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trois années.
Je voudrais remercier Adrien et Sylvain pour leurs idées enthousiasmantes sur les
statistiques en général et la sélection de modèle en particulier, merci encore d’avoir
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Résumé

Le principal objectif de cette thèse est d’étudier deux méthodes de calibration au-
tomatique de la pénalité pour la sélection de modèle. L’avantage de ces méthodes est
double, d’une part, elles sont toujours implémentables, elles ont même souvent été
utilisées dans des problèmes pratiques avec succès, d’autre part, elles sont optimales
puisqu’elles permettent de sélectionner asymptotiquement le meilleur modèle.
Il existe d’autres méthodes de pénalisation calculables en pratique, quand les données
sont indépendantes. Néanmoins, en dehors des collections de modèles très réguliers,
ces pénalités sont très pessimistes, voire dépendent de constantes inconnues comme
la norme sup de la densité. De plus, quand on veut utiliser les preuves classiques
pour des données mélangeantes, les pénalités que l’on obtient dépendent toujours
de constantes inconnues de l’utilisateur (voir le chapitre 3).
Le chapitre 2 étudie l’heuristique de pente et les pénalités par rééchantillonnage
dans le cas de données indépendantes. On donne une condition suffisante pour que
l’heuristique de la pente soit optimale, en utilisant l’inégalité de concentration de Ta-
lagrand pour le supremum du processus empirique. On étudie aussi l’approximation
du processus empirique par sa version rééchantillonnée et on en déduit que la même
condition suffit à garantir l’optimalité des méthodes par rééchantillonnage.
Le chapitre 3 est consacré à l’étude de pénalités classiques quand les observations
sont mélangeantes. On montre des inégalités oracles et l’adaptativité de l’estimateur
sélectionné à la régularité de la densité. La pénalité dépend des coefficients de
mélange qui peuvent parfois être évalués.
Le chapitre 4 étend les résultats du chapitre 2 au cas de données mélangeantes. On
montre ainsi que les méthodes de la pente et bootstrap sont également optimales
dans ce cas, sous le même type de conditions. Ces nouvelles pénalités sont toujours
calculables en pratique et le modèle sélectionné est asymptotiquement un oracle, ce
qui améliore beaucoup les résultats du chapitre 3.
Le chapitre 5 traite du problème des régions de confiance adaptatives. Contrairement
au cas de l’estimation, cette adaptation n’est que très rarement possible. Quand elle
l’est, nous construisons des régions adaptatives. En particulier, on améliore quelques
résultats de concentration du chapitre 2 lorsque les données sont à valeurs réelles,
notamment ceux des U -statistiques.
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Chapter 1

Introduction

Le hasard est le plus grand romancier du monde; pour être fécond, il n’y a qu’à l’étudier.

Honoré de Balzac

Cette thèse présente un ensemble de contributions au problème de sélection de
modèles optimale ainsi qu’aux méthodes de sélection de modèles quand les observa-
tions ne sont pas indépendantes mais sont seulement supposées mélangeantes. Le
chapitre 2 concerne le problème de sélection optimale dans le modèle de densité,
nous commençons notre étude de la sélection de modèles en milieu mélangeant au
chapitre 3, le chapitre 4 améliore les résultats du chapitre 3 en apportant les idées
de sélection optimale pour des données mélangeantes, il constitue l’apport le plus
conséquent de la thèse tant du point de vue théorique que pratique. Le chapitre
5 porte sur le problème des régions de confiance adaptatives pour la densité. Les
chapitres 2, 4 et 5 correspondent chacun à un article soumis pour publication. Le
contenu du chapitre 3 est un article accepté pour publication dans la revue Mathe-
matical Methods of Statistics.
Les statistiques non paramétriques étudient des quantités s sur lesquelles on ne dis-
pose que de très peu d’informations a priori, par exemple des fonctions. Une des
principales difficultés est de définir un modèle Sm dans lequel choisir, à partir des
observations, un estimateur s̃ de s. Sm doit être suffisamment riche pour contenir
au moins un “bon” estimateur de s, mais en même temps pas trop complexe pour
limiter le risque de sélectionner un mauvais estimateur. Un bon modèle optimise
ces deux contraintes et est inconnu en pratique.
Pour remédier à cette difficulté, les méthodes de sélection de modèles proposent
de partir d’une collection d’ensembles (Sm)m∈Mn et de choisir à partir des ob-
servations le mieux adapté au paramètre inconnu s. Comme nous allons le voir
dans cette thèse, les procédures de sélection commencent à être bien comprises
théoriquement et il existe des moyens pratiques d’obtenir de bonnes estimées des
procédures idéales. Dans le problème de l’estimation de densité, nous avons d’abord
compris comment sélectionner un modèle de façon optimale lorsque les observa-
tions sont indépendantes. Nous avons ensuite relâché cette hypothèse et étendu au
cadre de données mélangeantes les résultats de sélection classiques, ayant pour corol-
laire l’adaptativité des estimateurs. Nous avons également obtenu des résultats de
sélection optimale pour des données mélangeantes. Le dernier chapitre est consacré
au problème des régions de confiance adaptatives.
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2 CHAPTER 1. INTRODUCTION

1.1 Le problème de l’estimation de la densité

Nous travaillons dans le cadre de l’estimation de la densité avec perte L2. Les
observations sont des variables aléatoires X1, ..., Xn de même loi P à valeurs dans
un espace mesurable (X,X ). Étant donnée une mesure de référence µ sur (X,X ),
on s’intéresse à l’estimation de la densité s de P par rapport à µ. Nous supposons
que s appartient à L2(µ), l’espace des fonctions réelles, définies sur X et de carré
intégrable

L2(µ) =

{

t : X → R,

∫

X

t2(x)dµ(x) <∞
}

.

On note respectivement ‖.‖ et 〈., .〉 la norme et le produit scalaire associés à cet
espace. Rappelons qu’ils sont définis pour tout t et t′ de L2(µ) par

‖t‖ =

√

∫

X

t2(x)dµ(x), 〈t, t′〉 =

∫

X

t(x)t′(x)dµ(x).

Désignons par X une copie indépendante de X1, indépendante des observations
X1, ..., Xn et, pour toute fonction t de L2(µ), définissons

Pt = E (t(X)) =

∫

X

t(x)s(x)dµ(x) = 〈t, s〉.

s minimise alors sur L2(µ) le critère suivant

‖t− s‖2 − ‖s‖2 = ‖t‖2 − 2〈t, s〉 = PQ(t)

où Q : L2(µ) → L1(P ), t 7→ ‖t‖2 − 2t. L’estimation de la densité est donc un
cas particulier de problèmes de M-estimation. Ces problèmes sont étudiés via la
théorie du processus empirique (voir Dudley [29], Pollard [56], Ledoux & Talagrand
[48], van der Vaart & Wellner [69], van der Vaart [68] ou van de Geer [67] pour
une introduction à cette théorie). Disons juste qu’il s’agit de décrire la convergence
uniforme sur des classes de fonctions F du processus empirique Pn vers P . Rappelons
que Pn est défini pour toute fonction t de L2(µ) par

Pnt =
1

n

n
∑

i=1

t(Xi).

Pour définir un M-estimateur de s, on se donne un modèle Sm, c’est-à-dire un
sous-ensemble de L2(µ) et on minimise sur Sm la version empirique du critère des
moindres carrés. On obtient

ŝm = arg min
t∈Sm

PnQ(t) = arg min
t∈Sm

‖t‖2 − 2

n

n
∑

i=1

t(Xi).

Pour certains sous-ensembles Sm, ce problème de minimisation peut être très difficile
en pratique et l’estimateur ŝm peut même ne pas être calculable. Pour éviter ce
problème, nous prendrons toujours pour Sm un sous-espace vectoriel de L2(µ). On
vérifie alors que ŝm est l’estimateur par projection de s sur Sm défini sur une base
orthonormée (ψλ)λ∈m de Sm par

ŝm =
∑

λ∈m

(Pnψλ)ψλ.
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Il existe d’autres méthodes classiques d’estimation de la densité, comme l’estimation
par maximum de vraisemblance ou les méthodes à noyaux (voir par exemple Tsy-
bakov [66]), nous ne les aborderons pas ici.
La fonction de perte utilisée en M-estimation est la fonction excès de risque définie
par

l(ŝm, s) = PQ(ŝm) − PQ(s).

Cette perte est aléatoire et vaut, avec notre critère

l(ŝm, s) = ‖s− ŝm‖2.

