1) xem
of S,,, we have
Sam =Y (Paa)ir.
AEmM

The risk of 54, is decomposed in the classical bias and variance terms thanks to
Pythagoras relation. Let s, be the orthogonal projection of s onto S,,, then

Is = samll® = lIs = smll® + lI5m — Samll*. (4.2)

The space S, should be chosen in order to realize a trade-off between those quan-
tities. Actually, when the complexity of S, increases, the bias term ||s — s,,,||* de-
creases whereas the variance term |[$4,, — $,,||? increases. In Chapter 2, we proved
a concentration inequality for ||s,, — §4,,]/* around its expectation when the data
are independent. It proves that D% ,, = nE(||sy — 54m[%) is a natural complexity
measure of S, and, when the models 5, are sufficiently regular, we recovered that
the dimension d,, of Sy, has the same order as D} ,,. However, this is not true
in general, because there exist simple models (histograms with a small d,,) where
D} >> diy

4.1.2 Model selection

The choice of a “good” model S, is impossible without strong assumptions on s,
for example that we have precise information on its regularity. However, if we only
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assume that s is regular, it is possible to choose a collection of models (S,,)menm,,
such that that one of them realizes an optimal trade-off (see for example Birgé &
Massart [15] or Barron, Birgé & Massart [10]). Given the projection estimators
($4.m)mem, associated to this collection, the aim is then to build an estimator m
such that the final estimator, 5 = 54 5 behaves almost as well as any model m, in
the set of oracles

My ={m, € M,, |Sa.m, — SH2 = inf |Sam— 3”2}.
meMy,

This is the problem of model selection. More precisely, we want the final estimator
§ = 54 to satisfy one of the following type of oracle inequalities

K

<= (43

4K 1.P(|5-s]|? inf — 3 2
>0,C, >0,v>1, (Hs s|| >Cnmlel}\/tn{”8 Saml| })

K
3K >0,C, >0, E(|5—s|*) <C,E( inf — Samll? —. 4.4
20,6, > 0, B (5~ sl) < CuE (int {ls—sanlP}) + 5. (4

In both cases, we want the leading constant C,, being as close as possible to 1. In
order to build m, we remark that, for all m in M,,, we have

s = Samll” = 3amll? = 2P3am + l18]2 = PaQ(Bam) + 20a(3am) + 5|

where v4 = P4—P. An oracle minimizes ||s—54,,||? and thus PaQ(84m)+2va(54.m)-
As we want to imitate the oracle, we will design a map pen : M,, — Rt and choose

m € arg Il’l/l&l PsQ(54m) +pen(m), §= 54. (4.5)
meMp

It is clear that the ideal penalty is pen,;;(m) = 2v4(54,,) and our goal is to design
sharp estimators of this quantity as penalty functions.

The key point to obtain oracle inequalities is the following decomposition of the risk
of 5. For all m in M,,, let

p(m) = VA(éA,m — Sm) = ||§A,m - 3m||2-
For all m in M,,,
Is =81 = [I51* = 2P5 + ||s[|* = [|3]|* — 2Pa3 + 2045 + ||s]|*

< PaQ(Sam) + pen(m) + (2v4(3) — pen(m)) + ||s||”
= |Is = Samll” + (pen(m) — 2v4(84.m)) + (204(3) — pen(ri))

Thus, for all m in M,,,

ls = 311” < [ls = 8aml” + (pen(m) — 2p(m)) + (2p(1i2) — pen(ri)) + 2va(si — 5m).
(4.6)

4.1.3 Optimal model selection

Let us now precise the definition of the methods that we will use to calibrate the
penalty.
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The slope algorithm

The "slope heuristic” was introduced by Birgé & Massart [17] in the Gaussian re-
gression framework. It states that there exists a complexity measure A,, of S, and
a constant K., such that

L. if pen(m) < KninAm, Ay, is too large, typically Ay > C'sup,,en, Am,
2. if pen(m) ~ KA,, for some K > Ky, then Ay, is “much smaller”,

3. if pen(m) ~ 2K inA,,, then the risk of the selected estimator satisfies

15— s]* < Cnmlel}an {lls = 8aml’}, with C, — 1, when n — oo

in expectation and with large probability.

When both A,, and the associated K, are known, point 3 in this heuristic says that
pen(m) ~ 2K, A,, is an optimal penalty. This heuristic is classically used when
A, is known and K, is unknown. Arlot & Massart [7] introduced the following
algorithm to calibrate the penalty term in this situation.

Slope algorithm

e For all K > 0, compute the selected model m(K) given by (4.5) with the
penalty pen(m) = KA,, and the associated complexity Ay, (k).

e I'ind a constant K, such that Ay, is large when K < K,, and "much smaller”
when K > K.

e Take the final m = m(2K,).

In Chapter 2, we justified the slope heuristic in density estimation with independent
data for A, = E(||$m — Sam||*),; Kmin = 1. This complexity is unknown in practice
and has to be estimated. We proposed a resampling estimator and proved that it
works without extra assumptions on our collection of models. Then, we remarked
that, when the models are very regular, we can also use the linear dimension d,,
of S,, as a complexity measure and calibrate K, with the slope algorithm. In this
paper, we will extend all these results to mixing processes.

Resampling penalties

Data-driven penalties have been studied in density estimation, in particular, cross
validation methods as in Stone [64], Rudemo [62] or Celisse [21]. We extend the
approach of Chapter 2 based on resampling penalties introduced by Arlot [5]. We
prove that it provides optimal model selection procedures. The main ingredient in
the proofs is a concentration inequality for the supremum of the resampling-based
empirical process proved in Chapter 2. This inequality states that the resampling
penalty defined in Section 4.2 is essentially equal to the ideal penalty when the data
are independent. Another important ingredient is the coupling properties of mixing
processes. The coupling result proved in Viennet [70] for S-mixing processes allows
a straightforward extension of the results of Chapter 2. The coupling result available
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for 7-mixing sequences is not so powerful and the extension of the results of Chapter
2 to that case requires new methods of proofs.

The chapter is organized as follows. In Section 4.2, we introduce our new estimation
procedure and describe our main assumptions. In Section 4.3, we state our main
results, we prove the efficiency of the penalized least-squares estimators based on
the slope heuristic and on resampling methods. In Section 4.4, we compare our
new estimators with those given in Chapter 3. The proofs of the main theorems
are postponed to Section 4.5. Section 4.6 is an Appendix where we recall some
probabilistic lemmas proved in Chapter 2.

4.2 New estimation procedures

4.2.1 Blockwise decomposition of the data

Assume that n is even and let p and ¢ be two integers such that 2pg = n. For all
k=0,..,p—11let [ = (2kq+1,...,(2k + 1)q), Ax = (X))iez, and [ = UL_\I,.. For
all functions ¢ in L?(u) and all 1, ..., z, in X, let

q

1 15 2
Ly(t)(xy, ..., xg) = . > t(x;), Pat = ; > Ly(t)(Ar) = - > HX),
=1 k=0
ua(t) = (Pa— P)().
Let S, be linear subspace of L?(u) and let Q : L*(u) — L*(P), t — ||t]|* — 2t. The

estimator $4 ,, associated to Sy, is defined by

Sam € arg min P4Q(t). (4.7)

teESm
Given an orthonormal basis (¢))xem of Sy, classical computations prove that

Sam =D _(Pava)n, lsm = Saml® = D (wa®n))® = sup (va(t))*.

AEm AEM t€Bm

4.2.2 Resampling penalties

The first penalization procedure is based on the resampling penalties introduced
by Arlot [5]. The resampling algorithm is slightly modified in order to keep the
dependence structure inside the blocks (see Kiinsh [44], Liu & Singh [51] or Radulovic
[59])-

Let Wy, ...,W,_1 be a resampling scheme, that is, a vector of random variables,
independent of Xj, ..., X,, and exchangeable, i.e., for all permutation £ of {0, ...p—1},

(We(0)s ----s We(p—1y) has the same law as (W, ..., Wp_1).

Let P} and v% be the associated resampling empirical processes defined, for all ¢
in L?(p), by

PY(0) = 1Y WL, (0)(Ar),
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—1 p 1
I/X/(t) = (PXV W PA Z Wk — )(Ak) where W = p ZWk
k=0

For all m in M,,, let

w

SAm = argtrgén PX/(t) = Z(PXV¢A)¢A-

AEM

Setting v, = Var(W,; — W,), the resampling penalty is defined by

pen(m) = B (sup OX (1)) = o SEY (0F (). (49

W teEBm W AEm

Hereafter, for all m in M,, and for all function pen, the final estimator is always
denoted by

§ = 544, where m = arg min PaQ(54,,) + pen(m). (4.9)

mGMn

4.2.3 Some measures of dependence
[-mixing data

The coefficient [ was introduced by Rozanov & Volkonskii [71]. For a random
variable Y defined on a probability space (€2, .4, P) and a o-algebra M in A, let

BM, (V) = E (sup Py iaa(4) — PY<A>|) .

AeB

For all stationary sequence of random variables (X, ),cz defined on (92, A4, P), let

The process (X,,)nez is said to be [-mixing when [y — 0 as & — oo. Examples
of B-mixing processes can be found in the books of Doukhan [28] and Bradley [19].
One of the most important is the following: a stationary, irreducible, aperiodic and
positively recurent Markov chain (X;);>1 is f-mixing.

Let us recall Lemma 5.1 in Viennet [70].

Lemma: (Viennet 1997) Assume that the process (X, ..., X)) is f-mizing and let
D, q and Ay, ..., Ay,_1 be respectively the integers and the random variables defined in
Section 4.2.1. There exist random variables Ag, ..., Ay such that:

1 forallk=0,..,p—1, A} = (X5, 11, - X("2k+1)q) has the same law as Ay,

2. forallk =0,....,p—1, A} is independent of Ay, ..., Ax—1, A%, ..., A4,

3. forallk=0,....,p—1, P(A; # A}) < f,.
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T-mixing data

The coefficient 7 was introduced by Dedecker & Prieur [25]. For all  in N*, for all

z,y in R let dy(x,y) = S, |&i — vi|. For all [ in N*, for all function ¢ defined on
R!, the Lipschitz semi-norm of ¢ is defined by

. [t(z) = t(y)]
Lip, (t) = sup ———=.
dl( ) r#yeR! dr(xa y)
Let A; be the set of all functions ¢ : R' — R such that Lip, (t) < 1. For all

integrable, R'-valued, random variables Y defined on a probability space (Q, A, P)
and all o-algebra M in A, let

H(M.Y)=E (sup By puat) — Py<t>|) .

teEN

For all stationary sequences of integrable random variables (X,,)ncz defined on
(Q, A, P), for all integers k,r, let

Ty = Max E sup {7(0(Xp,p <0),(Xiy, ..., X))} Tk = sup Ty,
1<I<r | <y <. <iy reN*

The process (X,,)nez is said to be 7-mixing when 7, — 0 as k — oo. Examples of
T-mixing processes can be found in the book of Dedecker et. al [24] or the articles
of Dedecker & Prieur [25] and Comte et. al [22].

The following result has been obtain in Claim 1 in the proof of Theorem 3.4.1 of
Chapter 3. This is a consequence of a coupling lemma proved by Dedecker & Prieur
[25].

Lemma: [7-coupling, Claim 1 p17 in [49]] Assume that the process (X, ..., X,) is
T-mizing and let p, q¢ and Ay, ..., A,_1 be respectively the integers and the random
variables defined in Section 4.2.1. There exist random variables Ag, ..., Ay | such
that:

1. for allk =0,...,p—1, Ay = (X341 ""X(*Zk-i-l)q) has the same law as Ay,

2. forallk =0,....,p—1, A} is independent of Ay, ..., Ax—1, A%, ..., A5,

3. forallk=0,..,p—1, E(d,(Ax, 45)) < q7.

4.2.4 Main assumptions

Let p, ¢ and Ay, ..., A,_1 be respectively the integers and the random variables
defined in Section 4.2.1. For all m, m’ in M,,, let

Vbt = SUD_ qVar(Lg(t)(Ao)), Dagm = ¢ ) Var(Le(¥2)(Ao)),

t€Sm+S,,/, |t <1 Nem
bm,m’ = sup ||t||oo .
LSS, <1

For all m in M,,, let

q
RA,m = nHS - 3m||2 + 2DA7m> CAmm = ]_)bzn,m"
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We denote by esm = €amm: Vam = Vamm. For all & € N, let be ={m €
M., Ram € [k, k+ 1)} and for all n in N* and, for all £ > 0, &' > 0 and v > 0, let
[k] denote the integer part of k and let

by (kK = I (1 Card(MIE)) (1 + Card(MED) (k + DK +1)) + (nn)’
(4.10)

The following assumptions generalize Assumptions [V] and [BR] made in Chapter
2.

[V’]: There exist v > 1 and a sequence (€,)nen, with €, — 0 such that, for all n in

N,
U2 2 o
Am,m/ Am.m! 4
sup - \V/  — 2 )] o <e ’
(m,m/)€(Mn)? { ((RA7m \% RA,m/) RA,m V RA,m’) mm } n

where, for all m, m' in My, Ly = lyy(Ram, Ram)-

[BR’] There ezist two sequences (h)nen+ and (hQ)nen= with (kS V hY) — 0 as
n — oo such that, for all n in N*, for all m, € argmin,,em, Ranm and all m* €
arg maxmem,, Dam, we have

n||s — Sy |2

R
ﬂghg’

<h,
DA,m* A,m*

n*

4.3 Main results

4.3.1 Resampling penalties

The first theorem gives oracle inequalities satisfied by the estimator selected by the
resampling penalty.

Theorem 4.3.1 Let Xy, ..., X,, be a strictly stationary sequence of random variables
with common density s and let (Sy,)mem, be a collection of linear subspaces of L*(11)
satisfying Assumption [V’]. Let § be the estimator defined in (4.9) with pen(m)
defined in (4.8).

Assume that X4, ..., X,, are B-mixing, then, there exists a constant C > 0 such that

P <||s — 58] > (1 + 110¢,) inf s - §A,m||2) < Ce x4 pg (4.11)
me n

Assume that X1, ..., X,, are real valued and T-mixing, then, there exists an absolute
constant C' > 0 such that we have

E (||s = 5*) < (1+160¢,)E ( ir}a |s — §A7m||2) +C (e—%ﬂnn)” + TqMCn) , (4.12)
me n

where the mizing complexity MC,, is defined by the following formula:

MG, = Y (zw

meMy AeEmM

sup Lip(ix) + ||s[[[ M| sup Lip(ﬂ) :
AEM tEBm

Comments:
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e Theorem 4.3.1 can be compared with Theorem 2.2.5 in Chapter 2. An extra

term pf, appears in the control of the deviation probability when the data
are J-mixing. We show in Section 4.4 that p and ¢ can be chosen in order to
have p3, < Cn~* for some a > 1 under classical assumptions on the mixing
coefficients.

When the data are 7-mixing, we see that the mixing coefficient 7, must control
the mixing complexity MC,,. It is clear that M (), = oo for many collections
of linear spaces (Sy)mem, (as histogram spaces for example). Therefore, we
have to choose carefully the collection M,, when we deal with 7-mixing data.
In Section 4.4, we show that, on wavelet spaces, p and ¢ can be chosen in order
to have T,MC), < Cn~! under classical assumptions on the mixing coefficient.

Up to our knowledge, inequalities (4.11) and (4.12) are the first oracle inequal-
ities obtained for totally data driven PLSE of the density s when the data are
mixing. Moreover, this is the first time that the risk of the selected estimator
is compared with the risk of an oracle and not with an upper bound.

4.3.2 Slope heuristic

We will now justify the use of the slope heuristic when the data are mixing. Recall
that two types of results are required. First, we need to prove that a small penalty
leads to a too large complexity of the selected model and that we cannot obtain an
oracle inequality in this case. This is the purpose of the following theorem, which
generalizes Theorem 2.2.2 in Chapter 2.

Theorem 4.3.2 Let X1, ..., X,, be a strictly stationary sequence of random variables,
with common density s. Let M,, be a collection of models satisfying Assumptions
[V’], [BR’] and let € =€, V h}.

Assume that there exists a constant 0 < § < 1 such that, for all m in M,

(2—=0)Dam

0 < pen(m) <
n

Let m, § be the random variables defined in (4.9). Assume that Xy, ..., X, are [3-
mixing and let

§ — 75¢t

T 27e)

There exists a constant C' > 0, such that, with probability larger than 1—Ce2(nn) _

By,

- C . ~
Da > enDame, ||s — SH2 > " inf |[s— sA,mHQ. (4.13)

hg meM

Assume now that Xy, ..., X,, are T-mizing, let MC,, be the mixing complexity defined
in Theorem 4.5.1 and let

/ 5_h’:L

"= 51+ 356,)

There exists an absolute constant C > 0 such that

E(Dam) > ¢, Dam- —Cn <rf%(1n")7 + TqMCn) . (4.14)
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/
E (s —5]?) > 22—"1@ ( inf [|s - §Am||2) —C (e—aannw +7-qMCn> . (4.15)
% me n ’

Remark: When n is sufficiently large, ¢, > 6/4, ¢,, > §/4. Hence, when pen(m)
is not larger than 2D, ,,/n, inequalities (4.13) and (4.14) ensure that with high
probability or in expectation Dgj,;;, > ¢Dap+, which is as large as possible and
inequalities (4.13) and (4.15) show that no optimal oracle inequality can hold. This
proves the first point of the slope heuristic.

The following theorem justifies the remaining points.

Theorem 4.3.3 Let X1, ..., X,, be a stationary sequence of random variables with
common density s. Let (Sp)mem, be a collection of models satisfying [V’]. For all
m in M,, let pen(m) be a penalty function and let § be the estimator defined in
(4.9). ]

Assume that X4, ..., X,, are B-mizing and that there exist constants 6 > § > —1 and
0 < p' <1 such that, with probability at least 1 — p', for all m in M,,

4D A m Ram 4D g <Ram
4 +0 4, < pen(m) < Am | §otAm

n n n n

Let

2(1+0—27€y)

o _Lb043Ten i | 4§ — 27¢, > 0
n= e if 140—27¢, <0

There exists a constant C' > 0, such that, with probability at least 1 — Ce3nn)” _
PPy — 7,
DA,fn S CnRA,mo7 ”8 - 5”2 S 2cn ll}a HS - §A,mH27 (416>
meMnpn

Assume now that X, ..., X, are T-mizing and that there exist constants § > —1,
d > —1 and a sequence (en)nen, with Y e, < 00 such that

4D
E ( sup ( Am +éRA’m — pen(m)) ) < e,
n
+

mGMn n
4Dpm  <Ram
E( sup (pen(m) - Am 524 ) ) < én.
meMnp n n n

Let MC,, be the mizing complexity defined in Theorem 4.3.1 and let

2(1+0—125¢,,)

g _14+6455en if 149 —125¢, >0
N if 146 —125¢, <0

There exists a constant C' > 0, such that,

E(Dam) < cn (Ram, +n(Ct,MC,, +e,)). (4.17)

E (s~ 31) < (E( jnf s sanll) + CRMCu 1)) (019

Comments:
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o Dy jumps from Dy, (Theorem 4.3.2) to Ra,,, when pen(m) is around
2D 4 m/n, this justifies the second point of the slope heursitic and clarifies
what we meant by “much smaller”. Point 3 of the slope heuristic comes from
inequalities (4.16) and (4.18) applied with § = § = 0.

e We see in this theorem why it may be usefull to overpenalize a little from a
non asymptotic point of view. Imagine that 1 —67¢, is very close to 0, then ¢,
will be much smaller if we choose > 0 than if we take its asymptotic optimal
value 0.

e Theorem 4.3.3 can be compared with Theorem 2.2.2 in Chapter 2. We ob-
serve the same differences as those between Theorem 4.3.1 and Theorem 2.2.5
in Chapter 2. In the following Section we will discuss more precisely these
differences under classical Assumptions on the mixing coefficients.

e The practical implementation of these algorithms is discussed in general in
Arlot & Massart [7], see also the discussion for density estimation in Chapter
2. The slope heuristic is very quick to compute and shall be prefered when we
know a shape of the ideal penalty. The resampling-based estimators give this
shape for more general collections. The resampling penalty given in Theorem
4.3.1 do not depend on the observation of a jump of D, that may be hard
to detect in practice. However, the constant Cy, given in this theorem is
asymptotically optimal and the slope algorithm clearly improves the selected
estimator in the simulation study of Chapter 2.