C’est la perte L2 classique. Là encore, nous n’avons considéré que ce risque alors
que d’autres fonctions ont été étudiées, par exemple les pertes Lq, pour 1 ≤ q <∞
(voir par exemple Donoho et.al [27] et les références associées) ou L∞ (Giné & Nickl
[37]).
Le risque de ŝm est décomposé grâce à l’égalité de Pythagore. On introduit la
projection orthogonale sm de s sur Sm, on a alors

‖s− ŝm‖2 = ‖s− sm‖2 + ‖sm − ŝm‖2. (1.1)

Le premier terme ‖s − sm‖2 est une erreur de modélisation appelée généralement
biais du modèle Sm, elle est incompressible, même si on a de nouvelles observations.
Le second terme ‖sm − ŝm‖2 est une erreur d’estimation appelée terme de variance.
La théorie des probabilités permet d’avoir une bonne compréhension théorique du
terme de variance. En effet, notons Bm = {t ∈ Sm; ‖t‖ ≤ 1} et νn = Pn − P le
processus empirique recentré. On montre par l’inégalité de Cauchy-Schwarz que

‖sm − ŝm‖2 =

(

sup
t∈Bm

νnt

)2

.

Le phénomène de concentration de la mesure (voir Ledoux & Talagrand [48], Ledoux
[47] ou Massart [55]) permet de relier cette variable aléatoire à son espérance. Le
résultat fondamental est l’inégalité de concentration du supremum du processus em-
pirique de Talagrand. Elle a d’abord été prouvée par des méthodes d’isopérimétrie
(voir Talagrand [65] pour un point de vue d’ensemble sur l’isopérimétrie) puis
redémontrée par Ledoux [46] par la méthode d’entropie. Bousquet [18] a finale-
ment utilisé la méthode d’entropie pour obtenir les constantes optimales dans cette
inégalité.
Le terme de variance dans l’inégalité (1.1) est donc bien contrôlé en fonction de Sm,

en particulier, plus Sm est grand, plus il se dégrade. À l’inverse, le terme de biais
décrôıt avec la complexité de Sm. Le meilleur modèle optimise ces deux contraintes
mais il est inconnu en pratique, c’est pourquoi les méthodes de sélection de modèles
ont été introduites.

Sélection de modèles

L’histoire de la sélection de modèles remonte au moins aux travaux d’Akaike [1], [2]
et Mallows [53]. Leur approche a été généralisée récemment par Birgé & Massart
[15] et Barron, Birgé & Massart [10]. On pourra trouver une introduction beaucoup
plus complète de cette théorie dans le livre de Massart [55]. Nous nous contentons
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ici de rappeler quelques résultats récents et utiles dans la suite de la thèse.
L’idée de départ est que l’équilibre entre les termes de biais et de variances dans (1.1)
est réalisé pour des modèles dépendant de propriétés inconnues de s. On ne peut
donc pas choisir de modèles convenablement adaptés à s en l’absence d’hypothèses
restrictives. En revanche, il est souvent possible de construire des collections de
modèles (Sm)m∈Mn , souvent des espaces de dimension finie dm, et les estimateurs des
moindres carrés associés (ŝm)m∈Mn de façon à ce qu’au moins l’un d’eux soit optimal.
Le but est alors de choisir dans la collection (ŝm)m∈Mn , le meilleur estimateur de s.
Formellement, on veut déterminer m̂ dans Mn pour que l’estimateur final s̃ = ŝm̂

satisfasse une inégalité oracle

E
(

‖s̃− s‖2
)

≤ C inf
m∈Mn

E
(

‖ŝm − s‖2
)

. (1.2)

Birgé & Massart [15] et Barron, Birgé & Massart [10] voulaient construire des es-
timateurs adaptatifs à la régularité de s et ont fait le lien entre adaptativité et
sélection de modèles. Rappelons brièvement la définition d’un estimateur minimax
et d’un estimateur adaptatif. Pour un sous-ensemble F de L2(µ), on dit que s̃ est
minimax sur F quand il existe une constante C telle que

sup
s∈F

E
(

‖s− s̃‖2
)

≤ C inf
ŝ

sup
s∈F

E
(

‖s− ŝ‖2
)

.

L’infimum étant pris sur l’ensemble des estimateurs de s. On dit que s̃ est adaptatif
sur une collection (Ft)t∈T de sous-ensembles de L2(µ) s’il est minimax sur chaque
espace Ft, c’est-à-dire que, pour tout t de T , il existe une constante Ct telle

sup
s∈Ft

E
(

‖s− s̃‖2
)

≤ Ct inf
ŝ

sup
s∈Ft

E
(

‖s− ŝ‖2
)

.

Nous renvoyons au livre de Tsybakov [66] pour une présentation plus complète du
principe du minimax et de l’adaptativité ainsi que pour des résultats classiques de
vitesse de convergence. En estimation de la densité, les classes d’intérêt sont souvent
les classes de fonctions régulières, où la régularité est mesurée par les semi-normes de
Hölder, de Sobolev ou de Besov. Le lien entre sélection de modèles et adaptativité
repose alors sur la théorie de l’approximation développée par exemple dans le livre
de Devore & Lorentz [26]. Celle-ci permet de déterminer des espaces de dimension
finie bien adaptés aux différentes mesures de régularité, c’est-à-dire pour lesquels le
biais est bien majoré. On obtient alors la preuve qu’un estimateur est adaptatif à
partir d’une inégalité oracle de la forme

E
(

‖s̃− s‖2
)

≤ C inf
m∈Mn

{

‖sm − s‖2 + Cm

}

, (1.3)

où sm est la projection orthogonale de s sur Sm et Cm est une borne supérieure
de E (‖sm − ŝm‖2) qui mesure en quelque sorte la complexité de Sm vis-à-vis de
l’estimation de s. Cette borne est souvent de la forme dm/n. L’inégalité (1.3) est
plus facile à obtenir que l’inégalité (1.2). Dans la suite, nous appellerons problème de
sélection de modèles classique la recherche d’inégalités de la forme (1.3) et problème
de sélection de modèles optimal la recherche de (1.2) Nous reviendrons sur cette
théorie car les chapitres 2, 3 et 4 de la thèse y sont consacrés.
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Régions de confiance pour s

Dans cette partie, α désigne un réel de (0, 1) et F un sous-ensemble de L2(µ) .
Une région de confiance de niveau de confiance 1 − α sur F est un ensemble C̃ de
fonctions de L2(µ) mesurable par rapport à σ(X1, ...Xn), satisfaisant la propriété
suivante

∀s ∈ F , P(s ∈ C̃) ≥ 1 − α, (1.4)

La difficulté est de déterminer des régions aussi petites que possible. Nous mesurerons
la taille d’une région de confiance par son diamètre L2 défini par

∆(C̃) = sup
t,t′∈C̃

‖t− t′‖2.

Comme dans le cadre de l’estimation, on peut définir des notions d’optimalité min-
imax et d’adaptativité pour des régions de confiance. On dit que l’ensemble C̃ est
minimax sur F s’il vérifie la propriété suivante

sup
s∈F

∆(C̃) ≤ C inf
Ĉ

sup
s∈F

∆(Ĉ) (1.5)

L’infinimum dans (1.5) étant pris parmi les régions de confiance Ĉ de niveau de
confiance 1−α sur F . Comme dans le cadre de l’estimation, cette approche présente
l’inconvénient de devoir choisir un espace F a priori pour construire C̃, c’est pourquoi
on préfère montrer une propriété d’adaptativité. On se donne une collection (Ft)t∈T

et on note F = ∪t∈TFt. On dit que C̃ est adaptatif sur (Ft)t∈T s’il vérifie (1.4) et
si, pour tout t de T , il existe une constante Ct telle que

sup
s∈Ft

∆(C̃) ≤ Ct inf
Ĉ

sup
s∈Ft

∆(Ĉ) (1.6)

L’infimum dans (1.6) étant pris sur les ensembles Ĉ satisfaisant la propriété

∀s ∈ Ft, P

(

s ∈ Ĉ
)

≥ 1 − α.

Contrairement au cas de l’estimation, l’adaptation pour les régions de confiance
peut s’avérer impossible. Low [52] a montré que, pour l’estimation de la densité en
un point, les données n’aidaient pas à réduire la taille des régions de confiance, par
conséquent l’adaptativité est impossible pour l’estimation ponctuelle de la densité.
Cette difficulté est liée à la possibilité de tester l’appartenance de s à une région de
l’espace (voir par exemple les articles de Baraud [8], Juditsky & Lambert Lacroix
[43] et de Robins & Van der Vaart [61]), ainsi que le chapitre 5). Nous y reviendrons
dans la section 4.