4.4 Comparison with previous results

In this section, we compare the estimator given by the resampling penalty with
those given in Chapter 3. Let us first insist here on the fact that the resampling
procedure is totally data driven and entirely computable. In Chapter 3, recall that
the estimator was chosen among the collection of least-squares estimators (8., )menm,
where §,, = argmingeg, P,Q(t), by a penalization procedure

§ = 8, where m = arg mrgjl& P,Q(5,,) + pen(m). (4.19)
Mixing assumptions In Chapter 3, we considered two kinds of rates of convergence
to 0 of the mixing coefficients. Let v = 3 or 7.
[AR(0)] arithmetical y-mixing with rate #: there exists C' > 0 such that, for all k
in N, 7, < C(1 + k)~0+9),
[GEO(#)] geometrical y-mixing with rate : there exists C' > 0 such that, for all k
in N, v, < Ce %%,

4.4.1 [-mixing processes

In Chapter 3, in the f-mixing framework, the collection of models was assumed to
satisfy the following assumptions.

[Mi] (¢x)aen is an orthonormal system of L*(u) and, for all m € M,, S, is the
linear span of {1} ,c,, with finite dimension d,, = |m| > 2 and N,, = maxX,,enm,, dm
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satisfies N, < n;
[Ms] there exists a constant ® such that

Vm,m' € My, ¥t € Sy, ¥t € Sy, [t + 1]|ce < P\/dim(S,, + Sp) ||t +1'||2;
[M3] dyy < dp implies that m C m’ and so Sy, C Sy
We can easily deduce from [M;] that for all & > n, MF = () and, from [Ms], for all
k <n, Card(MPF) < 1. Hence, there exists a constant ¢y such that, for all y > 1,

lm7m’ S Cv(ln 7’L)2,y

In Chapter 3, we derived the following inequalities. If there exists 8 > 1 such that
Xi, ..., X,, are arithmetically [AR(0)], f-mixing, there exists constants c¢,, c., cp,
cyr such that, for all m, m’ in M,,,

U?A,m,m’ S CU(dm v dm/)3/47 b2 S Ce<dm V dm/)u DA,m S Cde-

A,m,m’
The constants ¢, and c¢p depend on the mixing coefficients and are unknown in

practice. In order to verify [V’], we need two other assumptions.

[My] There exists ¢, > 0 such that, for alln in N*, for allm in M,,, Da .y > Ipdp,.
[Ms] There exist v > 1 and a sequence r, — oo such that R,(Inn)~% > r,, where
Rn = infmeMn RA,m-

Without loss of generality, assume that v < 3/2 in [M;]. Now, choose p >
vn(lnn)?/2, ¢ > y/n(Inn)=2/2 such that 2pg = n. Hence, there exists a constant
ey such that pB, < ep(logn)?@+2n=0/2 For all m, m’ in M,,,

A V dpy 20 Do V Dy 2¢, _1RAm\/RAm/
—_— < O L _(lnn) e L LU
(Inn)* dp (Inn)? < (Inn)2

When d,, V dpy < rp(Inn)*; then

€A mm/ S 2C€

Rn —1/4 RA,m \ RA,m’

y /<Udm dm’3/4<vn71/47<vn
'UA,m,m >cC ( \% ) >cC (T‘ ) (lnn)V >cC (T‘ ) (IIITL)’Y

When d,, V d,y > r,(Inn)*?, then

V< eydon V) < €0 Dam V Daw . co Ram V R
e = p (dn Vdm )T Y (Inn)

Therefore, [M;]-[Ms] and [AR(#)] with § > 1 imply [V’] with
€n =C ((lnn)’l/4 Ary 8.
We have obtained the following corollary of Theorem 4.3.1.

Corollary 4.4.1 Let M,, be a collection of models satisfying [M;]- [Ms]. Assume
that the process (X, )nez 18 strictly stationary and arithmetically [AR(0)] S-mizing
with mizing rate 0 > 1. Let § be the estimator defined in (4.9) with a resampling
penalty (4.8). Let € = (Inn)~Y4 Ary /5.

There exist constants C' > 0 and k > 0 such that

(log n)2(9+2)

~ 2 * : A 2
P (15 sl > (1 ke inf s = sanl) < €L

n
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Comments: This result can be compared with Corollary 2.3.1 in Chapter 2. In the
independent case, these rates of convergence of the leading constant is always given
by (r,)"'/* and his rate is often polynomial in n. It is not faster than (Inn)~*/* in
the f-mixing case. The deviation probability was upper bounded by Ce2(nn) for
some constants C' > 0 and v > 1, it is now polynomial in n.

[Ms] is hard to check in general. Let c¢;' = 2sup,-,(Inx)®z~!. [M;] is satisfied
for example, if there is no model in M,, that have dimension d,, < c;(Inn)® and if
[M,] is satisfied. In this case, [M5] holds with r, = (Inn)? and we deduce from our
previous computations the following result.

Corollary 4.4.2 Let M,, be a collection of models satisfying [M;]- [My]. Assume
that the process (X, )nez is strictly stationary and arithmetically [AR(0)] B-mizing
with mizing rate @ > 1. Let § be the estimator defined in (4.9) with a resampling
penalty (4.8). Then, there exist constants k > 0, C' > 0 such that, with probability
larger than 1 — Cn=%2(log n)*%+2),

inf Is — Samll5-

~ 2
— <|(1+4+ +—=7
||S 8”2 — < + (ln n)1/4> mEMnydmZCd(lnn)g

Recall the theorem we proved in Chapter 3 for S-mixing sequences.

Theorem 4.4.3 Let M,, be a collection of models satisfying [M;], [Ms] and [Ms].

Assume that the process (X, )nez s strictly stationary and arithmetically [AR(0)]
B-mizing with mizing rate 0 > 2. Let § be the estimator defined in (4.19) with

i
pen(m) = Kep—, where K > 4.
n

Then, for all k > 2, there exist co > 0, L, > 0, v1 > 0 and a sequence €, — 0, such
that, with probability larger than 1 — Cn~=%?(logn)*0+2)

i=sly<re) it (s = sl + pen(m)

Comments: Both procedures lead to trajectorial oracle inequalities (4.3). The pro-
cedure of Theorem 4.4.3 depends on the constant cp, which is in general unknown
and which may be be very pessimistic. On the other hand, in Corollary 4.4.2, the
selection algorithm X1, ...., X, — § is totally computable in practice. Moreover, the
risk of § in Corollary 4.4.2 is compared with the best of the risks in the collection
M,,. Tt is compared with an upper bound on ||s — s,||*> + 2E (||sy — 84.m[?) in
Theorem 4.4.3. Finally, Theorem 4.4.3 does not require [M,] to work. However, our
new estimator improves the estimator given in Theorem 4.4.3 every time that [My]
(or any other assumption ensuring [V’]) holds.

Let us now assume that there exists § > 0 such that the data Xi,..., X,, are ge-
ometrically [GEO(#)] [-mixing. We still assume [M;]- [Ms] on the models. Let
p>n(lnn)~2/2, ¢ > (Inn)?/2 such that 2pg = n. Then there exist constants c,, cys
such that, for all m, m’ in M,,,

—Q(ln n)?

ﬁ < n 9
C e
p q = M(l 77,)2 )
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(Inn)?

1 442~ R V R )
Camm' S €= (dm V d) < c (Inn) am V Bam

p n (Inn)%

Thus, we deduce from the previous computations the following corollary.

Corollary 4.4.4 Let M,, be a collection of models satisfying [M;]- [Ms]. Assume
that the process (X, )nez 18 strictly stationary and geometrically [GEO()] 5-mixing

with mizing rate @ > 0. Let § be the estimator defined in (4.9) with a resampling

penalty (4.8). Let €, = (TEUS v V4 (In n)1+’7/2> and 0 =0 A 1.

There exist constants C > 0 and k > 0 such that

n 01 2
P([5—s|?>(1+re) inf ||s—3§ 2l <c e~z (nn)
(15> (1w inf 1= a?) < O
Comments : Under the stronger assumption that the process is geometrically
[-mixing, we recover the same results as in the independent case. The rate of
/ /" in the independent case and the

. . . —1/8 . -1
convergence is essentially given by r, /", it was ry,

. e . —92 ,9_1(1nn)2 . fl(lnn)Q
deviation probability is upper bounded by Cn(lnn)=?e~ = instead of C'e™2 .

4.4.2 T7-mixing processes

Our results for 7-mixing processes do not apply to general collections of models as
mentioned before. We give in this section a classical collection where they might be
used.

Dyadic Wavelet spaces:

This collection was the one of Chapter 3. Wavelet spaces are classically considered
because the oracle is adaptive over Besov spaces (see for example Birgé & Massart
[15] or Chapter 3). Hereafter, r is a real number, » > 1 and we work with an r-
regular orthonormal multiresolution analysis of L?(u), associated with a compactly
supported scaling function ¢ and a compactly supported mother wavelet ). Without
loss of generality, we suppose that the support of the functions ¢ and 1 is included
in an interval [A;, As) where A; and A, are integers such that Ay — A = A > 1.
For all functions ¢ in L*(p), we denote by ||t]| 5, its bounded variation semi-norm,

that is
-1

[l gy = sup sup > [tazen) — tlay)l.

leN* —co<ar<...<a;<+o00 =1

For all kin Z and j in N*, let s : © — 2622 — k) and ¢, 1 @ — 29/2 (27 —
k). The family {(¢;k)j>0kez} is an orthonormal basis of L*(p). Let us recall the
following inequalities: let Koo = (V2[|¢]los) V [|¥]loo, Kz = (2/2Lip(#)) V Lip(¥)),
KBV = AKL

Then for all j > 0, we have [|1;x]loo < Koo2’/2,

S| < AK2” (4.20)
kez -
Lip(¢j.) < K297 (4.21)
[kl < Kpv2'/?,. (4.22)

We assume that M,, is the following collection.
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[W] dyadic wavelet generated spaces: let J,, = [In(n)/1In(2)], for all J, =1, ..., Jp,
let
m={(jk), 0<j < Ju, k €Z}

and let Sy, be the linear span of {1 i} jkem-

It is a classical result (see for example Birgé & Massart [15]) that this collection
satisfies the following Assumptions

[T1] for all m € M,,, 2™ < n;
[T2] there exists a constant ® such that
VYm,m' € My, Yt € Sy, Vt' € Sy [t + 1 ]|oe < D221t 4 1/|],;

[T3] IM,]| <lnn/In2.

Under these Assumptions, the following Lemma hold.

Lemma 4.4.5 Let 0 > 2 and assume that Xy, ..., X,, are arithmetically [AR(0)]
T-mizing and let w = 3/(1+0) A1. Let M,, be a collection of reqular wavelet spaces
[W]. There exist constants cp, ¢,, ¢, such that, for all m, m' in M,

(1+w)

1
Dam < cp2™, U?‘X,m,m/ <e, (2Jm\/Jm/)2 ’ b,24,m,mf < 27V It

Moreover, MC,, < cyn?.
Hereafter, u denotes the real number defined in Lemma 4.4.5, that is

u—i/\l
14600

As in the previous section, we add extra assumptions to prove [V’].

[T4] There exists a constant ¢, > 0 such that, for all n € N*, for all m in M,,
DA,m > C,DQJm.

[T5] There exist a sequence r, — 0o and a constant v > 1 such that,

2y

R,(Inn) 1= > r,.

Without loss of generality, assume that v < 3/2 in [T5] and that there exists 6 > 2
such that X7, ..., X,, are arithmetically [AR/(6)] 7-mixing. Choose p > /n(lnn)?/2,

q > /n(lnn)~2/2 such that 2pg = n. Then, u < 1 and there exists constants C(TQ),
¢, such that

) (In n)?(1+0) e RamV Ran
p@=3/2 > CAmm =0, (Inn)2

T MC, < cgg

2

When 27mVm <, (Inn)t-u,

2 1(1+w) _1w R R V R ’
e B
Tn nn)”
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When 27#V/m > r, (In n)l%,

’U2 < v DA,m Vv DA,m/ Cy T*PTH RA,m Vv RA,m/
;S . > S TI'n —
Amamt = 2\ T (Inn)y
rp(Inmn)i-«

As in the S-mixing case, we deduce the following corollary.

Corollary 4.4.6 Assume that the process (X, )nez is strictly stationary and arith-
metically [AR(0)] T-mixing with mizing rate > 2. Let M,, be a collection of reqular
wavelet spaces [W] and assume moreover that [T4], [T5] hold. Let 5 be the estima-
tor defined in (4.9) with a resampling penalty (4.8). Let € = (Inn A r,ll_“)_l/4.
There exist constants C' > 0 and k > 0 such that

(ln n)2(1+9)

~ 2 * . ~ 2
E (||s - s||2) < (1+ke,)E (mlel}éln |s — 5A7m||2) + Cin(efs)p )

Comments:

e With a mixing rate § > 5, the estimator selected by a resampling penalty
satisfies an oracle inequality (4.4). This result can be compared with Corol-
lary 4.4.1. When the data are 7-mixing, we do not obtain a trajectorial oracle
inequality (4.3) and the condition on the mixing rate is stronger than in the
[-mixing case, but, as mentioned in the introduction, this result is very inter-
esting because there is a lot of examples of processes that are 7-mixing and
not [-mixing.

e Assumption [T5] is hard to check in practice but it can be removed as in the
[-mixing, provided that we only consider models with dimension larger than
cy(Inn)™ for some well chosen constants ¢y, and 7.

e We can get better rates of convergence if we assume that the process is geo-
metrically 7-mixing and if we choose p and ¢ as in Corollary 4.4.4.

This result can also be compared with our result on 7-mixing processes proved in
Chapter 3. Let us recall here this result.

Theorem 4.4.7 Let (X,,)nez be a strictly stationary process and assume that there
exists 0 > 5 such that it is arithmetically [AR](0) T-mizing. Let M., be a collection
of wavelet models satisfying [W]. Let § be the estimator defined in (4.9) with

Dy,
pen(m) = Kep—, where K > 4.
n

Then there exist constants co > 0,7, > 0 and a sequence €, — 0 such that

B (5 —slf) < @re) (, nf = sl +pentm)).
Comments: As in the f-mixing case, the main improvement of Corollary 4.4.6 is
that the new procedure is totally data driven. Moreover the risk of the selected esti-
mator is compared with the oracle in Corollary 4.4.6 whereas it is compared with an
upper bound on inf e pm, {||s — $m|[* + 2E (||$m — 84.m]|?)} in Theorem 4.4.7. There-
fore, our new procedure improve the one given in Chapter 3 every time that As-
sumption [T4] or any other Assumption ensuring [V’] holds. [T4] is not necessary
in Theorem 4.4.7.
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4.5 Proofs

This section is devoted to the proof of the main results. Let us give some notations
that we will use repeatedly all along the proofs.

Forallk =0,...,p—1,let I = (2kq+1,..., (2k+1)q), A = (X, )ies, and I = U_{ I,
For all functions ¢ in L?(u) and all 1, ..., z, in X, let

L,(t) (@1, ..., zq) = lz , Pat = ZL 2 Zt(Xi)>

qil

valt) = (Pa— P)(0).

The estimator 54 ,, associated to the model S,,, is then defined as
S in P,Q(1).
Sam € arg min PaQ(t)

For all m, m’' in M,,, let

Ty = 3 (Lo(tn) — Pun)?

AEM
Un = P Z > (L — Pa)(Lg(2)(A5) = P),
l;éj 0xem
p(m) = |[sm — Saml* = sup (va(t))* =D (va(yh))™.
t€Bm AEM
pw(m ZEW WY ()%, 6(m,m’) = 204(Sm — Sw).
W AEM
Lemma 4.6.2 applied with n = p, A =m, t\ = L,(¥n), X; = Ai_1, gives
pw(m) = >(Pa(Tn) — Un) (4.23)
p(m) — pw(m) = Up, (4.24)

where Pa(Ty,) = S P28 Tr(Ax) /p.

For all functional T' = F'(Ay, ..., Ap_1), let T = F(Ag, ..., A5 ), where the random
variables (A}) are given by the coupling Lemmas given in Section 4.2.3. In particular,
we will use repeatedly the notations P, v4, Uf,, p*(m), piy,/(m), 6*(m,m’).

For all function ¢ of L?*(p), for all r in N and all zy, ..., z,, 41, ...y, in X,

L06) ) = L)) S 3 3 ) — )

< Ligt)dy (@1, ), (1, 0))

Thus Lipg, (L(t)) < Lipy(t)/r.
For all k € N, MF = {m € M,,, Ra,, € [k,k+ 1)} and for all n in N and, for all
k>0,k >0and~ >0, let

Lo (k') = In <<1+card(M£fl))( + Card(MF)) (k + )(k;'+1>)+<1nn)'v.
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For all m, m’ in M,,, let L, s = Uy o (Ram, Rap). From Lemma 4.6.1, for all K > 1,
there exists a constant C' > 0 such that

Z elemym/ _ CefK(lnn)"/.
(m,m’)E(Mn)2

Under [V7],

2 2
VAm,m! ) €A,m,m/ 2 4
sup —— ) V— |2 5 <.
(mm/)e(Mn)? { ((RA,m V RA,m/ RA,m V RA,m/> m,m } n

We will now state and prove some technical lemmas. Lemmas 4.5.1 and 4.5.2 are
coupling lemmas. They allow to work with p*(m), p},(m), 6*(m, m’) instead of p(m),
pw(m), §(m,m’). Lemma 4.5.3 is a consequence of our study of the independent
case. It allows to extend the proofs of Chapter 2 to the mixing case. It is the main
tool of this paper.

Lemma 4.5.1 Let Xy, ..., X,, be stationary random wvariables, real valued and (3-
mizing. Let p and q be two integers such that 2pq = n and let Ag, ..., Ay | be the
random variables given by Viennet’s Lemma in Section 4.2.3. There exists an event
Q¢ such that P(QF) < pB, and such that, on Q¢, for all m, m’ in M,,, we have

p(m) = p*(m), pw(m) = py,(m), 6(m,m") = 6*(m,m’). (4.25)

Proof :
Let Qo ={Vk =0,...,p—1, Ax = A;}. It comes from Viennet’s Lemma that
P(QZ) < pf, and it is clear that, on Q¢, (4.25) holds.

Lemma 4.5.2 Let Xy, ..., X, be stationary random variables, real valued, T-mizing
and with common density s. Let p and q be two integers such that 2pqg = n and let
AGs s Ay e the random variables given by the coupling’s Lemma in Section 4.2.5.
Let M,, be a collection of models and let M C,, be the associated mizing complexity

defined by
-5 (|zm]
meMy

sup Lip, () + [s]|M | sup Lz’p(t)) .
€Em EDBm

Aem
For all m, m' in M,,
< sup |[p(m p*(m)|) <Ar,MC, (4.26)
meMy,
* 87—(]
E{ sup [pw(m)—py(m)| | < —MC, (4.27)
meMn, p
E < sup  d(m,m’) — 6*(m, m')) < A1, MC,. (4.28)
m,m’ My,

Proof :
For all m in M,,, we have

 (sup o) =)l ) < 3 E(lon) — 57 m)),

mEMn mEMn
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Moreover, for all m in M,,,

o) =] = |32 ((Pa = P = (P = Py’
= [ (Gt (P2 = P
< Cloa+vl Zw () (A) — Ly(n) (A7)
< 4 AZ@:ﬂl%l migngpd kz; (Ar, A})
< 2> supLipde)lpqu(Ak,Az)-
q|= _em p

We take the expectation in this last inequality and we use the 7-coupling Lemma of
Section 4.2.3 to obtain (4.26).
From (4.23), we have

[pw (m) — ply(m)| = ; ((Pa— P)(T) — (U — U]
We have

(Ps — PZ)T =

Z Z o(U3) (Ak) = La(2) (A7) (Lg($2) (Ar) + Lo(¥x) (A7) — 2Py),

)\em k=0
thus
-1
[(Pa— P)Tnl = 4| [¢al|| supLipg, (Ly(n)) Z (Ax, A7)
em OOAEm k:
4 152
< — D Iwnl|| sup Lipy(ehn)- qu(Ak,A;;).
1| \em o NEm P
Moreover
Un—Up, = — PYn)(Lg(¥a(Ai)) — Lo(¥a(A7)))
z;ﬁ] O)\Gm
— PUn)(Lq(¥a(45)) — Le(¥r(A7))),
1#£j= OAEm
thus
-1
U U*|<— > 1l sulepd )= Z (Ar, A3).
AEm k:
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Therefore,

-1

sup Lipy(1y)— Z (A, AL))

Z m

AEm

Z m

AeEm

E (lpw (m) = pw(m)]) <

IN

Sup Lipg (1))

Thus

E<sup |pw<m>_pzv<m>\) < S E(pwim) — py(m))

mEMn mGMn
874 .
< =1 > W))\ sup Lip; (1),
p meMy, |[|Aeém em

Finally,

E( sup 5(m,m/)—5*(m,m/)) < Z E (|6(m,m') — §*(m,m')])

m,m/€Mn m,m/eEMy,
and, for all m, m’ in M,,,
E([6(m, m') = 6"(m,m)[) = 2E(|(Pa— Pi)(sm — sa)|)
2

p—1
< —Lipy($m — Smr) ZE (dy(Ax, A}))
rq k=0

< 27, Lipy(Sm — Smr)-

For all z,y in X and all m, m’ in M,,,

t€EBm teB,,

(5 = 50)(@) = (3 — 500} (9) < | (sup Lip(t) + sup Lip<t>) d(z,y)
Hence, Lipy(sm — ) < 151 (Subrep,, Tin(0) + supress , Lin(1)), thus

B sup amn) =6 (mm) ) < anflsllM] 3 sup Lin(0)
€Bm

m,m'eMy, meM,,

Let us now derive some consequences of the results of Chapter 2.

Lemma 4.5.3 Let M,, be a collection of models satisfying [V’]. Then there exists
a constant C' > 0 such that

2Dam Ram —L(nn)"
(W b2 oo

n
meMy,

2D m R m _1 ¥
IP’( U {p*(m)— ; < —25¢, 2 }) < Ce2m, (4.30)

meMy,
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* * R ,m —Linn)r
IP’( U {p (m) = piy (m) > 15¢,~ }) < Cemanm?, (4.31)

mEMn

P ( U {p*(m) — ply(m) < —25¢, Ram }) < Ceznn)” (4.32)

n
mGMn
R m R m/ — Y
P ( U {5*(m,m') > 12¢, (u) }) < Ce~nm), (4.33)
n
m,m/GMn
There exists an absolute constant C > 0 such that
2D m m _ 4 Yy
E( sup (p*(m) - 2Am 15enRA’ ) ) < Ce 2mm), (4.34)
meM,, n n +
2D A m, Ry _1
E( sup (—p*(m) 4 A 3¢, — ) >) < Cem 2, (4.35)
meMy, n +
* * RA m _l(ln n)Y
E | sup (p"(m)— pj(m)— 20e,— < Ce2 : (4.36)
meMy, n +
* * RAm fl(lnn)”
E{ sup | —p"(m)+ pjy(m) — 35¢,— < (Ce 2 : (4.37)
mGMn n +
R m V R m/ _1 v
E( sup (5*(m,m') — 20¢, (u)) ) < Cem2mn) (4.38)
m,m' e My, n +

Proof of the concentration inequalities :
p*(m) = sup,cp, ((v4)(t))* and Aj, ..., A5, are independent. Thus

. Var (Ly(¥2)(Ao)) — 2Dam
E(p(m)) = Y ———0 250 = =R
AEm p
Uzl,m SUDP¢eB,, HLq(t)”io €Am
sup Var (Ly(t)(Ap)) = , < .
t€Bm q p q

We apply Proposition 4.6.3 in the Appendix with B = {L,(t),t € B,,}, D = Dan/q,
v? = U,an,m/% € =¢€am/qand n =p. Forall z > 0 and all m in M,,, with probability

larger than 1 —e™*

2D, 2D (e4m(192)2)4 + 6 /D mv?, x4+ 602, 2 + 2e4m(197)2
_ m ’ ’ ’

n o n

p*(m)

and, with probability larger than 1 — 2.8e™*

o 16D} (eama®)/* 4 15.22, /D g % 7 + 2€4,0(40.252)°
= pi(m) < -

(4:39)
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Let K > 0 be a constant to be chosen later, let l,, = l,, (R, Ri), and let = K?l,,.
From [V’] applied with m = m/, since D4, < Ram,

U?A,mx S <K6n>2RA,m7 eA,me S (Ken)4RAm’L7

DYt (eama®)V' < KeuRamy v/ Damvi o < KeyRo. (4.40)

Let e,(K) = (2V/19 + 6)K + 6K 2%¢, + 2(19)2K*e3 | from (4.40),

2D (€am(190)) " 1 64/ D v + 605 0 + 2, (19)° R
< en(K)e,—=.
- <eu(K)e -

Thus, from Lemma 4.6.1, for all K > 1/+/2, there exists a constant C' > 0 such that

1@( U {QD:,m ) > en(K)enR;‘;’m}) .

meMy,
2DA m RA ,m —K?] 2(1
P * _ ) m (Inn) )
Z (p (m) > en(K)ep ) Z e < Ce®
meMy meMy

Let K = 11/(2v/19 + 6) > 1/4/2 and choose n sufficiently large such that 6/ 2, +
2(19)2K*e3 < 4, then e,(K) < 15 and (4.29) holds for all n sufficiently large. It
holds for all n provided that we enlarge C' if necessary.

Let e\ (K) = 31, 22K + 2(40,25)2K*€3, from (4.40),

16D%f‘n(eA,mS€2)1/4 + 15.22\/m+ 2€A,m(40-2537)2 3 (2)<K> Ram
e, .

> €n
n n

We apply inequality (4.39) with 2 = K?I,,. For all K > 1/v/2, there exists a
constant C' > 0 such that

P( U {orm - 220 < —e§><K>enRgm}) <

meMpy
2D A m Ram _
E P (p*(m) - A —el? (K)en m ) <28 E K2ln < Q=K nn)?,
n n
mEMn meMn

Take K = 23/31.22 > 1/v/2 and n sufficiently large to have 2(40,25)2K*e < 2,

then e\ )(K ) < 25 and (4.30) holds for sufficiently large n. It holds then in general,
provided that we enlarge the constant C' if necessary.

From (4.24), p*(m) — py,(m) = U}. Therefore, from Lemma 4.6.4 in the appendix,
for all m in M,, and all x > 0, with probability larger than 1 — 2™,

10.62D7%2 (€m@®) 4+ 6, /03, Dam + 60,0 + 264, (19.12)°

n—1

I

(4.41)
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and, with probability larger than 1 — 3.8e™7,

18D:9’4/7fn(e,47mx2)1/4 +15.22, /Uf‘,mDA,mSU + 2€.4,,(40.37)?

n—1

piv (m)—p*(m) > - (4.42)
Let K > 0, e (K) = (16.62K + 6K2¢, + 2(19.1)2K*€3)n/(n — 1) and z = K2,
from (4.40),

10.62D%fn(€A,mS€2)1/4 + 6\/W + 6vfl,m:c +2e4m(19.12)* & (K) Ry
S € K €n 7m'

n—1 n

We apply (4.41) with 2 = K?I,,,. From Lemma 4.6.1, for all K > 1/+/2, there exists
a constant C' such that

P( U {p*<m>—p’;v<m>>e5§><K>enRgm}> <

meMy,

5 B () - pivm) > )0 A ) <2 3 e < gt
meMy meMn

Take K = 12/16.62 > 1/+/2 and n > 15 such that 6/K2¢, + 2(19.1)2K%3 < 2, then
6%3)(K ) < 15 and (4.31) holds for sufficiently large n. It holds in general provided
that we enlarge C' if necessary.

Let K > 0, el)(K) = (33.22K + 2(40.3)2K*€3)n/(n — 1) and = K2,,. From
(4.40),

18D (eama®)V/* +15.22, /03 | D + 2€ 4,,(40.31)? )0y B
< eW(K)e,—=.

n—1 " n

We apply (4.41) with 2 = K?I,,,. From Lemma 4.6.1, for all K > 1/+/2, there exists
a constant C' such that

P( U {p;v<m>—p*<m>>e;4><K>enR2’m}> :

mEMn

Ram :
Z P (p*W(m) _p*(m) > 6514)(K)€n ax ) S 3.8 Z 6_K2lm S Ce—K2(lnn) )

n
meMy meMy,

Take K = 23.5/33.22 > 1/4/2 and n > 25 such that 2(40.3)2K*e3 < 0.5, then

egl)(K ) < 25 and (4.32) holds for sufficiently large n. It holds in general provided
that we enlarge C' if necessary.

Finally, we apply Lemma 4.6.5 in the appendix to the functions s,, — s,,, with
L = L, and v, = vy, we have v*> <0}, /q and € < e m/q. For all m,m’ in

M,

4RA,m Vv RA,m/
n

I

I$m = s |1 < 2(1Ism — sl + s — 5[1%) <

thus, for all n > 0, for all z > 0,

R m\/R m’ 8U2mm/x+4€ mm/.TQ 9
]P’(é*(m,m’)>4n< A, A, )+ 4m, Am, /

nn

) <e . (443)
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Let K > 0, L = by (Raums Ram), @ = K2l and e (K) = /2K2 + K2 /9.
From (4.40),

SUZMW:L’ +4eammr® )9 < 4(e 5)(K))en)2RA7m V Ram,

n

thus, for n = 65{5)(K))en,

2 2
477 (RA,m Vv RA,m’) + 8’UA,m,m/x + 461477”77”'1‘ /9 S 8625) (K))En RA,m Vv RA,m/ .
nn n

Hence, for all K > 1, there exists a constant C' > 0 such that

P < U {5*(m,m') > 86515)(K))en—RA’m ZLRA’W })

m,m/EMn
c RA,m V RA,m’
" n

< Z P (5*(m, m') > 8el¥(K))

m,m’GMn

< E e*Kle’m/ < CefKQ(lnn)”/
m,m’'EMy,

Take K = 11.4/(8v/2) > 1 and n sufficiently large to have 8,/K%4€2/9 < 0.6, then

86,(15)(K )) < 12 and (4.33) holds for sufficiently large n. It holds in general provided
that we increase C' if necessary.

Proof of the results in expectation

Let K > 0,2 >0, L, = lyy(Rm, Bn), © = K?1,,(1 + 2) and

626)<K7 Z) = (2\/E + 6)K\/E —+ 6[(26”1» + 4(19)2K462x2.
From (4.40),

2D (€,m(192)2) Y/ + 6y /Dav? 0 + 603 2 + 264, (192)?

n

RA,m
N

< (e 6)([(, 1)+ 6(6)(K, 2))én

n

Thus, from Proposition 4.6.3 in the Appendix, for all z > 0 and all m in M,,,

2D m R m R m B
P (p(m) = 2222 — 0, )e, T (K, ), TA2 ) < RO

Let us now briefly explain how to deduce from this concentration inequalities the
results in expectation.
[MI]: Integration of the concentration inequality

Let €, = €,Ram/n and f(m) = p*(m) — 2D am/n — e,(f)(K, 1)ém, we have

E(sup (f(m))+) < Y B = X [ P>

meMon meMs, meMs,
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Since z — g(z) = e£L6)(K ,z)) is clearly a C'-diffeomorphism of R, this last integral

is equal to

/0 TP (f(m) > eng(y)) emg (9)dy

For all K > 0, there exists a constant C' > 0 such that ¢’(z) < C(z7"/2 + 1+ 2).
From Lemma 4.6.1, for all K > 1, n > 2, there exists a constant C' > 0 such that

2D A m R
E( sup <p*<m>— Am _ 6) ([, 1)e, A ) )g
meM., n n i

C Y enRame ( / (=721 Z)G_KQZ’”Zdz) < Ce Ky,
0

meMy

The last inequality comes from the fact that €, is bounded and K?I,, > ¢ > 0 for
all n > 2, K > 1. Take K = 14.75/(2v/19 + 6) > 1 and choose n sufficiently large
such that 6K?%, + 4(19)?K*e3 < 0.25, then e,&ﬁ)(K) < 15 and (4.34) holds for all n
sufficiently large. It holds for all n provided that we enlarge C' if necessary.

We obtain (4.35) with the same arguments.

Let us now turn to the result on the resampling estimator of p(m). Let K > 0,
2> 0, by = lpy(Bm, Rin), © = K?1,(1 + 2),

6517)(](7 Z) = Ll (16, 62K\/ZE + 6K2€nl‘ + 4(191)2]{4621‘2) ’
From inequalities (4.40), we have

10.62D72 (€.4,m2?) 4 + 6, /03 . Dama + 603,70 + 2e4,n(19.12)?

n—1
7 ) Ram
< (&, (K, 1) + &, (K, 2))en
n

From inequalities (4.41) with z = K?[,,,(1 4 2) and for all z > 0, for all m in M,,
and all z >0

R Ram -
v <p*<m) B p*W<m> B 61(17)<K7 1)6n 4 > eg)<K, Z)En - ) < 2e Kle(lJrZ),
n n

We use again the method of integration [MI] to prove that, for all K > 1, there
exists a constant C' > 0 such that

E (sup (7] = pim) — (1 De, 72 ) ) < i
+

mEMn n

Take K = 17/16.62 > 1 and n > 20 such that 6K%, + 4(19.1)2K%e3 < 2, then
eg)(K ,1) <20 and (4.36) holds for sufficiently large n. It holds in general provided
that we enlarge C' if necessary.

We obtain (4.37) with the same arguments.
Let K >0, Ly = lyy(Riny Rowr), 2> 0, & = K2, v (1 4 2),

e®(K, 2) = /2K2z + 2K4€222/9,
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628)(1{) = 6£L8)(K> 1), gx(2) = (61(18)(.7(, Z))Q/GES)(K) and n = e,(f)(K, 1en.
RA m V RA m’ Svimm/x + 46A,m,m’x2/9
477 2 J _'_ ) )
n nn

RamV Ram
<4 (2e0(K) + gie(2)) ea "

Thus from (4.43), for all z > 0, for all m, m’ in M,, and all K > 0,

R \/R ! R \/R /
o fam ’ At Bam ’ Am gK(Z)) < oK (14)

P <5(m, m') — 8e® (K)

Thus
E ( sup (5*(m,m’) — 86;8)(K)6nM) )
+

(m,m’)eM2 n

< 3w ((romomt) - sl e o)
+

(m,m’)eM?2
o RAom NV R
= Z / P (5*(m, m') — 8e®) (K)e, —2m A x) dx
(m,m’)eM2 0 "

Let x = entK(z). For all K > 0, for all n > 2, there exists a constant

C > 0 such that gx(z)’ < C(1+2). Thus, from Lemma 4.6.1, for all K > /2, there
exists a constant C' > 0 such that

E ( sup (5*(771, m') — 861&8)<K)6nM) )
+

(m,m’)eM?2 n

[o¢]
<C Z en—RA’m V B eI b ms / (1+ z)e’K%mM’Zdz < Qe K(nn)T,
0

n
(m,m’)eM?2

Take K = 17/(8v/2) > +/2 and n sufficiently large to have 8,/2K%€2/9 < 3, then

86,(18)<K , 1)) <20 and (4.38) holds for sufficiently large n. It holds in general provided
that we increase C' if necessary. We can now turn to the proofs of the main results

of this part.

4.5.1 Proof of Theorem 4.3.1
Let us first assume that X, ..., X,, are f-mixing. Let us define the events
R,, 2D A R,
Q, = ﬂ {—25€<Rm) < p*(m) — Am < 15€<Rm)—} , (4.44)

n n n
mEMn

0= () {25t < prm iy < 15 )

n

Q=) {5(m,m') < 12, <M) } : (4.45)

n
(m,m’)eMp
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(mg {p(m ) (mg {pw(m) = piy(m )}>

N (| {6(m,m') =6"(m,m)} | . (4.46)

(m,m’)eMp
From Lemmas 4.5.1 and 4.5.3, there exists a constant C' > 0 such that
P(QC) < Ce 27 P(Q2) < Cem 2 P(QS) < Ce™ 17" P(QS) < pf,.