Liens avec l’estimation adaptative

Le problème des régions de confiance adaptatives est lié aussi à l’apprentissage de
la vitesse de convergence des estimateurs adaptatifs. En effet, comme le remar-
quent Hoffmann & Lepskii [38], la propriété d’adaptation ne donne pas en pratique
de borne supérieure sur la vitesse de convergence de l’estimateur (car le meilleur
espace Ft reste inconnu). Un moyen d’obtenir cette information serait, partant
d’un estimateur adaptatif s̃, de fournir une majoration de son risque R̃ (l’ensemble
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C̃ = {t ∈ L2(µ), ‖t− s̃‖2 ≤ R̃} serait alors une région de confiance pour s), de façon
à ce que

∀t ∈ T, ∀s ∈ Ft, R̃ ≤ C inf
ŝ

sup
s∈Ft

E
(

‖s− ŝ‖2
)

.

Comme la taille des régions de confiance est minorée par la vitesse minimax d’estimation
sur cette classe, nous obtiendrions alors l’adaptativité de la région de confiance C̃.
D’après la section précédente, cette propriété ne peut être garantie que pour cer-
taines collections (Ft)t∈T . On ne peut donc pas connâıtre en pratique, sauf pour ces
collections particulières, la vitesse de convergence réelle d’un estimateur adaptatif.
Le pendant de cette remarque dans la théorie des tests est qu’on ne peut apprendre
la régularité de s à partir des données (voir Ingster [40, 41, 42]).

1.2 Sélection de modèles par critères pénalisés

Nous nous intéressons ici au problème de la sélection d’un modèle efficient où nous
cherchons m̂ tel que le risque quadratique de l’estimateur final s̃ = ŝm̂ soit aussi faible
que possible, c’est-à-dire qu’il se compare à celui de l’oracle infm∈Mn ‖s−ŝm‖2. Birgé
& Massart [15] et Barron, Birgé & Massart [10] proposent pour cela de définir une
fonction pen sur Mn à valeurs réelles et de sélectionner le modèle m̂ défini par

m̂ = arg min
m∈Mn

PnQ(ŝm) + pen(m) où Q(t) = ‖t‖2 − 2t.

La raison de ce choix étant que l’oracle minimise le critère

PQ(ŝm) = PnQ(ŝm) − νnQ(ŝm).

Comme le remarque Arlot [5], la pénalité idéale est donc donnée par

penid(m) = −νnQ(ŝm) = 2νn(ŝm) = 2‖sm − ŝm‖2 + 2νn(sm),

sm étant la projection orthogonale de s sur Sm. Le problème est donc de bien estimer
cette pénalité idéale.

Approche “classique”

Birgé & Massart [15] puis Barron, Birgé & Massart [10] proposent de définir la
pénalité comme une borne supérieure de la pénalité idéale de la forme Lndm/n où
dm désigne la dimension de l’espace vectoriel Sm et Ln dépend de la complexité de
la collection Mn. Ils montrent qu’alors l’estimateur s̃ satisfait une inégalité oracle,
c’est-à-dire qu’il existe une quantité Cn telle que

E
(

‖s− s̃‖2
)

≤ Cn inf
m∈Mn

E
(

‖s− ŝm‖2
)

. (1.7)

Ils montrent l’optimalité du point de vue du minimax de l’ordre de grandeur de Cn.
Schématiquement, leur résultat peut se résumer ainsi:
-Pour des collections de modèles suffisamment régulières et pauvres, on peut choisir
Ln ≤ C et obtenir une inégalité oracle avec une constante C devant l’infimum.
-Pour des collections de modèles plus riches ou plus irrégulières, on doit prendre Ln ≥
C lnn pour obtenir une inégalité oracle et on a une perte logarithmique inévitable
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Cn ≥ C lnn.
En particulier, ils réinterprètent des résultats de Donoho et al. [27] dans la théorie
de la sélection de modèles et expliquent la perte logarithmique du risque quadratique
de l’estimateur par seuillage d’ondelettes. Cette approche se généralise au cas de
l’estimation de densité pour des données mélangeantes. C’est l’objet de l’article de
Comte & Merlevède [23] pour des données β-mélangeantes et du Chapitre 3 pour
des données τ -mélangeantes.

Sélection de modèles optimale

Comme le remarque Arlot [4], les inégalités oracles précédentes souffrent du fait
que l’on compare le risque moyen de l’estimateur des moindres carrés pénalisés s̃
au meilleur estimateur ŝm choisi de manière déterministe. Comme notre choix de
pénalité (et donc de m̂) peut être aléatoire, il est préférable de montrer des inégalités
oracles de la forme

E
(

‖s̃− s‖2
)

≤ CE

(

inf
m∈Mn

‖s− ŝm‖2

)

, (1.8)

ou des probabilités de déviation

P

(

‖s− s̃‖2 > C inf
m∈Mn

‖s− ŝm‖2

)

≤ αn. (1.9)

On dit que s̃ satisfait une inégalité oracle en moyenne dans les cas (1.7) et (1.8) et
une inégalité oracle trajectorielle dans le cas (1.9). Plus généralement, on dit que
s̃ satisfait une inégalité oracle quand il vérifie une inégalité de la forme (1.7), (1.8)
ou (1.9). Nous nous intéressons dans cette thèse au problème de la sélection de
modèles optimale. Suivant Birgé & Massart [17], Arlot [5] ou Arlot & Massart [7],
nous définissons

Définition: Soit (Sm)m∈Mn une collection de modèles et, pour tout m de Mn soit
ŝm un estimateur de s défini sur Sm. On dit que la pénalité pen : Mn → R+ est
une procédure de sélection optimale si l’estimateur

s̃ = ŝm̂, où m̂ ∈ arg min
m∈Mn

{PnQ(ŝm) + pen(m)} (1.10)

satisfait l’une des deux inégalités oracles suivantes:
Il existe une suite (εn)n∈N∗ → 0 telle que

E
(

‖s− s̃‖2
)

≤ (1 + εn)E

(

inf
m∈Mn

‖s− ŝm‖2

)

.

Il existe deux constantes K > 0 et γ > 1 et une suite (εn)n∈N∗ → 0 telles que

P

(

‖s− s̃‖2 > (1 + εn)

(

inf
m∈Mn

‖s− ŝm‖2

))

≤ K

nγ
.

Les résultats de Barron, Birgé & Massart [10] montrent que ces inéqualités oracles ne
sont pas accessibles pour des collections trop complexes. Shibata [63] avait également
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montré qu’il était nécessaire que la collection Mn ne comporte pas de modèles de
dimension finie et sans biais. Au chapitre 2, nous relierons la vitesse de convergence
de εn vers 0 à l’ordre de grandeur de Rmo = infm∈Mn (n‖s− sm‖2 + dm) et à la
complexité de Mn. Introduisons maintenant deux méthodes récentes de calibration
de la pénalité permettant d’obtenir des procédures optimales.

L’heuristique de pente

L’heuristique de pente est une méthode de calibration automatique de la pénalité
introduite par Birgé & Massart [17] dans le cadre de la régression gaussienne et dans
un cadre plus général de M-estimation par Arlot & Massart [7]. Elle repose sur une
compréhension fine du comportement de la pénalité idéale. On montre la propriété
suivante:

Propriété: Soit (Sm)m∈Mn une collection de modèles et, pour tout m de Mn soit
ŝm un estimateur de s défini sur Sm. Il existe une constante Kmin > 0 et, pour
tout m de Mn, une quantité déterministe Cm telles que, pour toute procédure de
sélection donnée par (1.10), on a
-Si pen(m) < KminCm, alors Cm̂ est très grande.
-Si pen(m) ' KCm avec K > Kmin alors Cm̂ est beaucoup plus petite.
-Si, pour tout m de Mn, pen(m) ' 2KminCm, alors la procédure de sélection est
optimale.

Quand la quantité Cm est connue en pratique, on peut l’utiliser pour calibrer la
pénalité de façon optimale, il suffit de calculer, pour différentes valeurs de K, la
valeur de Cm̂ quand la pénalité vaut KCm. On trace ensuite Cm̂ en fonction de
K. On repère Kmin par une pente1 fortement décroissante dans cette courbe. On
choisit finalement la pénalité pen(m) = 2KminCm qui est optimale par la propriété
précédente. Dans le modèle de densité, nous allons montrer que l’on peut prendre

Cm =
1

2
E (penid(m)) = E

(

‖sm − ŝm‖2
)

, Kmin = 1.