Let =Q,N Qp N Qg N Q. Recall that pen(m) = 2py (m). On Q, from inequality
(4.6), for all m in M,,,

Is =51* < lIs = Samll” + 2 (pw (m) — p(m)) —
= s = 3aml® + 2Pl (m) — p*(m)) — 2(p*w(m)—p*(m))+5*(m7m)

Ry, Ry
< s = Saml® + 626,— + 42¢,—.
n n

If 25¢, < 1, on €,

s =3 s = Saum? + =2 |ls = 51,

Hence, if 67¢, < 1, on €2,

. 14 37¢, . . —L(nn
P (1= 5P > 1 g0 int fls = danl?) < Ce s,

Take n sufficiently large to have 67¢, < 1 and 104/(1 — 67¢,) < 110. Then,

L 437, 104

SO 0 1 41106,
ore,  t1 g ms 110

and (4.11) holds for sufficiently large n. It holds in general provided that we increase
the constant C' if necessary.
From inequality (4.6), for all m in M,,

Is =317 < lls = samll* + 2 (pw(m) — p(m)) — 2 (pw (1) — p(112)) + d(m, 1)

Ram Ram

= |]3—§A7mH2+2<p*w(m)—p*(m)—356n 4 )+90€n =
Ry,
+2 (50 = piy 1) — 206,

) + 60¢,, R
n
Ram V Ram

+07(m, 1i2) — 206, —="——== + 2(pw (m) — piy(m))

+2(p*(m) — p(m) + piy (M) — pw () + p(n) — p*(m))
+d8(m,m) — 0% (m,m).
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For all m in M,,,

RA,m _ ”5 - §A,mH2 (1 - 35€n)RA,m/n - HS - §A,mH2
n 1 — 35e¢, 1 — 35¢,
s = Samll>  2Dam/n— 356, Ram/n — ||Sm — §A7m||2. (4.47)
1 — 35¢, 1 — 35¢,

In the control of ||s—3§||?, we replace R4 ,,/n and R4 /n by the expressions obtained
in (4.47) in the terms 90¢, R4 ,,/n and 60€, R4 7 /n. Assume that 35¢, < 1,

1 — 95¢, N 14 55¢, . R
5P < 0 g s — 2
1 — 35¢, 1 — 35¢,, meMn, ’
150e,, (QDAM
— Su

R
—p* — 35¢,—
1= 356y et p(m) = 35 n)+

4+ 106, R N R
2 106 sup |p*(m) —p(m))|+ sup 5*(m,m') — 20e, Am ¥ RAm
1-— 356n meMn, m,m’eMy, n
* * Rm *
+2 sup <pw(m) —p*(m) — 35€<Rm)—) +4 sup |pw(m) — py(m)|
meMy, n meMy,

+2 sup (p*(m) — piy(m) — 15€<Rm)&) + sup  d(m,m’) —0*(m,m’).
meM,, n m,m’€(Mn)?

We take the expectation in this last inequality and we use inequalities (4.26), (4.27),
(4.28), (4.35), (4.36), (4.37) and (4.38) to obtain that, when 95¢, < 1, there exists
a constant C' > 0 such that

14556, A o
s =3P < 2™ inf s — Sl +C (7 MC, + ¢ 507

1 - 956n meMy,
Take n sufficiently large to have 95¢, < 1 and 150/(1 — 95¢,) < 160. Then,

L+55e, _ 150

SO gy 09 1 160,
[ 05c, Lt T g5 n s 1 H 100

and (4.12) holds for sufficiently large n. It holds in general provided that we increase
the constant C' if necessary.

4.5.2 Proof of Theorem 4.3.2

Let us first assume that X1, ..., X, are f-mixing and let Ag, ..., A7 ; be the random
variables built with Viennet’s Lemma. Let Qp = Q, N Q4 N Q¢ where €, Q and
Q¢ are defined respectively in (4.44), (4.45) and (4.46). Recall that there exists a
constant C' > 0 such that

P(Q) < Ce~zm7 P(Q) < Ce™ ™™ P(Q) < pf,.

If ¢, <0, there is nothing to prove, hence, we can assume that ¢, > 0 and thus that
Ther <0 < 1.
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m minimizes by definition the following criterion

Crit(m) = [[Saml® = 2Pa(3am) + pen(m) + [|s|* + 2va(sm,)
= [5amll* = 2PGam) + lIslI* — 2va(54m) + 2va(sm,) + pen(m)
= N|8am = slI” = 2va(8am — 5m) + 20a(5;m, — sm) + pen(m)
= 5am = s1” = 2ll8am — sml* + (m0, m) + pen(m)
= |Is = sull* = p(m) + 6(mo, m) + pen(m)
since p(m) = ||$m—5aml|*> = va(S4.m—Sm). Thus, on Qz, m minimizes the following

criterion
Crit(m) = |5 — s,u|]* — p*(m) + 8 (m, m,) + pen(m)

For all m in M,,, we have 0 < pen(m) < (2 —0)Da,m/n and R,,, < R,,. Thus, for
all m in M,,, on Qr

2D 4 2D 4
Crit(m) > |[|s — sml* — T’:’ —i—( 7;4’ —p*(m))+5*(m,mo)

DA,m DA,m

2 2
> (1 —27€,)||s — smll* — (14 27¢,) > —(1+27¢,)

Dam
Crit(m) < ||s — swl|? = (8 — Tde,) =22
n

If DA,m > CnDA,m*7 then

2D m 2D m*
Crit(m) > —(1+276,) =2 > — (1 + 27¢6,) ¢ —2
n
D g
> —(0 — Tde, — b)) =2 > Crit(m?).
n
This proves that D, > ¢ DA ms.
It follows that, on Q,
~ R m ~ 2D m R m
ls—51> = = +(IJ(m)— ; )2(1—25%) =
n n n
2D A 2D A m
> (1 — 256,) =20 > (1 — 25¢,,)cp —
n n

Moreover, on (),

RA,m

. 4 2< .
B, Vel < i,

Ram

(1+ 156,) < =272 (1 + 15¢,,).
n

Thus

s — 31> > (1—25¢,)cn

2D 4 - o (1 - 25en) D g e

inf |5 — 842
n 1+ 15, inf s = saml

Rmo mEMn

Since €, < 1/75, we have 2(1 — 25¢,)(1 + 15¢,) < 2(1 —1/3)(1 +1/5) < 1. This
conclude the proof of (4.13).
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In order to prove inequality (4.14) observe that, for all m in M,,, since pen(m) > 0,
and ||s — sp||* — 356, Ram/n > =356, D g/

Ram Ram
Crit(m) > |[|s — sm|* + (—p*(m) + 15¢, 2’ ) + (p*(m) — p(m)) — 35¢, ’;’

+ (5*(m, m,) + 20€, R:‘l’m) + (6(m, my) — 6% (m, m,))

2D A m 2D A . Ram %
= (1356 228 (220 ) 156, ) o) = )

(0 m0) + 206, 742 ) 4 3 3 ),

Therefore,
2D A, o 2D A m Ram
oA (14 35¢,) < Crit(r) + sup (p*(m)— Am 15, )
mEMn n
+  sup (5* (m,m’) — QOEnM)
(m,m’)eM32 n
+ sup (p(m) —p"(m)) + sup (6(m,m’) — &"(m, GAYB)

meMy, m,m’EMp,

Since, for all m in M,,, pen(m) < (2 —8)Danm/n,

2D
Crit(m) < ||s — s> + ( :m —p*(m)) )

Since Crit(m) < Crit(m”*), from (4.49) and (4.26),

DA
2§24 4 4r, MC,,

E (Crit(m)) < E(Crit(m")) <||s — sm= -

DA,m*

9D 4 -
< —(6—h) A,

+47,MC,, < =, (1 + 35¢,,)

+ 41, MC,,.

Take the expectation in (4.48) and use inequalities (4.26), (4.28), (4.34) and (4.38)
to obtain (4.14).
We deduce from (4.14) that there exists a constant C' > 0 such that

2 Dy o
E(|]s—3]?) > ZE(Dagp)> 2,2
n

n C(eié(lnn)7 + TqMCn)

/
Cn B,

e~ Gl £ R MC).

>

The proof of (4.15) is conclude since

R
E | inf — 3§ 2) < inf E — 5 2) = M MC,,.
(it = 5anl) < ing B (1s = Sanll?) = 722 4 Crhrc,

My, n
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4.5.3 Proof of Theorem 4.3.3

If ¢,, = o0, there is nothing to prove. Thus we can assume that ¢, < oo and thus that
1+9—27¢, > 0. Let us first assume that X, ..., X,, are S-mixing and let Ag,...A;_;
be the random variables given by Viennet’s Lemma. Recall that m minimizes over
M,, the following criterion.

Crit(m) = |[|s — sm|* — p(m) + 6(m, m,) + pen(m).

We keep the notations €2, ©; and Q¢ defined by (4.44), (4.45), (4.46). We introduce
the event

4D 4 m 4Dpm . <Ram
Qpen = ﬂ { A, +5RA’ < pen(m) < Am | 52 }

n n n n
meMy,

and let Q2 = Q, N QN Qe N Qpep. Since Ry, < R, on €,

2D s m
n

Crit(m) > (1+0— 126n)R2’m + ( - p*(m))

Ram 2D 4 1,
> (140 —27e,) =22 > (148 — 276,) 2"
n n

Crit(m) < (1+ 6+ 37e,) RZ’”.

If DA,m > CnRA,m07

DA,m

>2(146— 27en)cnRA’m°

Crit(m) > (1+9— 27en)2 "

_ R m )
> (146 + 37e,) 2" > Crit(m,)
n
This implies that Dy, < ¢, R m,. Moreover, we have, from (4.6), for all m in M,,
Is = 51> < [ls = 8aml® + (pen(m) — 2p*(m)) + (2p* (1) — pen(rn)) + 6" (m, 1)

. 2Dam < Ram
< s aml? 2 (2222 () + 5+ 126 T2

+2 (p*(m) _ A ) + (—=d + 12¢,) 2’
— Ram Ram
< s = Saml® + (37en + 8) =2 4 (276, — 6) —2
n
For all m in M,,, we have, on 2,
R Ram . 2D A R
Is — $aml? = =22 + (p (m) — == ) > (1 — 25¢,) —21.
n n
Assume that 25¢, < 1, then, for all m € M,,,
37€, + 0 27¢, — 0
_ 3 2 < _ & 2 1 n n =2 oz 2.
s =7 < s = saml? (14 T 0 ) 4 202 22 g
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This proves (4.16) for sufficiently large n. (4.16) holds in general provided that we
increase the constant C' if necessary.

Let us now assume that Xj,..., X, 7-mixing and let Af,..., A
variables given by the 7-mixing Lemma. Recall that

E ( sup (4DA’m +éRA’m - pen(m)) ) < e,
+

*

»—1, be the random

mEMn n n
4Dpm <Ram
E( sup <pen(m) - Am 524 ) ) <e,.
meM,, n n +

For all m in M,,, we have,

Ram ) 2D g m Rm 4D 4 Ram
Am Crit(m) + <p*(m) A 15, ) + ( Am pen(m) + 0 4 )
n n n n n

* RAm *
— (8 mma) + 206,41 - (pom) — ()
RAm *
+(35€, — 0)—— + (6" (m, m,) — d(m,m,)).
n
Therefore
R , 2D Am Ram
(149 — 35¢,) Am < Crit(m,) + sup <p*(m) A 15e, )
n meMy n n
4D
mGMn n n
+ sup (5(m, m') — QOGnM)
(m,m’)eM2 n
=+ sup (5* <m7 m/) - 5(771, ml))
(m,m’)eM?2
+ sup |p(m) —p*(m)|. (4.50)
meMy

On the other hand, for all m in M,,, Crit(m) = ||s—$,,||*—p(m)+d(m,, m)+pen(m),
thus

Cuit(m) < (14 8)Ram, + (22422 = (me) ) + 3 (m) — pom.)

4DA,mo . gRA,mo '

n n

+pen(m,) —

Since E (pen(m,) — 4D, /1 — 6Ram,/n) < €, and 2D, /n = E(p*(m,)), from
inequality (4.26), there exists a constant C' > 0 such that

RAvmo

E (Crit(m,)) < (14 96) + C1,MC,, + e,.

For all m in M,,, 2D 4, < Ra,,. Take the expectation in (4.50), from inequalities
(4.26), (4.28), (4.34) and (4.38), there exists an absolut constant C' > 0 such that

E (Dm) <ec, <Rmo +Cn |:TqMCn + e*%(lnn)w 4 en]) .
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This proves inequality (4.17).
From (4.6), for all m in M,,, we have

2D A m Ram
s =l <l = a2 (2202 = prm) — 356,72 )

n
RamV Ram
#(FOnJ%)—20%—£L———é—)

n

2Dan ... Ry,
v (<2202 () 15e( ) 2

+ (—pen( 2—2Dm + éRz,m) + (pen(m) — 22DA’m — 5RA’m)

n

n n
+(90€, + 8) =22 4 (50€,, — 0) Ram
n n
+4 sup. lp(m) —p*(m)| +  sup  (6(m,m’) — 0" (m,m’)).  (4.51)
meM (m,m’)eM?2

Assume that 35¢, < 1, for all m in M,,, we have

Ram (1 —35€¢,)Ram B ”3_=§A,m”2 ”3_=§A,m”2
n n 1 — 35¢, 1 — 35¢,

1 . o 2D,
—(lls — $am ™ p(m) — 356,
e (1=l 2282 — ) — 350, 70

1 2Dy
< _ 3 2 7m_ * _ m *
< o (= a4 2222 < ) = 356,742 4 o) = ()

IA

We use this expression in the terms (90¢, + 6)Ra,n/n and (50€, — 8)Razn/n of
inequality (4.51). We deduce that, for all m in M,,,

1+ 6 — 85¢, 1+ 6+ 55¢,
¥H3_§H2S$ inf s — Sl
1 — 35¢, 1 — 3b5¢, meM,
2+ 706, +6 — & 2Dpm . Ram
sup — — p*(m) — 35e,—
1 — 35¢, meM,, n

4D - 4D 3
+ sup (pen(m) — Am 5RAm) + sup ( ) Rz,m - pen(m))

meMy, n meMy

2D A, Ram
+2 sup (p*(m)— 7:1, — 15¢, ’;’ ))

mEMn

+  sup (5*(m m') — QOEnM)

(m,m’)EM?, n

446—6

sup  [p(m) —p"(m)|+ sup  (3(m,m') =67 (m,m)).
1 - 356n meMa, (m,m’)EM%

We take the expectation in this last inequality and we deduce that, for sufficiently

large n, (4.18) comes from (4.26), (4.28), (4.34), (4.35) and (4.38). It holds in general
provided that we enlarge the constant C' if necessary.
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4.5.4 Proof of Lemma 4.4.5

Let us first recall the covariance inequality proved by Dedecker & Prieur [25] for
T-mixing sequences.

Lemma 4.5.4 Let X,Y be two identically distributed real valued random variables,
with common density s in L*(u). There exists a constant ¢, and a random variable

b(o(X),Y) such that E(b(c(X),Y)) = ¢, (r(o(X), Y)'® such that, for all Lipschitz
functions f and all h in BV

| Cou(f(X), h(Y))| < Al gy E(LF(X)[b(a(X), V) < e [|hll gy 1]l (T(U(X),la);;-

It comes from this Lemma and inequalities (4.20, 4.21, 4.22) that

Da = - Z Var (ZW )sz ST S (g1 DICov(r(X0), (X))

(4 k)ém (j,k)em =1
< —ZZZWHBV (b 1 (X1)|B(o(X0), X1))
] =0 ke€Z =1
< ZCTKBvZZj/2 Z|1/J]k| ZTll/i’
J=0 keZ o =

< 4 (CTAKOOKBV Zrll/3> 27m

=0

When 6 > 2, the series ) -, Tll/ % s convergent and we obtain the inequality on

Dt with cp = 4 (CTAKOOKBV S 711/3).

As the models are nested, we only have to compare, for all m in M,, bjm and

V3 With 277 From [T2], b7, < ®*27m this proves the inequality on 0%, . with
= ®2,

For all ¢ in B,,,

aVar(L(1)(Ao)) <23 |Cov(t(X1). 1(X)))]. (4.53)

=1

Let X[ be a random variable, independent of X, with law P, such that
E (X — X[']) <71

This random variable can be defined thanks to the coupling lemma of Dedecker &
Prieur [25] (section 7.1).

|Cov(t(X1), t(X1))] = [Cov(t(X )t( ) — UX7))

< \/Var tH(X0))E ((¢(X7) — t(X]))?)
< \/ZVar X)) 1t E (60X — tX7)])
< /2l 12, Lip(t)rioa.
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Since ¢ belongs to B, [|t]|°, < ®227m. Moreover, let aj; = [y t1; xdp, then

t(x
Lip(t) = sup [tz) ~ ty)] <Z sup 3 Jaj |Wﬂf — (Y|
r#y€ER |$—y| = —o THYER eZ y|
T
< 24K 29 sup Ja,l. (4.54)
= keZ

The last inequality holds since, for all z,y in R there is less than 2A indices k£ in
Z such that [y () — ¥jk(y)| # 0. Since ¢ belongs to By, 32 pyem a?, <1, in
particular, for all j, supcy |ajx] < 1. Thus, there exists a constant ¢ such that
Lip(t) < ¢23/m/2. Hence, there exists a constant c such that, for all ¢ in B,, and all
[ in N*

|Cov(t(X1),t(X)))] < 2%/m/4 /77

Remark that we also have
|Cov(t(X1), t(X)] < 1t IEll]]s]] < 2772,

Recall that uw = 3/(1 + ), there exist constants ¢, which may vary from line to line
such that

q [e%s}
D [Cov(t(X1), t(X))| < @2y (@2 mT AL
=1 =1

S CQJm/2 2(23Jm/4l7(1+9)/2 /\ 1)
=1
outm /2
S CQJm/Q Z 1+ Z 23Jm/4l (1+6)/

1= Qqu/Q

< CQJTM(HU)_

We deduce the inequality on vim’m/ from (4.53) and this last inequality.
It remains to control M C),, recall that

Mo z(zm

meMy AEM

sup Lip, () + [[s|| M| sup Lip@)) :
em teBm
From (4.20, 4.21), for all m in M,,,

\/,
)\ZG;J@Z))J < \/—_

AK 27m/2, sup Lipy(y) < K;,2%/m/2,
Y

From (4.54), for all m in M, there exists a constant c such that sup,.p Lip(t) <
c23/m/2_ Since Card(M,,) < Inn/In2, and 2m*mermn Jm < there exists a constant
¢y such that MC, < eyn?.
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4.6 Appendix
In this section, we recall some technical lemmas proved in Chapter 2.

Lemma 4.6.1 Foralla >0, K >a+ 1,

(K, a) = Z Z (1+ k,)ae_K[ln(Hcard(Mﬁ))Hn(1+k)} < 0.
keN me Mk

For all m in M, let l,, = lyr(Ram, Ram). Then, for all o > 0, for all K >
V(1 +a)/2,
Z ijeK%m < E(KQ,a)e’Kz(lnn)w.
meM,,

For allm in M,,, let Ly, = lyy(Ram, Ram). Then, for alla >0, o' > 0 and all

K>+vV1+aVd,

Z z7ij/,m,€7K2lm’m/ — E(K27 O{)E(K27 O{/)e,KQ(lnn)—y.
(m,m!)€(Mn)?