Cm est donc inconnue en général. Toutefois, quand les modèles de Mn sont très
réguliers, on retrouve que cette complexité est de l’ordre de grandeur de dm/n.
Prenons l’exemple simple où les données X1, ..., Xn sont indépendantes, où s est à
support dans [0, 1) et où (Sm)m∈Mn est un ensemble d’histogrammes réguliers c’est-
à-dire que pour tout entier m de N∗, Sm est l’ensemble des fonctions constantes sur
tous les ensembles [k/m, (k + 1)/m), k = 0, ..., m − 1. On vérifie sans peine que
pour tout m de Mn = {1, ..., n}, E

(

supt∈Bm
(νnt(X))2

)

= (dm −‖sm‖2)/n. Ainsi, la
complexité de Barron, Birgé & Massart Cm = dm/n convient, l’heuristique de pente

permettant alors de calibrer K̂min pour définir une procédure efficace. Pour traiter
les modèles moins réguliers, on peut utiliser des estimateurs par rééchantillonnage
de Cm. On retrouve alors les pénalités par rééchantillonnage définies par Arlot [5].

1Contrairement à ce que suggère cette présentation, le nom heuristique de pente ne vient pas du
changement de “pente” de cette courbe. La “pente” originelle est celle de la courbe Cm → Pn(Q(ŝm))
qui admet asymptotiquement pour asymptote la droite y = −Kminx − ‖s‖2. Notre approche est celle de
l’article de Arlot & Massart [7].
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Le rééchantillonnage

En 1979, Efron [30] propose un algorithme général d’estimation de fonctionnelles du
processus emprique. Son idée est que, pour estimer ces fonctionnelles, il suffit de tirer
“au hasard”, de nouvelles données parmi les observations X1, ..., Xn. L’algorithme
d’Efron fonctionne en deux étapes:
-On tire n “nouvelles” données X∗

1 , ..., X
∗
n, indépendantes et de même loi Pn condi-

tionnellement au vecteur (X1, ..., Xn).
-On estime une fonctionnelle F (Pn, P ) par E

∗ (F (P ∗
n , Pn)), où P ∗

nt =
∑n

i=1 t(X
∗
i )/n

et où E∗ désigne l’espérance conditionnelle à X1, ..., Xn.
Mason & Newton [54] et Praestgrad & Wellner [57] ont remarqué que l’on pou-
vait écrire P ∗

n(t) =
∑n

i=1Wit(Xi)/n où (W1, ...,Wn) est un vecteur indépendant
de X1, .., Xn et de loi multinomiale M(n, 1/n, ..., 1/n). Ils ont alors proposé de
généraliser l’algorithme d’Efron de la manière suivante:
-On se donne un vecteur (W1, ...,Wn) de variables aléatoires indépendantes deX1, ..., Xn

et échangeables, ce qui signifie que, pour toute permutation τ de {1, .., n},
(Wτ(1), ...,Wτ(n)) a même loi que (W1, ...,Wn).

-L’estimateur par rééchantillonnage d’une fonctionnelle F (Pn, P ) est donné par

CW E
W
(

F (PW
n , W̄nPn)

)

,

où PW
n t =

∑n
i=1Wit(Xi)/n, W̄n =

∑n
i=1Wi/n, EW désigne l’espérance condition-

nelle à X1, ..., Xn et où CW est une constante ne dépendant que de la loi des poids
(W1, ...,Wn) et de la fonctionnelle F .
Arlot [5] a utilisé cette heuristique pour définir un algorithme de calibration au-
tomatique de la pénalité dans les problèmes de M-estimation. Suivant l’heuristique
d’Efron, il définit νW

n = PW
n − W̄nPn, ŝW

m = arg mint∈Sm P
W
n Q(t) et

pen(m) = −CW E
W
(

νW
n (Q(ŝW

m ))
)

= CW E
W
(

‖ŝW
m − W̄nŝm‖2

)

= CW E
W

(

∑

λ∈m

(

(PW
n − W̄nPn)(ψλ)

)2

)

.

où CW est une constante de renormalisation. Arlot a prouvé l’efficacité de cet al-
gorithme pour sélectionner le meilleur histogramme en régression. Il a également
obtenu de nombreux résultats numériques montrant les performances de cet algo-
rithme pour différentes lois de rééchantillonnage. Il a aussi comparé cette approche
avec d’autres méthodes de calibration automatiques de pénalités (notamment la val-
idation croisée et l’heuristique de pente). De manière générale, dans [4], on trouvera
de nombreuses références historiques ainsi que des résultats théoriques et pratiques
sur l’utilisation de l’heuristique du rééchantillonnage en sélection de modèles.
Rappelons que l’idée d’utiliser ces pénalités en sélection de modèles vient d’Efron
[31]. Elle a été ensuite utilisée par Fromont [32] pour définir des pénalités globales
en classification. Dans le modèle de densité, nous citons ici Celisse [21] qui a étudié
des méthodes de calibration par validation croisée.
Les pénalités par rééchantillonnage peuvent être optimisées grâce à l’heuristique de
pente car elles fournissent de bons estimateurs de la complexité Cm du modèle Sm.
Nous serons toujours capables dans nos exemples de calculer théoriquement la con-
stante CW optimisant asymptotiquement les performances de s̃. Il ne sera donc pas
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nécessaire d’avoir recourt à cette heuristique. Toutefois, la méthode de la pente peut
permettre dans certaines situations de surpénaliser légèrement, ce qui peut améliorer
les performances des estimateurs d’un point de vue non asymptotique (voir Arlot &
Massart [7]).

1.3 Données mélangeantes

Dans de nombreux modèles statistiques, les données ne peuvent raisonnablement être
modélisées par des suites indépendantes. Pour affaiblir cette hypothèse et couvrir
une gamme plus large de modèles, l’hypothèse de mélange a été introduite. Elle
est particulièrement bien adaptée à la généralisation de méthodes définies dans le
cadre indépendant. Pour définir une hypothèse de mélange de manière générale,
on se donne une propriété vérifiée par des variables aléatoires indépendantes, par
exemple:
Si X et Y sont deux variables aléatoires réelles, si PY désigne la loi de Y et si PY |σ(X)

désigne une loi de Y conditionnellement à σ(X) alors, pour tout évènement A de
σ(Y ),

PY |σ(X)(A) − PY (A) = 0 p.s., donc E

(

sup
A∈σ(Y )

PY |σ(X)(A) − PY (A)

)

= 0.

Pour deux variables aléatoires quelconques, on définit alors le coefficient de mélange
associé à cette propriété

β(σ(X), σ(Y )) = E

(

sup
A∈σ(Y )

PY |σ(X)(A) − PY (A)

)

.

On s’intéresse à des suites de variables aléatoires strictement stationnaires, c’est
à dire des processus (Xn)n∈Z telles que, pour tous les entiers n de Z et k de N,
(Xn, ..., Xn+k) a même loi que (X0, ..., Xk).

À une telle suite (Xn)n∈Z, on associe les nombres

βk = sup
l≥k

β(σ((Xi)i≤0), σ((Xi)i≥l)).

On dit alors que la suite (Xn)n∈Z est β-mélangeante si la suite βk tend vers 0 quand
k tend vers l’infini.
De nombreux coefficients ont ainsi été définis, citons les livres de Rio [60] et Dedecker
et.al [24] pour une présentation des principaux coefficients et de leurs propriétés.

Les processus β et τ-mélangeants

Dans cette thèse, nous nous intéresserons particulièrement à deux coefficients. Le
coefficient β dont nous venons de parler a été introduit par Rozanov & Vokonskii
[71]. Berbee [13] a montré qu’il satisfait un lemme de couplage que l’on peut énoncer
ainsi:

Lemme
Soit X une variable aléatoire définie sur un espace de probabilité (Ω,A,P), à valeurs
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dans R
l et soit M une tribu. Supposons qu’il existe une variable aléatoire U uni-

formément distribuée sur [0, 1] et indépendante de M et de σ(X). Alors, il ex-
iste une variable aléatoire M∨ σ(X) ∨ σ(U)-mesurable X∗, de même loi que X et
indépendante de M telle que

β(M, σ(X)) = P(X 6= X∗)

Viennet [70] a déduit de ce lemme qu’une suite de variables aléatoires β-mélangeantes
peut être approchée par une suite indépendante. Baraud et.al. [9] ont utilisé ce
résultat pour construire un algorithme de sélection de modèles pour des données
mélangeantes. Comte & Merlevède [23] ont ensuite appliqué cet algorithme dans le
cadre de l’estimation de la densité et ont ainsi étendu des résultats de Barron, Birgé
& Massart [10] au cadre β-mélangeant.
Le second coefficient auquel nous allons nous intéresser est le coefficient τ introduit
par Dedecker & Prieur [25]. C’est le coefficient de mélange associé à la propriété
suivante:
Si X est une variable aléatoire indépendante d’une tribu M, alors pour toute fonc-
tion t 1-lipschitzienne

|PY |M(t) − PY (t)| = 0 p.s..