Lemma 4.6.2 Let n be an integer and let Xy, ..., X,, be identically distributed ran-
dom variables valued in a measurable space (X, X') with common law P. Let (ty)xea

be a collection of functions in L*(p). Let p(A) = >\ (va(ta))?. Let (Wi, ..., W,,)
be a resampling scheme, let W, = >""" | W;/n and let vy, = Var(Wy, — W,,). Let

P () = (i) ) JEY (0 (1))

AEA

T = ZAGA(D\ — Pt)\)2 and

U= ﬁ S S (X)) = PR)((X)) — Ph).

i#£j=1 AeA

Then

1 —1 1 1
p(A) = =P, T+ U, p"(A) = ~P,T — ~U, p(A) —p" (A) = U.
n

n n n

Proposition 4.6.3 Let X, X1, ..., X,, be i.i.d random variables with common law P.
Let B be a symetric class of functions bounded by b. Let Z = sup,cp(vnt), € = b*/n,
v? = sup,ep Var(t(X)), D = E (sup,e(t(X) — Pt)?). For all z > 0, we have

p ( D - D3/%(e(192)2)Y4 + 3v/ Dv2x + 3v%z + 6(19:L‘)2> g
<e’.
n n

n n

3/4(,2\1/4 2 2
p ( D 8D (ex®)V/* 4+ 7.61Vv2Dx + €(40.25x) ) < 286",
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Lemma 4.6.4 Let X, Xy,..., X, be i.i.d random variables taking value in a mea-
surable space (X, X) with common law P. Let p be a measure on (X, X) and let
(ta)rea be a set of functions in L*(p). Let B = {t = > cpanta, Yosen@s < 1},
D — E (supyep(H(X) — PE?), 0 = supyep Var(t(X)), b = supyess 1] and € — b2/
Let

U:affﬁ§:§]mag—mg®uw_Pm.
iAi=1 A€A

Then the following inequality holds

.1D3/4 2\1/4 2D 2 19.1 2
‘v’x>0,IP’<U>53 (ex®)/* 4+ 3V 1x+3vx+e(9 :c)>§26_$.
n_

D34 (ex?)Y/* + 7.61vVv2D 40.3x)?
Vx>O,IP’<U<—9 (ex*)/* + 7.61Vv x+e(03x)>§3_86x.

n—1

Lemma 4.6.5 Let X, X4, ..., X,, be i.i.d random variables taking value in a measur-
able space (X, X') with common law P. Let p be a measure on (X, X') and let (1)) ren
be an orthonormal system in L*(u). Let L be a linear functional in L*(u) and let
B = {t = Yoen iL(2), Ten @3 < L}, 02 = supyp Var(t(X)), b = supyc 1]
and € = b?/n. Let s be a function in S, the linear space spanned by the functions
(tx)rea and let n > 0. Then the following inequality holds

202 2/9
vx>ap(%@@»>gmw+lﬂifil)ge%
nn



Chapter 5

Confidence balls in density
estimation

Abstract:

We build non asymptotic confidence balls in L?-norm for the unknown density s of
a real valued random variable X. We first use resampling methods to obtain confi-
dence balls for the orthogonal projection of s onto a finite dimensional linear space.
We give an application of this result to model selection theory. Then we investi-
gate the problem of adaptation over a collection of linear subaspaces for confidence
balls. We build adaptive confidence balls when it is possible. We deduce adaptive
confidence balls over a class of Besov balls. We prove lower bounds and show the
optimality of all our results.

Key words: Confidence Balls, Density estimation, Resampling methods, Hypoth-
esis testing.
AMS subject classification: 62G07, 62G09, 62G10, 62G15.

5.1 Introduction

Let X, X1,..., X, be i.i.d. real valued random variables, defined on a probability
space (2, A,P), with common law P. We assume that P has a density s with
respect to a positive measure p and that s belongs to L?(u). In this article, we
consider the problem of adaptation for confidence balls in L?-norm for s. More
precisely, let (S,,)mer, and S be a collection of subsets of L?(u) such that, for all
min M,, S, C S. Let a be a real number in (0, 1) and let |||, be the usual L*-norm
on L*(u). Let 8, 7 be random variables, measurable with respect to o(X1, ..., X,,),
valued in L?*(p) and in R respectively. We say that the L2-random ball B(3,7) is a
(1 — a)-confidence ball on S if it satisfies the following covering property

Vse S, P(||ls—35],<7)>1—-a. (5.1)

Let B(s,7) be a (1 — a)-confidence ball on S,,. We say that B(S,7) is optimal in
expectation, respectively in probability, on S,, if there exists a constant C' such that

sup E(7%) < C'inf sup E(7?), (5.2)

SESm T s€Sm

123
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respectively if, there exists a constant C' such that, for all 5 in (0,1) the supremum
qs over Sy, of the (1 — 3)-quantiles of 72 satisfies

inf sup P(7* > Cqp) < 8. (5.3)

T s€Sm

In (5.2) and (5.3), the infimum is taken over all the radius 7 of (1 — «)-confidence
balls on S,,,. When a confidence ball is optimal in expectation and in probability,
we simply say that it is optimal. A confidence ball B($,7) on S is adaptive over the
collection (Sy,)menm, if there exists a constant C' such that, for all m in M,,, (5.2)
and (5.3) hold.

This problem has been studied in various frameworks. Hoffmann & Lepskii [38], Cai
& Low [20] and Juditsky & Lambert-Lacroix [43] worked in the Gaussian white noise
model, Li [50] and Baraud [8] in the finite dimensional Gaussian regression model,
Beran [11], Beran & Diimberg [12] and Genovese & Wasserman [36] in the fixed
design regression framework and Robins & Van der Vaart [61] in a general setting
including the density estimation framework. Baraud [8] built non-asymptotic confi-
dence balls in Euclidian norm for a R™-vector and obtained (5.1) on the whole space
S = R". In infinite dimensional settings like the Gaussian white noise framework
or the density estimation framework, one cannot choose S as the all set L?(u) if we
want to ensure that 7 is almost surely finite. It is classical to suppose that .S is some
ball in a Sobolev or a Besov space. Approximation theory allows then to work in
finite dimensional spaces. This idea was developed to build asymptotic confidence
balls, see for example Hoffmann & Lepskii [38], Juditsky & Lambert-Lacroix [43],
Robins & Van der Vaart [61] and the references therein. In this paper, we always
assume that S is a linear space with finite dimension D. As our results are non
asymptotic, this dimension can grow with the sample size n and we can prove re-
sults on Besov balls (see Section 3.3.1).

First, we consider the problem of confidence balls on a linear space S,, with finite
dimension D,,. In Section 2.2, we propose a procedure to obtain such balls. A
natural choice for the center of the ball is the least-squares estimator §,, of s onto
Sm. Thus, (5.1) holds for any upper bound 72 on the (1 — a)-quantile of ||5,, — s||3.
|m — s is a functional of the centered empirical process v,. Efron’s resampling
heuristic (see Efron [30]) provides a natural estimator of this quantity. The differ-
ence U, between [|3,, — s||3 and this estimator is a totally degenerate U-statistic
of order 2. We give upper bounds on U,,. They are derived from a concentration
inequality for U-statistics of order 2 proved by Houdré & Reynaud-Bouret [39]. We
deduce (1 — a)-confidence balls B(3,7) for s in S,,. E(7?) and the quantiles of 72
are upper bounded by C'D,,/n.

In Section 2.4, we study the optimality of these balls. We give an example of space
Spm, where the radius 7 of any confidence ball satisfies E(7?) > C'D,,,/n. This proves
that the bounds given in Corollary 5.2.2 cannot be improved in general. Section 2.5
is devoted to a short simulation study. In a first part, we illustrate the main theorem
of Section 2, then we test another procedure to obtain confidence balls, still based on
resampling ideas. In Section 2.6, we introduce an application to model selection that
will be fully developed in a forthcoming article. Resampling based confidence balls
have recently been studied from a non-asymptotic point of view in the regression
framework by Arlot, Blanchard and Roquain [6]. Resampling penalties have been
used in model selection by Arlot [5] in the regression framework and by Fromont
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[32] in classification.

In Section 3, we consider the problem of adaptation for confidence balls. In or-
der to build such balls, we need informations on the distance between s, and .S,,,
where s, denotes the projection of s onto S. The necessary estimation of this
bias leads to an irreductible limitation in the adaptive property. More precisely,
we prove in Theorem 5.3.1 that all (1 — «)-confidence balls B(S,7) over S satisfy
E(#?) > C'v/'D/n. From Section 2, for all s in S,,, an adaptive confidence ball should
satisfy E(7?) < CD,,/n. Thus, we can build confidence balls on S that are adaptive
over (Sm)menm, only if all the models S, satisfy D,, > C v/D. The main problem is
that we cannot build a test of null hypothesis s € S,, against the alternative s € S
and s ¢ S, with asymptotic rate of convergence (as defined in Ingster [40]-[41]-[42])
smaller than C'v/D/n. Then, we discuss the link with adaptive estimation. Actu-
ally, the problem of adaptive confidence balls can be viewed as the problem of giving
empirical bounds on ||5 — |3 for an adaptive estimator § as mentioned in Section
3.1.2 and fully discussed in Hoffmann & Lepskii [38]. We adapt Baraud’s model
selection algorithm to the density estimation framework and obtain non asymptotic
confidence balls on S, adaptive over (S, )menr, When it is possible. Finally, we derive
some applications, in particular, we build non asymptotic confidence balls on Besov
balls By 2.00(M) (for a precise definition see Section 3.3.1). In this framework, the
problem of adaptation can be stated as follows. It is well known that

Vw >0, lim n?v/@wtD inf sup E|s— §||§ =Cy.
oo 5 8€Buyw,2,00(M)

Therefore, there is no hope to build confidence balls on By 2 (M) with radius
7 satisfying asymptotically E7? < Cpm~2w/Cv+) A (1 — a)-confidence ball on
By 2,00(M) is adaptive over the class of Besov balls (B, 2.00(M))y>y if, for all v > w,
SUDsep, 5 () EF? < Cyn~2/@v+1) " Robins & Van der Vaart [61] proved that all
(1—a)-confidence balls over By, 5 (M) satisfy Ef? > Cyy (n=20/vHD) v 4w/ (wtl))
Thus, we can build (1—a«)-confidence balls on By, 2 (M) that are adaptive only over
the class (By 2,00(M))w<v<aw. Moreover, Robins & Van der Vaart built such adaptive
(1 — a)-confidence balls. The same phenomenon occurs in various statistical frame-
works, see for example, Hoffman & Lepskii [38] and Juditsky & Lambert-Lacroix
[43], Robins & Van der Vaart [61] and Baraud [§].

In this paper, we consider the problem of adaptive confidence balls in L?-norm. It
is not clear if this work can be done for other norms. Low [52] proved for density
estimation at a single point, that fixed radius confidence intervals perform as well
as random length intervals, that is, the data do not help to reduce the length of
the balls. In particular, adaptation is impossible for confidence balls in L°°-norm.
This result has been extended by Genovese and Wasserman [35] to non paramet-
ric regression and other frameworks. They proved that adaptation on S,, C S is
impossible because of the functions that are close to S,, in L? norm but far in L*
norm, and develop a theory of adaptation with a weaker definition of covering (in
particular, they did not guarantee the covering property (5.1) on the whole space
S).

The paper is organized as follows. In Section 2, we study the problem of confidence
balls on a finite dimensional linear subspace S,,. First, we present our resampling
algorithm to estimate ||s — 4,,[>. Then, in Section 2.3, we give upper bounds on
the difference between ||s — §,,||5 and this estimator and we use them to build our
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confidence balls. We prove the optimality of this procedure in Section 2.4. In a
short simulation study, we compute the difference between ||s — 4|5 and its resam-
pled estimator and remark that the upper bounds given in Theorem 5.2.1 seem to
be sharp. Finally, we give an application of our main theorem in model selection
theory.

In Section 3, we study the problem of adaptation for confidence balls. We prove
lower bounds on the size of an adaptive confidence ball and use it to discuss the links
with adaptive estimation. Then, we build an optimal test for the null hypothesis
s € Sy, against the alternative s € S and s ¢ S,,, we use it to extend Baraud’s
algorithm to the density estimation framework and we derive adaptive confidence
balls. These balls happen to be optimal in view of the lower bounds. We conclude
the paper with two applications. We give adaptive confidence balls for a regular
density and for the vector (P(X € I)))xea, where (I))xea is a partition of X. All
the proofs are postponed to Section 4.

5.2 Confidence balls for s,, by resampling methods

5.2.1 Definition and assumptions

Hereafter, X denotes a measurable subspace of R and X denotes the Borel o-algebra
on X. Let u be a fixed measure on (X, X). Let L?(u) be the linear space of functions
t from X to R such that [, t*dy < oo. For all linear subspaces S in L*(p), we denote
by S the set of all densities s with respect to p in .S, that is, the set of all non negative
functions s in S such that fx sdu = 1. Let X, X1, X, ..., X,, be iid random variables
defined on a probability space (Q2,.4,P), taking value in (X, X), with common law
dP, = sdy for some s in L?(u). Let P, P, and v, be the following processes, defined
for every functions ¢ in L*(u) by Pt = Et(X) = [ tsdu, Pt = 31" t(X;)/n and
vpt = (P, —P,)t. P, is defined on L?(11) thanks to Cauchy-Schwarz inequality. When
no confusion can occur, we simply write P instead of P,. Let P, denote the product
measure PEN.

Let S,, be a linear subspace of L*(u), with finite dimension D,,. We assume that
S, satisfies the following property.

[Mi]: /Dy, < n, the constant functions belong to S, and, for all ¢ in S,,, [|¢]l,, <
v/ D 1],

Four examples are usually developed as fulfilling this set of assumptions:

[H] histogram spaces: S, is the space of all the functions constant on a finite
partition (I))xem of X such that, for all X\ in m, u(I)) > 1/(®2|m|). D,, = |m|.

In the three other examples, X = [0, 1] and p is the Lebesgue measure on (X, X).
[T] trigonometric spaces: Sy, is the linear span of ¢ o(z) = 1, ¥;1(z) = cos(2mjx)
and ¢y o(z) = sin(2mjz) for all 1 < j, 5" < Jp. Dy, = 2J,, + 1,

[P] regular piecewise polynomial spaces: S, is the linear span of the functions (v, x)
forj=1,...,Jn, k=0,...,7 =1, where, forall j =1,..., J, and k =0, ...,7 = 1, ¥«
is a polynomial of degree k on [(j — 1)/Jm, j/Im]- Dm = 7Jm;

[W] spaces spanned by dyadic wavelets with regularity r as described in Section
3.3.

For a precise description of those spaces and their properties, we refer to Birgé &
Massart [15].
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5.2.2 Resampling estimators of the quantiles of [|s,, — 5|

Let s, be the orthogonal projection of s onto S,, and let §,, be the projection
estimator of s onto S,,. In this section, for a real number « in (0,1), we want to
estimate the (1 — a)-quantile of |[s,, — 8|5 Let (193)aem be an orthonormal basis

of Sin. We have s, = >0, o, (PUA)UA, 8m = Yy em(Pathr)y and
[$m — Smlly =D (Ptha — Putbn)* = _[vaths]”.

Aem AEm

In order to estimate the quantiles of this functional F'(v,,), we apply Efron’s resam-
pling heuristic. We introduce a resampling scheme W7, ...W,,, ie a vector of random
variables independent of X, X1, ..., X, and exchangeable, that is, for all permutations
T of (1,...,n),

(W1, ...,W,) has the same law as (W), ..., Wr@m))-
Let W, = Y1, Wi/n. For all functions ¢, let PVt = > Wit(X;)/n and v}Vt =

n
(PV — W, P,)t. Let EW and £ be respectively the expectation and the law with
respect to the resampling scheme W7y, ..., W,,, i.e. conditionally to Xy, ..., X,,. Efron’s
heuristic states that the law of the functional F'(1,) is close to its resampled conter-
part, that is £ (F[CywvV]) where Cyy is a normalizing constant depending only on
the resampling scheme W1, ..., W,, (see Theorem 5.2.1). We can use this heuristic in
two different ways.
The quantiles of the law of ||s,, — |3 can be estimated by those of the conditional
law LY (Cw 3yl (1 )102]?). We do not use this estimation in this note. Never-
theless, we show in a short simulation study that it seems to give very good results
in practice.
We use another approach based on the concentration of measure phenomenon. In
Lemma 5.4.3, we prove a concentration inequality for |[|s,, — &,|3 around its ex-
pectation. Basically, it says that, with large probability, ||s,, — §m||§ is close to
E(||$m — mll2) = E(3" sem¥n(12)]?). Hence, an estimator of ||s,, — 4mll5 is the re-
sampled conterpart of this expectation, that is EW (Cyw >, ., [v8 (¥2)]?). Then, we
have to control the error made in this estimation. In the next section, we obtain
this control thanks to a concentration inequality (see Lemma 5.26) for U-statistics
based on an orthonormal system.

5.2.3 Confidence balls on 5,

Let us first state the main result of this Section. It is a concentration inequality for
||Sm — 8m||> around the resampling estimator of its expectation.

Theorem 5.2.1 Let Xy, ..., X,, be i.i.d real valued random variables with common
law P,. Assume that s belongs to L*(u). Let S,, be a linear subspace in L*(y)
with dimension D,, satisfying Assumption [M;] and let (¥x)rem be an orthonormal
basis of Sy,. Let s,, be the orthogonal projection of s onto S,, and let s,, be the
projection estimator of s onto S,,. Let Wy,....W, be a resampling scheme. Let

vE, = Var(W, — W,,) and

Ry = %EW <Z[VZV¢A]2> -

v
w AEM
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For all € > 0, for all s in L*(p) and for all x > 0, we have

®ov/Dy, V1 Dy
P, (Hsm—smug><1+E>BR§V+77<€)< ! l‘f”?””) Ko ) <4867
(5.4)
and
2D, D, a2
P, (Hsm — 8mll2 > (1+€)>R2, +1(e) On A g 05 ) <487,  (5.5)

where n(e) =4(1+ € )+ (1 +¢€)® and

K (€) = ®F ((1 +e)® (14.7 + % + %) +21+e (e + 1/3)2) :

Comments:

Inequality (5.4) gives a control of ||s,, — &,||> with a remainder term of order
V/D,,/n. This is sufficient to derive sharp oracle inequalities in model selection
as mentioned in the next section. However, Inequality (5.4) involves the unknown
||s]|,, thus, we cannot derive from it a confidence ball for s, unless we have an upper
bound on ||s|,. This is why we give Inequality (5.5) where the control of ||s,, — &[5
is totally data driven. The main drawback is that the remainder term in (5.5) is of
order D,,/n instead of v/D,,/n. Hence, Inequality (5.5) is too conservative and the
confidence balls derived from it also. Nevertheless, we will prove in Section 2.3 that
these balls are optimal, at least, up to the constant. Let us now give the confidence
balls that we obtain in the following corollary.

Corollary 5.2.2 Let us keep the notations of Theorem 5.2.1. Let o be a real number
in (0,1) such that In(1/a) < Cyn for some constant C,. Let

®2D,,x D,,z?
- .

rm(2)” = (1+¢)*Riy + n(e) + Ka(e)

n2
Then, the set B8y, rm(In(4.8/a))) is a (1 — «a)-confidence ball for s,,, that is
Vs € L*(11), Py (8m € B(8m, rm(In(4.8/a)))) > 1 — a. (5.6)

There exists a constant C such that E (r2,(In(4.8/a))) < C'ln(a™1)D,,/n. Moreover,
there exists a constant C' such that, for all 5 in (0,1) such that In(1/3) < Cyn,

P, (rfn(ln(4.8/oz)) <Cln(a™tVv ﬁl)%) >1-4.

Assume that there exists M > 1 such that ||s||, < M and let

MyDy | © D,z
n " '

Then, the set B(Sy, Mm(In(4.8/a))) is a (1 — «)-confidence ball for s,,, that is

Pm(2)* = (1+ €’ Riy +n(e)

Vs € L*(1), Py (Sm € B3, Pm(In(4.8/)))) > 1 — a. (5.7)
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If In(1/a) < Cin// Dy, there exists a constant C' such that

E (/2 (In(4.8/))) < % (Dm + 1n(a—1)\/DT,L> .