Si λ1 désigne l’ensemble des fonctions 1-lipschitziennes, on définit donc

si E(|Y |) <∞, τ(M, Y ) = E

(

sup
t∈λ1

|PY |M(t) − PY (t)|
)

.

Si (Xn)n∈Z est une suite de variables aléatoires strictement stationnaires, on définit,
pour tout k et r de N∗, les réels

τk,r = max
1≤l≤r

1

l
sup

k≤i1<..<il

{τ(σ(Xp, p ≤ 0), (Xi1, ..., Xil))} , τk = sup
r∈N∗

τk,r.

Dedecker & Prieur [25] ont montré que ce coefficient satisfaisait le lemme de couplage
suivant.

Lemme
Soit X une variable aléatoire définie sur un espace de probabilité (Ω,A,P) à valeurs
dans Rl et soit M une tribu. Supposons qu’il existe une variable aléatoire U uni-
formément distribuée sur [0, 1] et indépendante de M et de σ(X). Alors, il ex-
iste une variable aléatoire M∨ σ(X) ∨ σ(U)-mesurable X∗, de même loi que X et
indépendante de M telle que

τ(M, X) = E (|X −X∗|l) ,

où, pour tout x et y de Rl, |x− y|l =
∑l

i=1 |xi − yi|.

Dans le chapitre 3, nous verrons comment utiliser ce lemme pour approcher les suites
τ -mélangeantes par des suites indépendantes, étendre ainsi l’algorithme de Baraud
et.al. [9] et en déduire une généralisation des résultats de Barron, Birgé & Massart
[10] au cadre τ -mélangeant.
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Exemples de processus mélangeant

Pour les exemples de processus β-mélangeants, nous renvoyons aux livres de Doukhan
[28], Rio [60] ou Bradley [19]. Précisons seulement qu’une châıne de Markov sta-
tionnaire, irréductible, apériodique et positivement récurrente est β-mélangeante.
En revanche, de nombreuses châınes de Markov ne sont pas β-mélangeantes mais
sont τ -mélangeantes. Par exemple, si (εi)i≥1 sont des variables indépendantes de
Bernoulli de paramètre 1/2, alors la solution stationnaire de l’équation

Xn =
1

2
(Xn−1 + εn), X0 indépendante de (εi)i≥1

n’est pas β-mélangeante puisque βk = 1 pour tout k ≥ 1 (Andrews [3]) alors que
τk ≤ 2−k (Dedecker & Prieur [25]). Un autre avantage du coefficient τ est qu’il est
calculable dans de nombreuses situations. Rappelons ici quelques exemples tirés de
Dedecker & Prieur [25].
Processus Linéaires.
Supposons que Xi =

∑

j≥0 ajξn−j, où les (ξi)i∈Z sont i.i.d. On a

τk ≤ 2E|ξ0|
∑

j≥k

|aj|.

Chaines de Markov
Soit (Xn)n≥0 une châıne de Markov telle que Xn = F (Xn−1, ξn) où F est une fonction
mesurable et où (ξi)i≥1 est une suite de variables aléatoires iid, indépendante de X0.
Supposons qu’il existe κ < 1 tel que

E(|F (x, ξ0) − F (y, ξ0)|) ≤ κ|x− y|.
Alors, on a

τk ≤ 2E(|X0|)κk.

Un exemple important est donné par les processus auto-régressifs Xn = t(Xn−1)+ξn
où t est une fonction κ-Lipschitzienne.
Systèmes dynamiques
Soit T une application mesurable de [0, 1] dans [0, 1]. Si ν est une mesure de prob-
abilité T -invariante, et si Y est une variable aléatoire de loi ν, la suite de vari-
ables aléatoires (Yi = T i(Y ))i≥0 définie sur ([0, 1], ν) est strictement stationnaire.
Définissons l’opérateur K sur L1([0, 1], ν) à valeurs dans L1([0, 1], ν) via l’égalité

∀k ∈ L∞([0, 1], ν),

∫ 1

0

(Kh)(x)k(x)ν(dx) =

∫ 1

0

h(x)(k ◦ T )(x)ν(dx)

où h ∈ L1([0, 1], ν). On vérifie que (Y1, ..., Yn) a la même loi que (Xn, ..., X1), où
(Xi)i≥1 est la châıne de Markov de distribution invariante ν et de noyau de transition
K. Si T est uniformément dilatante (voir les hypothèses page 218 dans Dedecker &
Prieur [25]), il existe C > 0 et ρ ∈ (0, 1) tels que

τ(σ(Xi, i ≥ k), X0) ≤ Cρk

(voir Dedecker & Prieur [25] page 230). Remarquons que la châıne de Markov (Xi)i≥1

n’est pas β-mélangeante. En effet, β(σ(X1), σ(Xn)) = β(σ(T n(Y )), σ(T (Y ))). Comme
σ(T n(Y )) ⊂ σ(T (Y )), il vient, par stationnarité de Yi,

β(σ(X1), σ(Xn)) ≥ β(σ(T n(Y )), σ(T n(Y ))) = β(σ(T (Y )), σ(T (Y ))).

Cette dernière borne est strictement positive dès que ν est non triviale.
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Décomposition des données par blocs

Pour démontrer théoriquement les résultats d’estimation dans le cadre mélangeant,
l’idée fondamentale est de découper le vecteur des données en blocs, pour utiliser
la méthode de couplage. On se donne une partition I0, J0, ..., Ip−1, Jp−1 de {1, ..., n}
telle que

q = inf
k=0,...,p−2

(min(Ik+1) − max(Ik)) > 0.

Pour tout k, on note XIk
le vecteur (Xi)i∈Ik

, soit aussi I = ∪p−1
k=0Ik et PI le pro-

cessus empirique PI =
∑

i∈I δXi
/|I|. Les lemmes de couplage évoqués à la section

précédente servent à construire une suite de variables indépendantes (X∗
Ik

)k=0,...,p−1

telles que, pour une certaine distance d, on ait, pour tout k d(XIk
, X∗

Ik
) ≤ γ(q)

où γ est le coefficient de mélange. Les quantités construites à partir du processus
empirique F (Pn) sont alors contrôlées en deux étapes.
-Des inégalités algébriques permettent d’obtenir une constante C ≥ 1 telle que

F (Pn) ≤ CF (PI).

-Ensuite, comme
F (PI) ≤ F (P ∗

I ) + |F (P ∗
I ) − F (PI)|,

on peut contrôler F (PI) grâce aux techniques valables pour des données indépendantes
(pour le terme F (P ∗

I )) et aux coefficients de couplage (pour le terme |F (P ∗
I ) −

F (PI)|).
À notre connaissance, toutes les méthodes de sélection de modèles proposées pour
étudier des processus mélangeants utilisent la méthode de couplage. Cette méthode
est particulièrement efficace lorsqu’elle est associée à l’heuristique de rééchantillonnage.
En effet, nous allons montrer pour nos fonctionnelles d’intérêt que F (P ∗

I ) se com-
porte essentiellement comme son espérance. Comme l’ont remarqué Künsch [44],
Liu & Singh [51], Radulovic [59], cette espérance est très bien approchée par son
estimateur par rééchantillonnage, si on rééchantillonne les blocs (voir le chapitre 4
pour plus de détails).