Moreover, there exists a constant C' such that, for all 3 in (0,1) such thatIn(1/3) <
Cin/\/D,,, we have

P, (ffn(ln(él.S/a)) <

Comments:

The upper bounds given on the radius of the confidence balls (5.6) and (5.7) have
the same order. Thus there is only a loss in the constants when we use (5.6) instead
of (5.7). The main advantage of (5.8) is that the term In(a™t Vv 371)y/D,, will be
small compared with D,, in our application in Section 3.3.1.

We can derive from this result two statistical applications:

Let (I))aem be a finite partition of X, then we can obtain a confidence set for the
vector (P(X € I))rem.-

If we have some regularity assumptions on s, we can obtain a confidence ball for s.
These applications will be developed in Section 3.3.

€Dy +Infat v 5_1)@)) >1-5. (58)

5.2.4 Optimality of the confidence balls

The aim of this section is to prove that Corollary 5.2.2 provides optimal confidence
sets for s, from a minimax point of view. More precisely, we want to prove that
the upper bounds given on the radius of our balls cannot be improved in general.
In order to see this, let us consider the following particular case.

Proposition 5.2.3 Let X = [0,1) and let p be the Lebesque measure on X. Let
Sy be the set of functions constant on the intervals [k/D,,,(k + 1)/Dy,), for all
k=0,..,D, —1. Let S,, be the set of all densities with respect to j in S,,. Let
X4, ..., X, be i.i.d random variables with common law P,. Let o, 3 be real numbers
in (0,1) such that o+ 3 < 1 and let §,7 be random variables satisfying

Vs € Sy, Py(s € B(3,7)) > 1—a, (5.9)
Vs € Sp, Py(P < dyp) > 1— . (5.10)
Then, if D, >3+ 18log(v/2/(1 — a — f3)) and if n > D,, + 1, we have
D,,—1
L
™= 6n

In particular inf; sup,cg Eg? > 6(D,, —1)/(6n).

Comments:

The space S, described in Proposition 5.2.3 satisfies Assumption [M;]. Thus, we
can build confidence balls for s, thanks to Corollary 5.2.2. These balls satisfy both
conditions (5.9) and (5.10) with d2, = C,, 3D,,/n. Proposition 5.2.3 ensures that
this bound is optimal, at least, up to the constant C, . This justifies the choice of
the least-squares estimator as the center of the ball.

It is well known that the minimax rate of convergence in L?-norm over S,, is of order
D, /n. Therefore, there is intuitively no hope to build confidence balls over .S, such
that E(7?) < C'D,,/n. Proposition 5.2.3 shows that this intuition is correct.
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5.2.5 Simulation study

In this section, our first goal is to illustrate Theorem 5.2.1. In Proposition 5.2.3,
we proved that the choice of §,, as the center of our balls is optimal. Actually,
we give upper bounds on ||s,, — 8,,||5 that are of optimal order D,,/n. Moreover,
Inequality (5.4) in Theorem 5.2.1 ensures that R%;, is a tight estimate of ||s,, — &[5
since we provide a control of the difference ||s,, — 8|3 — R%, of order v/D,,/n,
which is smaller than D,,/n. We want here to illustrate that this control seems
to be sharp also. Then, we consider the second possible use of Efron heuris-
tics that we mentioned in Section 2.1. Recall that it states that the quantiles of
[Sm — 4m||5 are close to their resampled conterpart: the quantiles of the conditional
law LV (Cw 3, [()¥]?). In a second simulation, we test this method and
remark that it seems to give very good results.

Illustration of Theorem 5.2.1

In this simulation, g is the Lebesgue measure on R and the density s = 1jgy).
Sm is the set of histograms on the partition ([(k — 1)/D, k/Dy))k=1...D,,- The
resampling scheme (W7, ...,W,,) is given by Efron’s weights, which means that the
law L(W7,...,W,) is the multinomial law M(n,1/n,...,1/n). In order to compute
R}, we estimate the conditional expectation EV (3", [,V 4,]?) by a Monte Carlo
method with nb repetitions. Finally, we repeat p = 1000 times the experiment.
We plot the histograms of the p values of the normalized difference n(||s, — &2 —
R%,)/\/D,, that we obtained. The first histogram is obtained with n = 50, D,,, =
10,nb = 100 and the second for n = 200, D,, = 50,nb = 500. We remark that
the law of n(|[spm — Smll> — R%)/v/Dm does not seem to change with n or D,
thus /D,,/n seems to be the correct order of the difference ||s,, — 4,2 — R, In
particular, the control (5.4) in Theorem 5.2.1 seems to be sharp, at least, up to the
constant in front of the remainder term.

300 300

250

200

150

100

50

. 22
Figure 5.1: \/g—m(HSm_SmHz_szzv)-

Illustration of the second Efron’s heuristic

In this simulation, we keep the same s and the same law of Wi, ..., W,, as in the
previous simulation. S, is the set of functions constant on the partition ([(k —
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1)/ Do, k/Din))k=1.....0,,, With D,,, = 50. n =100, N = 100 and ((X;)i=1..)s=1..N
are N independent samples with common law P®". For all J = 1,..., N, we compute
the projection estimator 87, on S, with the sample (X7);—; . Then, we take nb =
10000 resampling schemes (W7, ...,W,,). For all resampling schemes, we compute

the quantity
1
- (i)

2
v
W \xem

and we obtain an approximation of the (1 — a)-quantiles ¢/ of its conditional law

LY (Qfym)- We plot the frequency of J such that ||s,, — §;{1H2 < ¢/ and the function
f(a) = a when « varies in (0.5,1) in the following curves.

frequency
o o o
~ o4 ©

o
o

0.5

level

Comments:

We see that the covering property of this empirical ball is very close to the one we
would like to obtain. Hence, this method seems to give sharp confidence balls for
sm. However, we do not prove any theoretical evidence of this fact. In particular,
we cannot guarantee that the covering property P(||sm, — 4mll3 < Ga) > 1 —a occurs
in general. The practical user can evaluate this estimation of the quantiles of the
conditional law LY (Qw,) (the computation time is the same as the one needed to
evaluate R3,). He can compare it with the majorations given in Corollary 5.2.2 and
have an idea of the size of ||s,, — &, ||5 but the covering property is only guaranteed
when one uses a radius given in Corollary 5.2.2.

5.2.6 Application to model selection

Let (Sim)mem, be a collection of finite dimensional linear subspaces in L?(11) and let
(Sm)mem,, and (S, )men,, be respectively the collection of the orthogonal projections
of s and the collection of the projection estimators onto the linear spaces (S,,)mem,, -
The problem of model selection is to select a model m in the collection M, satisfying
a so called oracle inequality, that is an inequality of the form

P (ns sl <O g (s - sl + R(mm)}) S1oe,  (51D)

where C'is a constant, R(m,n) is a (possibly random) remainder term and ¢, — 0.
A classical way to obtain 7 (see for example Birgé & Massart [15]) is to build a
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function pen(m) measuring the complexity of the model S,, and to choose

7 6 1 Pn Am 9
M € arg min Y(8m) + pen(m)

where for all ¢ in L?(), v(t) = ||t||5 — 2t. This way we have, for all m in M,,

Poy(3m) + pen() < Pyy(3n) + pen(m)
Py(8m) +vay(8m) + pen(m) < Py(8m) + vy (8m) + pen(m)

185 = sllz = 2vn (8 — s) +pen(in) < 3 — sll; — 20 (8m — sm)

+pen(m) — 2v,(Sm — Sm).  (5.12)

The last inequality comes from P(t) = ||t — s||3 — ||s]|> and from v,y(t) = =2, ()

for all ¢ in L?(p).

We can prove with Bernstein’s inequality that v,(s,, — s;) is small compared with

15 — |5 + [|$m — s||5. Thus, a good penalty is a tight estimate of

peng(m) = 20, (8m — sm) = 2 |3m = smlly

Assume that, for all m in M,,, v/D,, < n, then we can apply inequality (5.4) and
obtain, for € > 0,

2] <487

(5.13)
Suppose that there exists v > 1 such that, for all ¢ > 0, the series >, e—cllog(Dm))”
is convergent. Then, inequality (5.13) applied with

(log v/Dy,)" + (logn)”
V7€) o [[5]], 4 Ko (€)

vV Di,
Vo >0, P (r\sm —5ull3 < (1+ R + () 5] + FKole) -

gives

4/D,,(log n)*

n

P (Vm e M,, HSm — §m”§ < (1 + 6)2R‘2/V + ) < Ls,eefcs,e(bgn)ﬁ’

with Ls . > 0 and ¢, > 0. In particular, (5.12) applied with

SRz 4 S Dmiogm%,

pen(m) = 2(1 +¢)

leads to

A~ 2 . ~ 2
P (Hs — Smlls + 2vpsm < mlel}\litn {lIs = 3nll5 + R(m, n)}) >1—cp, (5.14)

where R(m,n) = pen(m)—2||s,, — §mH2—21/n(sm) and ¢, = L, e ¢<106m)" We can
derive an oracle inequality from (5.14) thanks to a control of v,s; by Bernstein’s
inequality. Moreover, we can prove a lower bound on our penalty and obtain under
reasonable assumptions on the collection (S,,)menm, that, with large probability,
|R(m,n)| = €, ||s — 3|5 with €, — 0. The proof of these results is beyond the
scope of this paper. It will be fully developed in a forthcoming article (see Chapter
2).
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5.3 Adaptive confidence balls

Let S,, be a linear subspace of L?(x) with finite dimension D,,, and let a be a real
number in (0,1). In Section 2, we proved that any (1 — «)-confidence ball of s,,, i.e.
any random set B(S$,7,) such that

Vs € L*(p), Py (sm € B(3,74)) > 1 -«

satisfies E(72) > C,D,,/n. Moreover, we built (1 — «)-confidence balls such that
E(r?) < C,D,,/n. In this framework, the problem of adaptation can be stated as
follows. Let S be a linear subspace in L?*(x) with dimension D and let (S,,)menm,
be a collection of linear subspaces in S. A (1 — a)-confidence ball B(s,7,) for the
projection s, of s onto S is said to be adaptive over the collection (S,,)men, if
there exists a constant C,, such that, for all m in M,, for all s in L?(u) such that
s, belongs to S,,, we have E(72) < C,D,,/n. In order to build such balls, we need
informations on the distance between s,, and S, d(s,, Sy) = infieg,, ||s — t||,. The
necessary estimation of this bias leads to an irreductible limitation in the adaptive
property. More precisely, we will prove in Theorem 5.3.1 that all (1 — a)-confidence
balls B(3,7) over S satisfy E(#?) > C(D,, V v/D)/n. Thus, we can build confi-
dence balls on S that are adaptive over (S,,)men, only if all the models S, satisfy
D,, > Cv/D. The main problem is that we cannot build a test of null hypothesis
s € S,, against the alternative s € S and s ¢ S, with asymptotic rate of conver-
gence (as defined in Ingster [40, 41, 42] smaller than Cv/D/n. In this section, we
prove non asymptotic lower bounds on the radius of a confidence ball in our finite
dimensional setting. Then, we adapt Baraud’s model selection algorithm to the
density estimation framework and obtain non asymptotic adaptive confidence balls
for s,. Finally, we derive some applications, in particular, we build non asymptotic
confidence balls for s under regularity assumptions.

5.3.1 Minimax lower bounds
The result

Theorem 5.3.1 Let X =[0,1) and let 1 be the Lebesgue measure on X. Let S be the
linear subspace of L*(p) spanned by the functions ly/p (k41y/p) for k=0,..,D —1
and let S, be the linear subspace of S with dimension D,, spanned by the functions
L/ Dy (k+1)/ D) JOT k=0, ..., Dy — 1. We assume that there exists an integer | such
that D = 1D,,, thus S,, is a subset of S. As before, we denote by S, respectively S,,,
the set of all densities in S, respectively in S,,. Let a, 3 be real numbers in (0,1)
such that 2o+ < 1. Let (Xy, ..., X,,) be i.i.d random variables with common law P;
and let 5,7 be random variables measurable with respect to o(Xy, ..., X,,) such that

Vs € S, P(s e B(57))>1-a, (5.15)
Vs € Sy Po(F < 1rp) > 11— 0. (5.16)

Assume that D > 10 and that n > V/D. Then, there exists a positive constant Cy g
such that

In particular, inf;sup g E 7% > ﬁCa,ﬁ\/ﬁ/n.
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Comments:

We want to build confidence balls B(3,#) on S such that, when s belongs to S,,,
E(7?) < CD,,/n. Theorem 5.3.1 shows that we can achieve this goal only if D,, >
CVD.

Actually, we prove a slightly more general result since we obtain that the separation
rate (as defined for example in Ingster [40, 41, 42]) for the test of null hypothesis
Hy: s € S, against the alternative H, : s € S — S, is lower bounded by Cv/D/n.
Thus, we extend the asymptotic result of Ingster since we prove it for any fixed
n > 10.

Connection with adaptive estimation

There is a large amount of litterature on adaptive estimation (see for example [15] or
[16] and the references therein). In our framework, an estimator §,, of s is minimax
on .5, if there exists a constant C' such that

sup E (|3 — sl}) < Cinf sup E (5 — s13).

S€EOm

where the infimum is taken over all the possible estimators of s. The quantity
M,, = infssup,cg E(||5— s||§) is called the minimax rate of convergence on S,,.
In our framework, it is well known that this minimax rate of convergence is of order
D,,/n and that the projection estimator is minimax over S,,,. We proved in Sections
2.2 and 2.3 that D,,/n is also the minimax size for a confidence ball on S,,. An
estimator § is said to be adaptive over a collection of models (S,,)menm, if there
exists a constant C' such that

VYm € M, sup E (|| — 3”3) < CM,,.

SGSm

An adaptive estimator behaves as well as possible over all the models (S,,)menm,
simultaneously. We can prove under reasonnable assumptions on the collection
(Sm)menm, that the penalized least-squares estimator defined in Section 2.5 is adap-
tive over all the collection (Sy;)menm,. On the other hand, given an adaptive es-
timator § over a collection (S,,)menm,, one may wonder if we can learn from the
data the actual size of ||§ — s||;. More precisely, given a € (0,1), the problem
is to build an (eventually random) bound 7? such that, for all s in (S,,)menm,
P(||5 — s]|> > #2) <1 — « and such that, for all s in S,,, E(7?) is of order D,,/n. In
other words, the problem is to build adaptive confidence balls centered in 5. Theo-
rem 5.3.1 can be interpreted in this context. In order to build 72, we have to choose
a subset M,, of M,, such that the linear span S, of (Sy,),,cy, has finite dimension
D. Then, every bound 72 on ||5 — s||3 satisfy E(#%) > Cv/D/n. In particular, E(7?)
does not give the actual order of E(||3 — s||3) when s is closed to a model S, such
that D,, < Cv/D. This is a fundamental difference with the problem of adaptive
estimation where we do not need to specify a space .S,, and where adaptation is pos-
sible without limitations on the dimensions of the models involved. This idea was
extensively discussed in Hoffmann & Lepskii [38]. Nevertheless, adaptive confidence
balls can be informative for applications, this is why we explain now how to obtain
such adaptive confidence balls.
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5.3.2 An adaptive algorithm

In this section, o and  denote some real numbers in (0,1). Let S, be a linear
subspace of L*(p), with finite dimension D. Let (S,,)menm, be a collection of sub-
spaces in S,, with respective dimensions (D, )menm,, - Assume that Assumption [M]
is fulfilled in all the spaces (Sy;)menr, and in S, with the same constant ®y. As
in the previous sections, we denote by S and S,, the set of all densities in S and
Sm. Given i.i.d observations X1, ..., X,, we want to build random variables s, R,
measurable with respect to o(Xj, ..., X,,) such that

Vse S, P, (s € B(é’,f%a)) >1—a.

_ . D D
VYm e M,, Vs €S, P (RiSCa,g (—m\/§>> >1—0.

n

As in the previous sections, for all m in M,,, we denote by s,, and §,, the orthogonal
projection of s onto .S, and the projection estimator of s onto S,,. Moreover, let s,
be the orthogonal projection of s onto .S,,. From Pythagoras Theorem, we have

= . 2 s 2 2 2
Vs € L2(1), Yim € Mo, lim = 12 = 6m — sml2+ 1sm — sull2-+ llsn — 1.
From Corollary 5.2.1, for all m in M,,, we can build v2, such that
P (||5m — Smlls > vz) < a.

Moreover, there exists a constant C, g, such that P(v2, > C,3D,,/n) < 3/2. We
do not deal with the bias of our collection of models and we assume that some
bound ||s, — s||3 < n? is known. We will see in the applications in Section 3.3 that
there exist some classical problems where such bound is available. Thus, in order to
achieve our goal, it remains to control the quadratic functional ||s,, — s,||5. This is
the aim of the following subsection.

An estimation of d(s,,S,,) and a test

In order to build estimators of quadratic functionals such as ||s,, — s,||>, Laurent
& Massart [45] and Fromont & Laurent [33] used U-statistics of order 2. We use
the same idea here. We deduce from Theorem 3.4 in Houdré & Reynaud-Bouret
[39] a concentration inequality for U-statistics of order 2. We use this inequality to
obtain a control of ||s,, — s,||5. In order to prove an optimal result, we need another
assumption on the density s.

[D]: s € L(M) = {t € L*(u), |1l < M}.

We prove the following result.

Proposition 5.3.2 Let Xy, ..., X,, be i.i.d random variables valued in a measurable
subspace (X, X) of R, with common law Ps. Assume that s satisfies Assumption [D]
for some constant M. Let S, and S,, be linear subspaces in L?(u), with respective
dimension D and D,,. Assume that S, and all the S,,’s satisfy Assumption [M;]
with the same constant ®y. Let s, and s,, be respectively the orthogonal projections
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of s onto S, and S,,. Let (1)x)rea be an orthonormal basis of S, such that (x)xem
is a basis of S,,. Let

Un =y 2 3 (a(X0) = P (X)) = Pas).

i#j=1 AeA—m

n

Vy— D daX)ua(X)). (5.17)

n(n —1) i#j=1 \eA—m

Then, for all £ in {—1,1}, for all x > 0 and all € > 0, we have

VDzx

n

P, <£Um > o Y2 02(6)% 4 Cy(e)D (%)2> <28¢77, (5.18)

1
P, (f (Vi = llsn — sm||§) >3 50 — Smll5 + Ce, D,n,x)) < 3.8¢77. (5.19)

where Cy = 5.7V M®g, Cy(e) = (8 + 192¢) M, Cs(€) = 19202(5.4 + ¢ ') and

\/m+(02(e)+8M) +(03(e)+2q>g)Dn—f2. (5.20)

i
n n

C(e,D,n,x) = Cy(e)

Comments:

We deduce from Inequality (5.19) the control of ||s, — s[5 that we need. It is
consequence of Inequality (5.18) and of Bernstein’s inequality. Inequality (5.18) can
be used to build a test for the null hypothesis Hy : s € S, against the alternative
Hy:seS5—5,. Let us now briefly explain how.

We keep the notations and assumptions of Proposition 5.3.2. Under Hy, for all A in
A —m, we have Py(1)) = fx sadp = 0. Thus

V,, = ﬁ S h(Xa(X))

i#£j=1 \eA—m

is a totally degenerate U-statistic of order 2 and from Inequality (5.18), we have,
for all o in (0,1),

In(5.6/«) N

+ Cs(e)

DIn(5.6/a) y(6)

P, <|Vm| - M) cu

n2
Thus a test for Hy against H; with confidence level « is given by

¢ - 1|Vm\§C1 v/ D1In(5.6/a)/n+C2(e) In(5.6/a) /n+C3(e) D(In(5.6 /) )2 /n?"

This test cannot have a well controlled error of second kind when d(s, S,,)? <
CovV/'D/n because of Inequality (5.19) but we show in the proof of Proposition 5.3.1
that this is the separation rate for this test. Thus, this test is rate-optimal. We can
now turn to the problem of adaptive confidence balls.
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Adaptive confidence balls

We apply the algorithm of Baraud [8] to obtain adaptive confidence balls in a density
model. Let us recall this algorithm. We fix o in (0,1) and we choose a collection
(m)mem, of positive real numbers such that » .\, a,, = a/4. Assume moreover

that we can choose the weights o, such that In(1/a,,) < C.(n/v/D)*? for some
constant C,. Let € > 0 and let (Wy,...,W,,) be a resampling scheme as defined
in Section 2.2. Let vf, = Var(W; — >_1", W;/n). For all m in M,,, let (¢§*)rem
denotes an orthonormal basis that we complete to obtain an orthonormal basis
(V%) aen of S,. When no confusion can occur, we simply write ¢, instead of ¥}".
Let y,, = In(4.8/c,,). Let us define the following random variables:

o2 = 1w (Z[deim]Q) + ?7(6)—(1)0 A{]/Dmym + K, (€) Dt

m 2 [N 2
'UW n

)
AEm

b2, =2V, +2C(¢, D,n, Ypm),

where 7(€), K,,(¢) are defined in Theorem 5.2.1, C(e, D, n, y,,) is defined in (5.20) and
Vin is defined as in (5.17) with the basis (¢)}*)xea—m. Remark that the assumption
on «,, implies that there exists a constant C' such that y,, < Cn/v/D,,. Thus, there
exists a constant C'(€) such that

= Lt P (Z[VZVWP) + (Yot

2
v
w AEm

Moreover, there exists a constant C' such that Dy? /n < C\/Dy,,. Thus, there exists
a constant C'(e) such that

VDY, + Y,
n

b2, = 2V, + C(e) (5.21)

Let n > 0 and, for all m in M, let R% = b2, + v2, + 7% Let (¥r)rea be an
orthonormal basis of Sy, let y, = In(9.6/«) and let

= Ut g (wa) Fp(o TV Ky 222 1.

n 2 n 2
v n
w AEA

Finally, for M,, = M,, U {n}, we choose

m € Arg min R2, R* = R%, 5= 4. (5.22)

meMy ”
The following result holds.

Theorem 5.3.3 Let Xi,...,X,, be i.i.d random wvariables valued in a measurable
subspace (X, X) of R, with common law Ps. Let L™(M) = {t € L*(pn), ||t|l., < M}.
Let S, be a linear subspace of L*(u) with finite dimension D. Let (Sp)mem, be a
collection of linear subspaces of S, with respective dimensions (Dy,)menm, - Assume
that S, and all the S,,’s satisfy Assumption [M;] with the same constant ®qy. Let
Sn and s, be respectively the orthogonal projections of s onto S, and S,,. Let
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(Qm)mem, be a collection of positive real numbers such that )\, au, = a/4 and

such that In(1/am,) < C.(n/v/D)*? for some constant C,. Let n > 0 and let 5, R
be the random wvariables defined in (5.22). Then, for all s in L>°(M) such that
d(s,Sn) <n, we have

P, (s e B(, R)) >1—a. (5.23)

Let (Mm)mem,, be a collection of positive real numbers and let 8 be a real number in
(0,1) such that In(1/3) < Cy(n//D)*3. There exists a constant C' such that, for
all m in M,,, for all s in L>(M) satisfying d(S,, Sm) < Nm we have

C

P, (R2 >= (Dm 4 /Dot + D:pm> N 3nfn> <8,  (5.24)

where T, = In(a;,' V 371).

Comments:

Baraud [8] proved the same kind of result in the regression framework and was the
first, up to our knowledge, to study adaptive confidence balls from a nonasymptotic
point of view. Theorem 5.3.3 can be viewed as an extension of his results to the
density estimation framework.

The introduction of the weights (7,,)menm, prove the robustness of the procedure.
Moreover, it allows us to replace the assumption s € S by the more classical one
that s belongs to some Besov space as we will see in Section 3.3.1.

5.3.3 Applications
Adaptive confidence balls under regularity assumptions

It is common to replace the assumption that s is close to some finite dimensional
linear space by some regularity assumption on s. Let us recall some definitions and
some results of approximation theory here.

Wavelet basis.

Hereafter, we work with an r-regular orthonormal multiresolution analysis of L*(u),
associated with a compactly supported scaling function ¢ and a compactly supported
mother wavelet ¢. Without loss of generality, we suppose that the support of the
functions ¢ and v is an interval [A;, As] where A; and A, are two integers such that
Ay — Ay = A > 1. Let us recall that ¢ and ¥ generate an orthonormal basis by
dilatations and translations.

For all k in Z and all j in N*, let vox : 2 — V2622 — k) and ¢, : 7 —
21/29p(29z — k). The family {(¥j1);s0xez} is an orthonormal basis of L?(u). We
assume moreover that the constant functions belong to the linear span of (¢ x)kez-
Besov balls.

Let w,p be two positive numbers such that w + 1/2 — 1/p > 0. For all functions ¢
in L2(p), t = 3" 50 kez Biktik, We say that t belongs to the Besov ball By 00(M)
on the real line if_||t||w7p7oo < M; where

1/p
||t||vavC>O — S&E 9J(w+1/2—1/p) (Z |5jvk|p> )
J

keZ
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It is easy to check that if p > 2 By, 00(M1) C By 2.00(M;) so that upper bounds on
By 2.00(My) yield upper bounds on By, .00 (My).

The framework.

Let J € N and for all J,,, < J, let

Ay={(0k),~Ay <k <2= A} U{(j,k), 1< j<J —Ay <k <—A +2}

m:{(O,k),—A2<k<2—A1}U{(j,k:), 1§j§Jm, —A2<I€<—A1+2]}

Let S be the linear span of (¢))xea and, for all J,, = 1,..., J, let S, be the linear
span of (¥\)xem. In particular, we have D, = A(J,, + 1) + 2/=*1 — J and thus
2Imtt < D < A(Jpp+1)+27m 1 < (A+1)27mFL Moreover, S, satisfies Assumption
[M;].

Approximation results on Besov spaces.

We have the following result (Birgé & Massart [15] Section 4.7.1). Suppose that
the support of s equals [0, 1] and that s belongs to the Besov ball By, 2 oo (M), then
whenever r > w — 1,

2 2
s 2(1+ A)*™ |Is
Nolhooo oap o 2AH A 8luao0 o (5.25)

A(4v —1) = A(4v — 1) m

Is = smlly <

We can now state this straightforward application of Proposition 5.3.3.

Corollary 5.3.4 Let S,, be the linear span (x)xen, where D = |A;| satisfies

. 1/(2w+1/2) 1/(2w+1/2)
" <D< | " _
2 log(logn) log(logn)

We have D < n. Let (Si)mem, be the wavelet spaces defined above for all Jy, in
1,....J. Let o, = af(4J) < Co/1In(n). Let 5, R be the random variables given by
(5.22) with n? = M?2727* /(4(4¥ — 1)). We have

Vs € Byaoo(M)NL¥(M), Py(s € B(3,R)) >1— a.

Moreover, there exists a constant C, g such that, for allv > w, for all s in By, 3 o0 (M1)N
L*>(M), we have

2 _dw
5 1 To+1 1 1 4w+1
n

n

Comments:
This result extends the asymptotic result of Robins & Van der Vaart [61] since it is
valid for any fixed n.

Adaptive confidence balls for a vector ((P(X € I)))en)

In this section, we suppose that a partition (I))yep with finite cardinality D of
X is given. We assume that there exists a positive constant ®q such that, for
all X in A, pu(Iy) > 1/(®2D). This way, the space S, of real valued functions
constant on the partition (I)),ea satisfies Assumption [M;]. For all « in (0,1),
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we can use Theorem 5.3.3 to build adaptive (1 — a)-confidence balls for the vector
(P(X € I,)/v/1(Ix))ren)- The first step is to see that the function

17
o =S P(X € I,)—=2
% (1)

is the orthogonal projection of s onto the linear space S,,. Consider a family
(Sm)mem, of linear subspaces of S. For all m in M,,, S,, is a space of function
constant on a finite partition (I7")aen. Thus all the spaces (Sp,)mem, satisfy As-
sumption [M);] for the same constant @, if and only if for all m in M,, and all A
in m, we have pu(I{") > 1/(®3D,,). Hereafter, we assume that this condition as
fulfilled. We can apply the procedure of Section 3.2, with n = 0 to provide random
variables § and R satisfying

P, (sn € B(§,R)) >1—-a

with ER? < Cap (Dm + /Dy + VD, + nfn) /m when d(s, ;) < M. The func-
tion § is constant on the partition (I))xea like all the functions in S, thus we can
consider the vector of its value on (I)xeca and the ball (for the euclidian norm in
RP) centered on this vector with radius R is an adaptive (1 — a)-confidence ball for

the vector ((P(X € I))/+/p(Ix))ren)-

5.4 Proofs

We start this section with a very useful lemma. It is a concentration inequality for
U-statistics based on an orthonormal basis of L?*(u1) derived from Theorem 3.4 in
Houdré & Reynaud-Bouret [39].

Lemma 5.4.1 Let X, X, ..., X,, be i.i.d random variables, valued in a measurable
subspace (X, X) of R, with common density s with respect to a measure . Assume
that s belongs to L*(u). Let S,, be a linear subspace of L*(u1) and let (1)) ren,, be an
orthonormal basis of Sy,. Let By, = {t € Sy, ||t]l, < 1}, v2, = supyep, Var(t(X))
and by, = sup,cp ||t — Pt||,. Let

V) = = 3 3 (1) = Pn)(12(X,) = Pi).

i#j=1 A€Am

Then for all x > 0 and all € in {—1,1}, there exists a space ), such that P(QS) <
2.8¢7* and such that, on €2,

n n

3/2 b\
cU(A,) < 570 b VT4 8v,%ﬂ% + 3840,,b,, (%) +1020 (—x) . (5.26)

Proof :
We apply Theorem 3.4 in Houdré & Reynaud-Bouret [39]. We have, for all x > 0

1
P (gU(Am) > — (5.7B1v/x + 8Bax + 384 B32%/* + 102034552)) < 287" (5.27)
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where

Uz,y) = D sen,, (@) — PUA)(0A(y) — Piy),
B? = n’E [(U(Xl,Xg))Q} , BZ=nsup, E [(U(x,Xg))Q] , By =sup, ,U(z,y),

Bg—sup{ EZQ Xp) <1, EZﬁQ X1) <1}.

Let Ty = > sen., (Ux — Py)? and let b, = sup,cp |t — Pt||,. From Cauchy-
Schwarz inequality, we have, for all real numbers (by)aea,,

Z b = < sup Z a)\b,\> : (5.28)

AEAm Y a3<1yen,,

n i—1

EY Y U(Xy, Xa)ai(X1)8(Xo)

i=1 j=1

In particular, since the system (1))aea,, is orthonormal, we have, for all z in X|
T (z) = (supyep, (t(x) — Pt))*. Thus

PTp < || Tllo < 02 (5.29)

Let us now evaluate By, By, Bs and Bj.
Evaluation of Bj:

Bl S (Pl — Py — Pn))

n
MNEA,
2
= Z < sup P<¢A—P1/JA Z ax/%'—P<Z GXIDA')]))
AEA, Z“iél NEAm, NeAn,

= Z (sup P (s — Py (t — Pt))) < PT,v;,,

NEA, tEBm

where we use successively the independence of X; and X, Inequality (5.28), the
orthonormality of the system (1))xea,, and Cauchy-Schwarz inequality. Thus we
obtain

B; < nv,,b,,. (5.30)

Evaluation of B,: For all real numbers v, z, we have 2yz < y? + 22, thus, for all
i,7 in {1,...,n}, we have

P ((x — Pin)aw) P ((thx — Pibn)B;) < (P ((x — Prpa) o)) *+(P ((ox — Pibw)B)))* .

We apply (5.28) with by = P ((¢x — Py)aqy), since the system (1)) rep,, is orthonor-
mal, we have for all ¢ in {1,...,n},

> (P ((hr — PYn)ay))? = (Sup Pt — Pt)ai) <02 Pa?.

NEA, tEBm

Since Y1, Pa? <1 we deduce that

Z Z (P ((x — P@/)A)Oéi))z < m}fﬂ.

1,7=1 AEAm
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The same inequality holds for 3;, thus we obtain
By < nv?,. (5.31)

Evaluation of Bs: For all z in X, E[(U(z, X5))?] is the variance of the function
te = D sem(WWa(x) — P1Py)ty. L, is a function in Sy, and, from inequality (5.28), we
have

162 = 3 (ala) — Pn)? = (sup (1) - Pt)) <.

MM, teEBm

Thus E[(U(x, X»))?] = Var(t,(X)) = b2 Var(t,(X)/b,,) < b?,v2. Thus
Bz < V/nupby,. (5.32)
Evaluation of B,: We apply Cauchy-Schwarz inequality and we obtain
By < || Tl < 07, (5.33)

Let QS be the event defined by inequality (5.27). From (5.30), (5.31), (5.32) and
(5.33), we have, on €,

) b 2
CU(A,,) < 5 7vmnm\/§ N 8v7;nx

3/2 2
+ 3840,b, (f> + 102002, (5) L (5.34)
n n

5.4.1 Proof of Theorem 5.2.1:

Inequalities (5.4) and (5.5) are trivial when x < 1 so that we only have to prove
them for all z > 1. We decompose the proof into several lemmas.

Lemma 5.4.2 Let

Un = ﬁ D) @a(X0) = Pua)(a(Xe) — Pihy).

Aem 1Al =1
Then we have
[$m — 8mlls = Ry + Unn. (5.35)
In particular,
.2
E ([sm = 3mlly) = E (R%) - (5.36)

Proof of Lemma 5.4.2: B
For all i = 1,...,n, let W; = W; — W,,. For all functions ¢, we have v’ (t) =
S Wit(X5)/n. Y0 Wi = 0, thus, for all X in m we have 1Y (Pi) = 0. Moreover,

n

0-E <Z W> Y E(W2)+ Y B (W) = nB(2)4n(n- DE(TAITY).
i=1 i=1 i#j=1

The second equality comes from the exchangeability of the weights. Thus, we have

vy =EWY) = —(n— 1) > E(W, ).
i#]
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Hence,
Ry = > EY (Y =Y EY ([} (tbr — Pyy)]?)
_ ZEW< Z W, (0A(X3) — Pon) (a(X) —P@/)A))
1 = 9 2
= 5 Z ZE (WZ ) (VA(Xi) — Piby)
b 73 BT (@A(X0) — Pea)(ea(X;) — Po)
Aem i#j=1
_ % (pn <Z<w - PW) - Um> : (5.37)

On the other hand, easy algebra leads to

||5m - §M||§ = Z ([Vn(@Z)A)]Q) = % (Pn (Z(% — P%)Q> + (n - 1)Um> .

AEm AEM

Thus, we have ||, — $n||2 — R% = U,,. This proves (5.35). In order to prove (5.36),
just remark that U, is a totally degenerate U-statistic of order 2.

The next lemma is a straightforward application of Bousquet’s version of Talagrand’s
Theorem (see [18]).

Lemma 5.4.3 Let ¢ > 0, a(e) = 4(1 +€71), Be) =2(1 + e 1) (et +1/3)% Then,
for all x > 0, with probability larger than 1 —e™™

Do D, ||l ®2D,, x>
0 n” ||2 +/8(€) 0n2 ] (538)

||5m - *§m||§ < (1 +€)3E (Hsm - §m||§) +O‘(€)

T

and, with probability larger than 1 —e™7,

2D, P2 D,z
n

s = 3l < (1+€)°E (IIsm — 8mll3) + ale) +oe)—3— (539

Proof of Lemma 5.4.3:
We apply Inequality (5.28) with by = v,(1)), and we obtain

[$m — 8mlly = ZM(%)P = Sup Z ax[vn (V)] sup Vn(t).

Aem Y a3<1l\gm tESm’ lltllo <1

Let € > 0, k(e) = e ' +1/3, By, = {t € Sy, |It]l, < 1}, v2, = sup,ep, Var(t(X))
and b, = sup,cp  ||t||- Talagrand’s Theorem (see for example Bousquet’s version
in Bousquet [18]) states that

2 b
Vi >0, P (Hsm —Sully > (1+ OB (s = 8mlle) +vmy/ = + /i(e)—x> <e.

n
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For all real numbers y, z, we have (y + 2)? < (1 + €)y* + (1 + ¢ 1)2%. Thus for all

T

x > 0, we obtain that, with probability less than e,

s = 83 > (14 0 (s = Sl + (14 1) (m\/% + m<e>b’”—x>

n

(5.40)

From Jensen inequality, we have (E (|[sy, — $mll,))* < E ([sm — §m|]§), thus using
again the inequality (y + 2)? < 2y? + 222, we obtain

. w2 3 9 vix b2, x? B
Ve >0, P [|sm — 3mlls > (1 + €)°E (|[sm — Smll;) + a(e)T + 5(e) - <e?

(5.41)
From Assumption [M;], we have b,, < ®yv/D,, and by Cauchy-Schwarz inequality
and Assumption [M;], we have, for all ¢ in S,, such that [/t|, <1
Var(t(X1)) < E*(X1) < ||t Pltl < @0/ D 1t [I5ll < ®oy/Din 1511,

Thus vZ, < ®gv/D,, |||, - Plugging the evaluation of b, and v2, in (5.41), we obtain
(5.38). Using the inequality Var(t(X,)) < Et3(X;) < ||t||>, < ®ZD,,, we obtain
(5.39).0

The next lemma is a consequence of (5.26) and of Bernstein’s inequality.