Sélection de modèles en milieu mélangeant

Baraud et.al. [9] ont montré que les pénalités de Barron, Birgé & Massart [10]
pouvaient être utilisées dans le modèle de régression quand les données sont β-
mélangeantes. En utilisant l’indépendance du design et du bruit, ils obtiennent
une pénalité calculable en pratique. Avec les mêmes outils, Comte & Merlevède
[23] ont montré que les pénalités de la forme Kdm/n sont aussi efficaces en es-
timation de la densité. Nous étendons cette approche au chapitre 3 au cas de
données τ -mélangeantes. Nous en déduisons en particulier l’adaptativité de s̃ grâce
au schéma de preuve de Barron, Birgé & Massart [10]. Ce dernier résultat est à
rapprocher de ceux obtenus par Gannaz & Wintenberger [34]. Ils avaient en effet
montré l’adaptativité de l’estimateur par seuillage de Donoho et al. [27] dans le

cadre de données φ̃-mélangeantes (le coefficient φ̃ est défini dans Dedecker & Prieur
[25]).
Le problème de l’algorithme de Baraud et.al. [9] dans le modèle de densité est
que la constante K dans la pénalité dépend des coefficients de mélange. Cette
pénalité est donc bien souvent incalculable en pratique. Comte & Merlevède [23]
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ont proposé d’appliquer l’heuristique de pente dans le cadre mélangeant sans toute-
fois fournir de démonstration théorique de sa validité. Nous en proposons une dans le
chapitre 4 dans les cadres β et τ -mélangeants. Nous étendons aussi dans ce chapitre
l’approche par rééchantillonnage et obtenons ainsi des pénalités complètement calcu-
lables à partir des observations. À notre connaissance, nous avons obtenu la première
preuve de leur validité théorique en estimation de la densité en milieu mélangeant.
Nous obtenons des inégalités oracles trajectorielles pour des données β-mélangeantes
et des inégalités oracles en moyenne pour les données τ -mélangeantes. Toutes les
procédures sont optimales, ce qui est encore un résultat nouveau.
La grande différence avec le cas indépendant est qu’un terme de couplage apparait
-dans le contrôle de la probabilité de déviation pour les processus β-mélangeants
-dans le contrôle de l’espérance du risque pour les processus τ -mélangeants.
Ces termes de couplages sont contrôlés par les coefficients de mélange mais peuvent
dégrader les performances des estimateurs. Nous ne savons pas si nos contrôles sont
optimaux, mais les conditions de mélanges que nous demandons sont plus faibles
que celles décrites par Comte & Merlevède [23] dans le cas β-mélangeant, ce sont
les premières dans le cas τ -mélangeant.
Remarquons qu’il y a un paradoxe à utiliser l’heuristique du rééchantillonnage en
milieu mélangeant. En effet, les poids sont échangeables, ce qui signifie que tout se
passe de la même façon si on échange les données alors que par définition, un proces-
sus mélangeant est un processus qui oublie avec le temps, au sens où deux données
éloignées sont presque indépendantes alors qu’on ne sait rien de la dépendance des
données rapprochées. Cette difficulté disparait lorsque l’on rééchantillonne les blocs
au lieu des données.

1.4 Présentation des résultats

Sélection de modèles optimale en estimation de la densité

Le chapitre 2 de la thèse est consacré à l’extension des résultats de Arlot [5] pour
les pénalités par rééchantillonnage et à ceux de Arlot & Massart [7] sur l’heuristique
de pente au cadre de l’estimation de la densité. L’hypothèse fondamentale que nous
faisons (hypothèse [V] dans la section 2 du chapitre 2) est que les déviations de la
pénalité idéale penid(m) = 2νn(ŝm) sont uniformément petites devant l’espérance du
risque Rm/n = E (‖s− ŝm‖2). Cette hypothèse est légèrement différente de celles
traditionnellement considérées en sélection de modèles. En effet, [V] ne suppose
pas de forme particulière pour l’espérance du risque, en particulier pour le terme
de variance, alors que celui-ci est souvent supposé borné par dm/n. Cette borne
est bien justifiée quand les modèles sont relativement réguliers (voir la section 4
du chapitre 2) mais elle peut être très mauvaise en général. Birgé [14] a exhibé des
histogrammes de petites dimensions pour lesquels Rm >> dm. Sous cette hypothèse,
nous justifions d’abord l’utilisation de l’heuristique de pente dans l’estimation de la
densité. La complexité Cm à considérer dans cette heuristique est l’espérance du
terme de variance Dm/n = E (‖sm − ŝm‖2) et la constante Kmin = 1. En effet, on a
(voir la Proposition 2.2.2 du chapitre 2)

Proposition 1.4.1 Soit Mn une collection de modèles satisfaisant l’hypothèse [V].
Supposons qu’il existe une constante 0 < δ < 1 telle que 0 ≤ pen(m) ≤ (1−δ)Dm/n.
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Soit m̂, s̃ les variables aléatoires construites par la procédure de sélection de modèles
associée. Alors, sur un évènement de probabilité supérieure à 1 − c1e

−c2(ln n)2, on a

Dm̂ ≥ c3 max
m∈Mn

Dm, ‖s− s̃‖2 ≥ c4n
c5 inf

m∈Mn

‖s− ŝm‖2,

où c1, c2, c3, c4, c5 sont des constantes positives, dépendantes de δ.

Cette proposition justifie le premier point de l’heuristique de pente. Si la pénalité est
trop petite, Dm̂ est aussi grand que possible (en général de l’ordre de n), de plus, on
ne peut pas montrer d’inégalités oracles. L’heuristique de pente est complètement
justifiée par la seconde proposition (voir Proposition 2.2.3 du chapitre 2)

Proposition 1.4.2 Soit Mn une collection de modèles satisfaisant l’hypothèse [V].
Supposons qu’il existe 0 < δ < 1 telle que

2
Dm

n
− δ

Rm

n
≤ pen(m) ≤ 2

Dm

n
+ δ

Rm

n
.

Alors, sur un évènement de probabilité plus grande que 1 − c1e
−c2(ln n)2, on a

Dm̂ ≤ c3 min
m∈Mn

Rm, ‖s− s̃‖2 ≤
(

1 + δ

1 − δ
+ c4n

−c5

)

inf
m∈Mn

‖s− ŝm‖2,

où c1, c2, c3, c4, c5 sont des constantes positives dépendantes de δ.

Le risque d’un oracle minm∈Mn Rm est en général de l’ordre de nr avec r < 1. On
observe donc bien un saut de la complexité du modèle sélectionné quand la pénalité
devient plus grande que Dm/n, ceci justifie le second point de l’heuristique de pente.
Pour le dernier point, il suffit de faire tendre δ vers 0 en vérifiant que les constantes
c1, c2, c3, c4, c5 n’explosent pas. Le problème de cette heuristique en estimation de
la densité est que la complexité Dm est inconnue en pratique, elle doit donc être
correctement estimée pour calibrer les pénalités. Nous montrons en section 4 du
chapitre 2 que, lorsque le modèle est suffisamment régulier, la dimension dm peut
être utilisée à la place de Dm. Nous montrons aussi que, sans autre hypothèse que
[V], on peut utiliser un estimateur par rééchantillonnage de Dm. Ce dernier choix
revient à utiliser les pénalités par rééchantillonnage d’Arlot [5]. On montre en effet
la proposition suivante (voir proposition 2.2.5 du chapitre 2)

Proposition 1.4.3 Soient X1, ..., Xn des variables aléatoires i.i.d de densité com-
mune s. Soit (W1, ...,Wn) un schéma de rééchantillonnage, soit W̄n =

∑n
i=1Wi/n et

soit v2
W = Var(W1−W̄n). Soit Mn une collection de modèles satisfaisant l’hypothèse

[V] et soit s̃ l’estimateur sélectionné par la pénalité

pen(m) = 2(v2
W )−1

E
W

(

sup
t∈Bm

(νW
n (t))2

)

.

Il existe des constantes c1, c2, c3, c4 strictement positives telles que

P

(

‖s− s̃‖2 ≤
(

1 + c1n
−c2
)

inf
m∈Mn

‖s− ŝm‖2

)

≥ 1 − c3e
−c4(ln n)2 .
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Tous les résultats de ce chapitre sont non asymptotiques avec constantes explicites.
Trois quantités nous permettent de décrire le saut de Dm̂ dans l’heuristique de
pente ainsi que la vitesse de convergence de Cn vers 1 dans les inégalités oracles.
La première est le risque d’un oracle, Rmo = minm∈Mn Rm, la seconde est la plus
grande des variances Dm∗ = maxm∈Mn Dm, la dernière est ε(Rmo) ou ε est la fonction
introduite dans l’hypothèse [V]. Les deux premières quantités sont reliées par le
paradigme de la sélection de modèles. Ce paradigme peut se résumer aux hypothèses
suivantes

Dmo

n
' ‖s− smo‖2,

Dm∗

n
>> ‖s− sm∗‖2, Dmo << Dm∗ , Rmo → +∞.

La dernière condition signifie que la vitesse d’estimation de s est non paramétrique.
Essentiellement, ceci signifie qu’il n’existe pas de modèle de dimension finie expli-
quant s. Nos procédures ne sont optimales que sous cette hypothèse (en particulier,
la condition c2 > 0 dans la proposition 1.4.3 n’est vérifiée que s’il existe r > 0 tel
que Rmo > Cnr). Toutefois, quand Rmo est borné, nous obtenons des inégalités
oracles avec une constante C > 1. Ainsi, même quand le problème de départ est
très simple, nos procédures restent compétitives.