Lemma 5.4.4 We keep the notations of Lemmas 5.4.2 and 5.4.3. For all x > 1,
and all & in {—1,1}, there exists an event 0, with P(QS) < 3.8¢™* such that, on ),
we have

1 @D, 3/2 2
§(R%, —ER) < — + —02m (5.7£ +9% 4384 (5> +1020 (f) ) . (5.42)
n n n n n n

Proof :
From (5.37), we have ER, = P (3, ,.(¥x — Py)?), thus

R:, —ERZ, = % (un (Z(w - wa) — Um> : (5.43)

AEm

Let Ty, = >3 cn(n — P1py)?. Since the constant functions are assumed to belong
to Sy, for all function ¢ in S,,, t — Pt belongs to S,,. Thus, from assumption [M;],
b < ®2D,,,. We apply inequality (5.29) with A,, = m and we obtain

nE(RYy,) = PTy, < || Tl < 95D (5.44)

Thus, from Bernstein’s inequality, we have

202D,z cbgDmx) B
> + <e "

n 3n

V>0, P (fyn(Tm)

We apply the inequality yz < y?/4 + 2% to y = /292D,,z/n and z = 1 and we

obtain

®2D,,
Ve >0, P (fyn(Tm) > 1+ 2 x) <e ™ (5.45)
n
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In order to control the U-statistic, we use inequality (5.26) with A,, = m and
v2, = sup,ep, Var(t(X)). Forall z > 0, there exists an event (2, with P(Q¢) < 2.8¢™*

such that, on €,

(I)()\/ DmZL‘ i
n

3/2 2
Byy/D Byy/D

U, < 5.70,, 0 mx) + 1020 <°7’”x) .
n

5 T
807, + 384,/u, <7n
(5.46)
For all ¢ in B,,, from Assumption [M;], we have ||t||_ < ®ov/D, thus Var(¢(X)) <
||15||C2>o < ®2D,,. In particular v2, < ®2D,,. We plug (5.46) and (5.45) in (5.43) to
conclude the proof of Lemma 5.4.4.

Conclusion of the proof of Theorem 5.2.1.
Let x > 1, € > 0. From Inequality (5.38) of Lemma 5.4.3, we have, on an event {2y
such that P(25) < e 7,

®2D,, x>
5(6)07-
From Lemma 5.4.2, we have E (||s,, — §m|]§) =E (R%,), thus, on Q,

Pov Dy, ISl x ®2D,, 2
0 n” ||2 +ﬁ(€) On2 )

From Lemma 5.4.4, there exists an event €3 with P(€2§) < 3.8¢~* such that, on €3

1 ®D, 372 ?
E(R%) < RY+—+ -0 (mﬁ +9% +384 (=) +1020 () )
n n n n n n

1  ®2D 384 1020
< R% + - O™ (4.7 4+ = + 22 ) 22,

In the last inequality, we use the inequality x > 1. Therefore, on 25 N (23, we have

®o/ D, |||, = D,, x>
0 H ”2 "—Kn(E) —.
n n

This concludes the proof of (5.4). In order to prove (5.5), we use inequality (5.39)
of Lemma 5.4.3 rather than (5.38).

Hsm - §m||§ < (1 + 6)3E (Hsm - §M||§) + a(e)

@0y Dy sllp2
n

lsm = 3mlls < (1+€)°E (Riy) + a(e)

1
Isia = 3mlly < (1+€)*(Riy + —)+ale)

5.4.2 Proof of Corollary 5.2.2:

The covering properties are straightforward from Theorem 5.2.1. When In(1/a) <
C.n, we have D,,(In(1/a))?/n? < C.D,,In(1/a)/n and when In(1/a) < C.n/v/D,,,

we have
D,,(In(1/a))? <C VD, In(1/a)
n? - n '
Moreover, from Inequality (5.44), we have E(R%,) < ®2D,,/n. Thus the bound in
expectation is proved. From inequalities (5.42) and (5.44), there exists a constant

C' such that )
P (1 > oo (14 DOITY)

n

When In(1/8) < C.n, we have (In(1/8))?/n < C.In(1/8) and when In(1/3) <
C.n/\/D,,, we have D,,(In(1/3))?/n < Ci/D,, In(1/3)/n. This concludes the proof
of the upper bound in probability.
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5.4.3 Proof of Proposition 5.2.3:

The proof is decomposed in two lemmas.
Lemma 5.4.5 Let us assume (5.9-5.10). For all s in S,,, we have
P, (||s — 8[5 > d2,) < a+ 3. (5.47)
Proof of Lemma 5.4.5:
Pollls — 5|, > dm] = Psl[lls =8|y > dnNdim > 7] +Ps[||s — 5], > dim Ndp, < 7]
< Pylls =8|y > 7]+ Py [dn, < 7] < a4+ p.

Lemma 5.4.6 Let § = o+ [ and let d,,,(5) be any real number satisfying (5.47).
Then we have

D, —1 1
2n n

2Dy + 1)1
(D + 1—5

[VIE D, ]

Remark: When D,, > 3 + 181og(v/2/(1 — 6)) and n > D,, + 1, we have

2(Dy, + 1)1

\/1 n-1 - D,, —1
1—5 - 3
thus d2,(6) > (D,, — 1)/(6n).

Proof :
We prove that if

D, —1 1
Ui ——,|2(D,,
2n n ( +1

d (6) =

[
1—5

i%f Py [lls — 5[], < dm(0)] <1—04.
SEOmM

then

Let so = 1,1y, m = {1, ..., [Dy,/2]} and for all A in m, let

Dy,

— (120 1)/ D22 1)/D1) = L{22-1)/ Dy 20/ D10)) -

a =1/

It is easy to check that (i\)aem is an orthonormal system in S,,, orthogonal to sg
such that, for all A in m, ||[u]l, < /Dm/2. Let 3o = [ 8sodp and for all X in

m, let B,\ = f shadp. Let (€x)aem be 1ndependent Rademacher random variables,
independent of Xj,..., X,,, let p be some real number to be chosen later and let
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S¢ = 80P D rem Ex¥- The 1)y have distinct support, thus HZ)\Em k2N HOO <+/Dp/2
and s¢ is a density if —+/2/D,,, < p < +/2/D,,. We have

Jnf Pufls = 8ll, < dnl6)] < Pog [lse = 315 < d2(0)]

E85 (1(1§0)2+erm(P§A5’A)2§d%(5))

1
- /0 (1(1§0)2+erm(pﬁxﬁx)2gdzn(5)) sedyi.(5.48)

We have

~ N\ 2 ~ ~ N ~
S (=) =S r-20h+E> 3 pFo2h+ B > ANES).
AEM Aem AEm, p€xBr<0

(5.49)
where N (¢, 8) = Card({A € m, p&By < 0}) =3 3¢, Lipe,pu<oy- I we plug (5.49) in
(5.48), we obtain

S

1
i Pyl =3l < dn(®)] < [ Loneosa,msedse
m 0

We integrate with respect to £ and we apply Fubbini’s theorem, we obtain

1
inf Blls =5l < du@)] < [ B (Lovencnos e (550

From Cauchy-Schwarz inequality, we have
Eg (1p2N(§,§)§d$n(5)5§) S ]P)g (pQN(f, §) S d?n((S)) Eg (82) . (551)

We have Ees? = 5§+ p° >\ ¥3- For all X in m, fol Y3 =1, thus

1
/ Eesedp =14 p*[Din/2). (5.52)
0

Moreover, conditionally to §, N (&, §) is a sum of [D,,/2] independent random vari-
ables valued in {0, 1}. Thus, from Hoeffding’s inequality, we have

Vt > 0, Py (N(g, §) < Ee (N(E, ) — [Dm/Z]t> <e (5.53)
We have Dy /2]
Ee(N(€,8) = Y Be (1e5,00) = 5
AEM
We choose

t=1In

2
1+;)[Dm/2]]’p:\/§S 2
1-46 n D,,

Since (D, — 1)/2 < [D,,/2] < (D, + 1)/2, we have

V1+ (D, +1)/n

t<1
= 1-5

, B (N(E,3) >
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Thus
{P*N(&,8) < d2,(0)} C{N(E,5) <Ee(N(E,3)) — /[Dm/2]t}.

Hence, from (5.53), we have

Pe (N (€,5) < &2,(9)) < — 0L (554

= 1+ p?[Dnn/2]

We plug inequalities (5.52) and (5.54) in (5.51) to obtain

1
/0 E¢ (1p,.pn(es)zaz,)5¢) < (1 —0)%
Thus, from (5.50) and Jensen inequality, we have

inf P, [|ls — 5, < du(d)] <10,

5.4.4 Proof of Theorem 5.3.1:

We decompose the proof into two lemmas.

Lemma 5.4.7 Let S(2r,,) = {t €S — Sy ; ||t — soll, > 2rp,}. Under the assump-
tions of Theorem 5.3.1, there exists a test ¢ such that

Po(¢) 2 1—a, inf P(1-¢)>1-(a+p).
s€S(2rm)
Proof of Lemma 5.4.7:

Let ¢ = 15,ep(s,»)- From Inequality (5.15), we have P, (¢) > 1 — a. Moreover,
for all s in S(2r,,), we have

Ps(¢) = Ps(so € B(8,7)) =Py([[so — [, < 7)
< Pulllso = slly = [ls = 5ll, <7) < Ps(lls = 8y > 2rm — 7)
= Py(||ls = 5|y > 2rp, — 707> 1) +Py(|ls — 5], > 2ry, — 707 <1p)
< Po(7 > 1) +Ps(||ls = 8], > 7) < S+ .0

The second lemma gives the separation rate for the test of null hypothesis Hy : s = s¢

Lemma 5.4.8 Letn =2(1 —2a—f3), let D, be the set of functions ¢ taking value
in {0,1} such that PE"(¢o) > 1 —«, let r be a positive real number and S(r) be the
set of all densities s in S such that ||s — sol|, > 7.

Let 3(S(r)) = infy,ca, SUPses P& (¢q).
If D > 10 and r* < \/In(1 +n2)/3.2(v/D — 1/n) then 3(S(r)) > 3+ a.

Comments: From Lemmas 5.4.7 and 5.4.8, we deduce that

2 o In(1+n?)vD -1
" 3.2 4n

r

Thus the proof of Lemma 5.4.8 concludes the proof of Theorem 5.3.1.
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Proof of lemma 5.4.8:
It is clear that the function (§(S(r)) is non-increasing with r. Thus we take

r? = \/In(1+7?)/3.2y/D —1/n and we want to prove that 3(S(r)) > a + 3. Let
fir be a probability measure on S(r) and let P, = [ Pidu,, then we have

B(S(r)) = inf PP"(¢a)

$a€Pa
= inf (P2(0a) = P"(0) + PS(0))
> 1-a+ f (PEM(pa) — PE™(¢a)) (5.55)
> 1l—a—  sup ’Pﬁ"(A) — Ps‘%"(A)’
A; PE™M(A)<a
> =Py (5.56)

where ||.||;, denote the total variation distance. We can easily compute this distance

if P2" is absolutely continuous with respect to PE". If L, = dP2"/dPE", we have
[P = PE™M| 1y = B [ Ly (X1, o, X)) = 1] < (PEM(L7,) — 1)
and then
\/P®n L2 _
B(S(r)>1—a— . (5.57)

From (5.56) and (5.57), 3(S(r)) > a + 3 if P2" (L ) <1+ Let us now give a
probability measure on S(r) such that PZ" (LQT) <1+n2

Let (¢a)a=1,....[p/2) be the following orthonormal system Let ¢y = so, ¢ = Ljo1/2) —
lj1/2,1) and for all A = 1,...,[D/2], VD/2¢(Dx/2 — (A — 1)). We have

D/2 KN |’ <+/D Wedenotebyur thelawof55 = 50+7‘ZD/2 En/+/[D/2]

Where & = (fA) A=1,..,[p/2] are independent Rademacher random variables. Since
20+ <1, n?> <4and In(1 +7%) <In(5). v'D < n, hence

oo MEVDT_
3.2 n

Finally, we have HZD/Q & 1/1)\H /v/[D/2] < 1, thus s, is a real density. Since

(¥A)r=1,..,[p/2) is an orthonormal system, we have |[s¢ — s¢||, = 7, thus s¢ belongs to
S(r) and p, is a law on S(r). Moreover

dP®n [D/2]

i) =TT {14 o e

Thus

[D/2]

1 n
Lyl mmn) = 5o 3 11

ge{-1,1}(D/2 a=1
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Hereafter, in order to symplify the notations, we write Zg instead of de (~1,1}1D/2)

and ), instead of Z&Z/f]. Let ®(r, &) =r ), &xa/+/[D/2], we have
1 n
L2 (v e) = sy S0 L] (L @0 €)(w)) (14 (1, €)(a)

£,¢ a=1
PENIL) = s ;;H o (L @(r,€) + B(r, ) + B(r,)D(r,£)).
Forall A\ £ XN =1,..., [D/Q], Yy = 0, thus

2r.)2(r¢) = 3 /2 (Z gm) (Zs’m) = ﬁzgkfwi-
A A

Forall A\=1,...,[D/2] and all « = 1, ...,n, Py (¥») = 0, Py, (%) = 1, thus

n 1 ? / !
Pf? (L;Qw) < mzz<1+ﬁ;§>\§>\>

[D/2] 2 n
- D/2 Z;g/card;_ - |:1+ [D/Q](Ql_[D/Q])}

D/2) ) .
1 r=2l
= > Ol |1 e 1
2077 £ [D/ﬂ[ "D/ T}

For all real numbers v > —1, we have 0 < 14 u < €%, thus (1 4+ u)™ < e™. Since
r? < 1, we can apply this inequality to all the u; = (21/[D/2] — 1)r? and we obtain

[D/Q] 2 —nr? 2 [D/2]
1 2nl e r2n
Qn /T2 2 _
P (L) < 57 Z Clpja) €xp ([D/g] nr ) ~ 2D/ <eXp ([D/Q]) * 1)

Thus, P2" (L2 ) <147 if

S

exp ( 2") +1
4 ([D/2)) In [DQ/ 2 < (1 + 7).

For all positive u, In(1 + u) < u, thus, we only have to prove that

5 (e (o) 1) <)
[D/2] > (D —1)/2 and D > 10, thus

r22n _ In(1+n2)vD -1 o Ax071
[D/2] 3.2 [D/2) —/D—-17 "

For all real numbers z in [0, 1], we have e* < 1+xz+3.2z%, thus exp (r*2n/([D/2])) —
1 <r22n/([D/2]) + 3.2 (r*n/([D/2]))’. Hence

2 (e ([Dig]) “1) S LoD/ € 0 L) < (1)
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5.4.5 Proof of Proposition 5.3.2:

Inequalities (5.18) and (5.19) are trivial when x < 1, thus we prove them for x > 1.
Un is a totally degenerate U-statistic of order 2. We want to apply inequality (5.26)
with A,, = A —m. Let S/ be the linear span of (¥))xea—m. Since s satisfies
assumption [D], we have v}, = sup;cp, s/ ) Var(t(X)) < supyep, s ) Pt* < M. Since
the constant functions belongs to 5, for all function t in S,,, t — Pt belongs to S,,.
Thus, from Assumption [M;], we have

b= s - PH< swp Jt-Pil.< sw [l <%VD
teB1(SL,) teB1(Sn) teB1(Sn)

From inequality (5.26), we have, with probability larger than 1 — 2.8e~*

2
VarovP 3/2 yv/D
EUn < 5.TVM—" x+8M%+384<I>0\/MD (%) +1020( = x) .

We apply inequality 2yz < ey? + ¢ '2% to y = \/Mz/n and z = ®gv/Dx/n and we
obtain, with probability larger than 1 — 2.8e™7

o/ D 192\, Da?
U < 570 (84192 M ™ + (1020 + —) B2 (5.58)
n n € n

This proves (5.18). In order to prove (5.19), note that

Vi = 15m — sullz = Upn + % >N Pua(ua(Xi) — Puy). (5.59)

i=1 AéeA—m

Equality (5.59) corresponds to the Hoeffding’s decomposition of the U-statistic V,,.
Let

T(x)= ) Pua(a(e) = Ps) = (50— 5m)(2) = P(s0 — 5m).

AEA—m

Since s,, — s,, belongs to S, we have
50 = $ialloc < 0VD [l — sull -
Thus, [T, < 2®0V'D |[Sy — Sull,- Moreover, from Assumption [D], we have
PT? < P (8p — 5m)° < M ||85, — $ml|5 -

Thus Bernstein’s inequality gives

M ||5p — Sl . 200V D || — Sully z
n 3n -

e’

Vo >0, P anT>\/
Since 2ab < a?/4 + 4b%, we obtain, for all z > 0,

2 o 1 z 1692 Dx? Y
P (552 > PUaWa(Xi) — Pyy) > §||sm—sn||§+8Mg+$> <e.

On?
i=1 AéeA—m

Plugging inequalities (5.18) and (5.60) in (5.59), we obtain (5.19).
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5.4.6 Proof of Theorem 5.3.3:

From Pythagoras theorem, we have, for all m € M,,

A2 2 2 L2 2 so2
Is = 3mlly = s = sully + 150 = Smllz + ll5m = Smlly < 0* + llsw = smlly +15m — Sl -

(5.61)
Since s satisfies Assumption [D], we have ||s||3 < M, thus for all m in M,,, Inequality
(5.4) in Theorem 5.2.1 ensures that

Py ([[sm — Sl > v2,) < ap, and Py (||, — énlls > R) < a/2.

Inequality (5.19) in Proposition 5.3.2 gives Py (||s, — Smlls > b2,) < vy Hence

P, (s ¢ B(3, é))

IN

P, (Elm e M, U{n}, s¢ B(Sn, R?n))
Py (|50 — 8all3 > RB2) + Py (3m € My, |50 — Smll3 > b2, +02)

; A
< S Y Po(llsn— smlly > 2) + Py (I5m — sull} > 02)
mGMn
Oz
< 3+2 ) am<a,
mGMn

where we use successively the definition of R, the decomposition (5.61) and }", _ M, Om <

a/4. Since z,, < C,(n/v/D)*?, we have D22 /n? < C,\/Dxp/n. Moreover, when
d(Sny Sm) < N, Inequality (5.19) in Proposition 5.3.2 gives a constant C' such that

P, (V > S+ <\/D7m+xm>) <5 (5.62)

2

Since v/D < n, we have z,, < C,(n/vD)** < C,n/v/D < C,n/+/D,,. Thus, from
Corollary (5.2.2), there exists a constant C' such that

P(v >—( m+\ﬁxm>)g— (5.63)

Thus, when d(s,, Spn) < 7, there exists a constant C' which may vary from line to
line such that

P, <R2>—< Dy + /Dot + Dazm)+n2+3n§ﬂ)

< P, (Ri>g<Dm+@xm+ D:L’m>+7}2—|—377,%ﬂ>

P, (v +2, >—( Dy 4/ Dintn + Da:m)+3ni)

]P)s(m —< m+\/7xm>) (b2>—<m+xm>+3nm)
SIP’S(Vm>gnm —( m+\ﬁazm))+—_ﬁ,

where we use successively the inequality R < R,,, the definition of R,,, Inequalities
(5.21) and (5.63) and Inequality (5.62).

IA

IA
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5.4.7 Proof of Corollary 5.3.4:

Since oy, = «a/(4|M,|), we have In(1/a,,) < Cln((lnn)/a) < Cy/n/D. When s
belongs to By a.00(M1), inequality (5.25) ensures that
M2

2 < 1 272Jw
s, 50) < g =1y

so that the covering property is straightforward from (5.23). Our choices of «,, and
D imply that

7’ < C(n/y/In(Inn))~ /4 and that \/ Dz, /n < C(n/y/In(Inn)) ="/,

When s belongs to B, 2.00(M;) for some v > w, then inequality (5.25) ensures that

M2
d2 Sm < 71272va.
(5:5m) < g =Ty
We apply Inequality (5.24) with nZ, = M7?272/m?/(4(4" — 1)) to the space S, such
that n'/v+1 /2 < D,, < nY/@*) We have D,,/n < n=2/v+1) and there exists a
constant C such that 72, < Cn=2/"*1) This proves the result.
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