Sélection de modèles avec données mélangeantes

Le chapitre 3 est consacré au problème de sélection de modèles classique mais
les données sont supposées mélangeantes. Ce chapitre s’inspire en grande partie
de l’article de Comte & Merlevède [23]. Cet article traite le cas de données β-
mélangeantes. La méthode de couplage que nous avons évoquée en section 3 est
utilisée pour montrer qu’un estimateur sélectionné avec une pénalité de la forme
Cdm/n satisfait une inégalité oracle du type (1.3). Nous traitons d’abord des données
β-mélangeantes. Nous prouvons une inégalité oracle avec grande probabilité plutôt
qu’en espérance. Ce point de vue est mieux adapté au lemme de couplage de Berbee.
Il nous permet d’affaiblir l’hypothèse de Comte & Merlevède [23] sur la vitesse de
mélange. De plus, nous améliorons les constantes et nous ne supposons plus que s
est bornée. Nous obtenons le résultat suivant (voir la proposition 3.3.1 du chapitre
3).

Théorème:
Supposons que le processus (Xn)n∈Z est strictement stationnaire et β-mélangeant.
Supposons de plus qu’il existe θ > 2 tel que, pour tout entier l, βl ≤ (1 + l)−(1+θ).
Supposons que la collection de modèles Mn satisfait certaines hypothèses techniques
et soit s̃ l’estimateur sélectionné par la pénalité

pen(m) =
Kdm

n
.

Si K est assez grand, il existe des constantes positives c1, c2, c3 telles que

P

(

‖s̃− s‖2 > (1 + c1(lnn)−c2) inf
m∈Mn

(

‖s− sm‖2 + pen(m)
)

)

≤ c3
(log n)(θ+2)κ

nθ/2
.

Les hypothèses techniques de ce théorème sur la collection Mn sont les mêmes que
dans les articles de Comte & Merlevède [23] et Birgé & Massart [15]. La constante
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K dans la pénalité peut être choisie beaucoup plus petite que dans le théorème 3.1
de Comte & Merlevède [23], qui supposaient en outre l’hypothèse θ > 3.
Le principal problème de ce résultat est que la constante K définissant la pénalité
dépend des coefficients de mélange et est donc inconnue en pratique. La constante K
est choisie de façon à assurer que pen(m) ≥ E (‖sm − ŝm‖2). Ainsi, l’inégalité oracle
obtenue est un peu plus faible que l’inégalité (1.3). Néanmoins, elle a la même forme
que l’inégalité oracle obtenue pour des données indépendantes et permet d’obtenir
l’adaptativité de l’estimateur s̃ à la régularité de s.
Nous étendons ensuite cette approche aux processus τ -mélangeants qui satisfont
aussi un lemme de couplage et une inégalité de covariance. Toutefois, ces résultats
sont plus faibles pour les processus τ -mélangeants et l’extension des résultats est
techniquement difficile. En particulier, nous n’obtenons d’inégalité oracle que pour
des modèles d’ondelettes régulières et bien localisées. L’avantage de ce résultat est
que le coefficient τ est souvent plus facile à calculer que le coefficient β (voir les
exemples de la section 3). Nous avons montré le résultat suivant (Théorème 4.1
dans le chapitre 3)

Théorème:
Soit Mn une collection de modèles engendrés par des ondelettes régulières à support
compact. Supposons que le processus (Xn)n∈Z est strictement stationnaire et τ -
mélangeant. Supposons de plus qu’il existe θ > 5 tel que, pour tout entier l, τl ≤
(1 + l)−(1+θ).
Soit s̃ l’estimateur sélectionné par la pénalité

pen(m) =
Kdm

n
.

Si K est assez grand, il existe des constantes c1, c2 telles que

E
(

‖s̃− s‖2
)

≤ (1 + c1(lnn)−c2)

(

inf
m∈Mn

‖s− sm‖2 + pen(m)

)

.

Ainsi, l’estimateur vérifie le même type d’inégalités oracles que lorsque les données
sont indépendantes. On peut en déduire qu’il est minimax sur des classes d’espaces
de Besov en utilisant le procédé de Birgé & Massart [15]. Comme pour les données
β-mélangeantes, la constante K dépend des coefficients de mélange, elle est calibrée
de façon à assurer que pen(m) ≥ E (‖sm − ŝm‖2) et que cette majoration soit la
moins pessimiste possible.

Sélection de modèles optimale en milieu mélangeant

Le principal défaut des résultats précédents est que la pénalité dépend des coeffi-
cients de mélange qui sont inconnus en pratique. Pour calibrer de façon optimale la
constante dans le terme de pénalité, Comte & Merlevède [23] suggéraient, suivant
Birgé & Massart [16] d’utiliser l’heuristique de pente. Dans le chapitre 4, nous prou-
vons théoriquement le bien fondé de ce choix. Le lemme de couplage de Viennet [70]
nous permet d’étendre assez facilement les méthodes de preuves du chapitres 2 à des
données β-mélangeantes. Nous obtenons l’équivalent des Propositions 1.4.1, 1.4.2.
Ces résultats améliorent ceux de la section précédente. En effet, les pénalités sont
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maintenant explicitement calculables. De plus, les inégalités oracles comparent le
risque de s̃ à infm∈Mn ‖s− ŝm‖2 et plus à une borne supérieure de cet oracle. Comme
dans le cadre indépendant, l’heuristique de pente ne peut être utilisée avec une com-
plexité Cm = dm que si les modèles sont très réguliers, par exemple si la fonction
(x,m) → supt∈Bm

t(x)/
√
dm est presque constante. Cette dernière condition est

vérifiée dans les exemples mentionnés dans Comte & Merlevède [23]. Pour pouvoir
traiter des modèles un peu moins réguliers, nous avons aussi étendu l’approche par
rééchantillonnage. Nous obtenons l’équivalent de la Proposition 1.4.3 dans le cas
β-mélangeant. Regardons ce résultat plus précisément.

Proposition 1.4.4 Soit X1, ..., Xn une suite strictement stationnaire de variables
aléatoires de même densité s. Soit (Sm)m∈Mn une collection de modèles satisfaisant
l’hypothèse [V’]. Supposons que le processus (Xk)k=1,...,n est β-mélangeant et qu’il
existe C > 0 et θ > 2 tels que, pour tout l, βl ≤ C(1 + l)−(1+θ). Soit s̃ l’estimateur
sélectionné par la pénalité de rééchantillonnage.
Pour tout κ > 2, il existe des constantes c1 et c2 telles que

P

(

‖s− s̃‖2 > (1 + c1f(n)) inf
m∈Mn

‖s− ŝm‖2

)

≤ c2
(lnn)(θ+2)κ

nθ/2
,

où f(n) = (lnn)−2(κ−1).

On observe deux grandes différences par rapport au cas indépendant. D’abord, un
terme de couplage apparait dans le contrôle de la probabilité de déviation. Dans
le cas indépendant, la borne est de l’ordre de e−c(ln n)2 , dans le cas mélangeant,
elle devient (logn)c1n−θ/2. Ensuite, l’hypothèse [V] est renforcée en une hypothèse
[V’]. La conséquence de cette transformation est que la vitesse de convergence de
f(n) vers 0, qui était de l’ordre de n−c dans le cas indépendant devient (lnn)−c.
Comme pour les données indépendantes, la seule hypothèse [V’] suffit pour pouvoir
appliquer les pénalités par rééchantillonnage.
Nous étendons aussi dans ce chapitre ces deux méthodes au cadre τ -mélangeant.
Ce coefficient vérifie un lemme de couplage en distance L1. Rappelons que dans la
méthode de couplage, nous devons contrôler des termes de la forme |F (PI)−F (P ∗

I )|.
Ces termes sont plus délicats à contrôler pour le coefficient τ et, comme dans la
section précédente, nous choisissons des modèles d’ondelettes régulières. De plus,
la forme du lemme de couplage nous a imposé de travailler en moyenne plutôt que
sur des évènements de grandes probabilités. Les preuves du cas indépendant ne
s’appliquaient plus directement. Nous obtenons une inégalité oracle de la forme
(1.8) au lieu de (1.9). Néanmoins, ce résultat, comme en β-mélange, améliore les
résulats du chapitre 3 car les pénalités sont explicitement calculables et le risque
de s̃ est comparé à celui de l’oracle plutôt qu’à une borne supérieure de ce risque.
Regardons ce que devient l’inégalité oracle obtenue par pénalité bootstrap.

Proposition 1.4.5 Soit X1, ..., Xn une suite strictement stationnaire de variables
aléatoires de densité s et soit (Sm)m∈Mn une collection de modèles d’ondelettes
régulières. Supposons que le processus (Xk)k=1,...,n est τ -mélangeant et qu’il ex-
iste C > 0 et θ > 5 tels que, pour tout l, τl ≤ C(1 + l)−(1+θ). Soit s̃ l’estimateur
sélectionné par la pénalité de rééchantillonnage. Alors, il existe des constantes c1 et
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c2 telles que

E
(

‖s− s̃‖2
)

≤ (1 + c1f(n)) E

(

inf
m∈Mn

‖s− ŝm‖2

)

+ c2
(lnn)κ(1+θ)

n(θ−3)/2
,

où f(n) = (lnn)−2(κ−1).

La condition de mélange est plus forte (θ > 5) et le terme de couplage dans le
contrôle de l’espérance est plus grand que dans le cas β-mélangeant.
À notre connaissance les résultats de ce chapitre sont nouveaux. En effet,
-l’utilisation de l’heuristique de pente n’avait jamais été justifiée théoriquement pour
des données mélangeantes, dans aucun modèle, pour aucun coefficient de mélange,
-l’algorithme de preuve dans le cas τ -mélangeant est différent du cas indépendant, il
ne nécessite pas seulement la prise en compte d’un terme de couplage. Les résultats
obtenus pour ces processus sont plus faibles que dans le cas indépendant, mais les
hypothèses pour les obtenir sont également un peu plus faibles,
-c’est la première fois que des méthodes de rééchantillonnage sont utilisées pour
calibrer les pénalités quand les données sont mélangeantes, même si leurs bonnes
propriétés avaient déjà été observées (voir Künsch [44], Liu & Singh [51], Radulovic
[59] par exemple).

Régions de confiance pour s

Le chapitre 5 traite du problème de l’adaptativité pour les régions de confiance dans
le modèle de densité. Ce problème est fondamentalement différent pour les régions
de confiance et pour l’estimation. En effet, de nombreux estimateurs adaptatifs de
la densité ont été proposés, voir par exemple l’article de Barron, Birgé & Massart
[10] pour une construction par sélection de modèles. En revanche, comme le montre
l’article de Robins & van der Vaart [61], on ne peut pas construire de régions de
confiance adaptatives avec autant de généralité. Prenons l’exemple de fonctions s
α-höldériennes. On peut construire des estimateurs de s adaptatifs à la régularité α,
c’est-à-dire des estimateurs construits sans connâıtre le vrai α et se comportant aussi
bien que possible quelle que soit cette régularité. En revanche, pour construire une
région de confiance pour s, on doit préciser une borne inférieure α−, sur l’ensemble
des régularités admissibles. De plus, on n’obtient de régions de confiance adapta-
tives qu’aux régularités comprises entre α− et 2α−. La différence est que le biais du
modèle doit être estimé quand on construit une région de confiance. On doit donc
préciser un gros espace S auquel la densité est supposée appartenir. Si la fonction
s appartient à un sous-espace Sm de S, la taille d’une région de confiance pour s
est bornée inférieurement par le supremum de deux quantités. La première est la
vitesse d’estimation dans le modèle Sm qui correspond à la vitesse de convergence
du terme de variance en estimation. La seconde est la vitesse d’estimation du biais
d’une fonction de S qui correspond à la vitesse de test de l’hypothèse s ∈ Sm contre
l’hypothèse s ∈ S et s /∈ Sm. Cette seconde vitesse est souvent définie par le gros
espace S et limite l’adaptativité (voir Ingster [40, 41, 42]). Cette propriété négative
avait déjà été isolée dans les articles de Juditsky & Lambert-Lacroix [43] et Baraud
[8] dans le modèle de régression.
Les résultats de Robins & van der Vaart [61] sont asymptotiques et ils construisent
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leurs régions de confiance en découpant l’échantillon en deux, la première partie
servant à construire des estimateurs de s, la seconde servant à Ã c©valuer l’erreur
dans ces estimations.
Au chapitre 5, nous améliorons leurs résultats en prouvant des bornes non asymp-
totiques sur la taille des régions de confiance et en construisant, en nous inspirant
des résultats de Baraud [8], des régions de confiance centrées sur des estimateurs
utilisant toutes les données. Nous estimons l’erreur commise par rééchantillonnage
pour ne pas avoir à découper l’échantillon en deux parties. Techniquement, les out-
ils ressemblent à ceux du chapitre 2. Comme nous travaillons avec des données à
valeurs réelles, les preuves sont simplifiées par l’utilisation de l’inégalité de concen-
tration pour les U -statistiques de Houdré & Reynaud-Bouret [39].
Ces résultats négatifs ne nous ont pas incité à poursuivre dans cette direction, en
particulier, nous n’avons pas cherché à étendre ces résultats au cas mélangeant.

Outils probabilistes

Pour finir, nous recensons quelques outils probabilistes utiles dans les différents
chapitres. Les plus importants sont des inégalités de concentration. Les résultats de
base que nous utilisons peuvent être trouvés dans les livres de Ledoux & Talagrand
[48], Ledoux [47] ou Massart [55].

Processus empirique

Nous avons vu que le terme de variance d’un estimateur ŝm s’exprime comme le
supremum du carré du processus empirique sur l’ellipsöıde Bm = {t ∈ Sm, ‖t‖ ≤ 1}.
Notons Z = supt∈Bm

νn(t). L’inégalité de Talagrand (voir Talagrand [65]) décrit la
concentration de Z autour de son espérance. Bousquet [18] a utilisé la méthode
d’entropie de Ledoux [46] pour calculer les constantes optimales dans cette inégalité.
Il a obtenu le résultat suivant.

Théorème:
Soient X,X1, ..., Xn des variables aléatoires i.i.d. à valeurs dans un espace mesurable
(X,X ) et soit S une classe de fonctions bornées par b. Soient v2 = supt∈S Var(t(X))
et soit Z = supt∈S νnt. Alors,

∀x > 0, P

(

Z > E(Z) +

√

2

n
(v2 + 2bE(Z))x+

bx

3n

)

≤ e−x.

C’est le résultat à la base de toutes les inégalités de concentration que nous avons
montrées. Nous l’avons d’abord utilisé pour montrer la concentration de Z2 autour
de son espérance.

Corollaire 1:
Notons D = E(Z2), v2 = supt∈S Var(t(X)), ε = b2/n, on a, pour tout x > 0,

P

(

Z2 − D

n
>
D3/4(ε(19x)2)1/4 + 3

√
Dv2x+ 3v2x+ ε(19x)2

n

)

≤ e−x.
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P

(

Z2 − D

n
< −8D3/4(εx2)1/4 + 7.61

√
v2Dx+ ε(40.25x)2

n

)

≤ e1−x.

U-statistiques

En utilisant l’inégalité de Talagrand et des méthodes de martingales, Houdré &
Reynaud-Bouret [39] ont montré une inégalité de concentration pour des U -statistiques
construites à partir de variables aléatoires réelles. En évaluant les quantités d’intérêt
de cette inégalité, nous avons obtenu les résultats suivants.

Corollaire 2:
Soient X,X1, ..., Xn des variables aléatoires réelles et i.i.d, de densité s par rapport à
la mesure de lebesgue µ. Soit (ψλ)λ∈Λ un système orthonormal dans L2(µ) et soit S
l’espace vectoriel qu’il engendre. Soit B = {t ∈ S, ‖t‖ ≤ 1}, v2 = supt∈B Var(t(X))
et b = supt∈B ‖t‖∞. Soit

U(Λ) =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(ψλ(Xi) − Pψλ)(ψλ(Xj) − Pψλ).

Alors, pour tout x > 0 et tout ξ dans {−1, 1}, il existe un évènement Ωx tel que
P(Ωc

x) ≤ 2.8e−x sur lequel on a,

ξU(Λ) ≤ 5.7vb

√
x

n
+ 8v2x

n
+ 384vb

(x

n

)3/2

+ 1020

(

bx

n

)2

.

Nous utilisons cette inégalité dans le chapitre 5 où nous nous intéressons à des
variables aléatoires réelles. Elle aurait suffit dans le chapitre 2. Nous avons préféré
montrer une inégalité un peu plus générale, valable en toutes dimensions. Nous
avons ainsi pu travailler avec des blocs dans le cas mélangeant. En utilisant notre
inégalité de concentration de Z2 et l’inégalité de Cauchy-Schwarz, on montre le
corollaire suivant.

Corollaire 3:
Soient X,X1, ..., Xn des variables aléatoires i.i.d à valeurs dans un espace mesurable
(X,X ) de loi P . Soit µ une mesure sur (X,X ) et soit (tλ)λ∈Λ un ensemble de
fonctions de L2(µ). Soit

B = {t =
∑

λ∈Λ

aλtλ,
∑

λ∈Λ

a2
λ ≤ 1}, D = E

(

sup
t∈B

(t(X) − Pt)2

)

,

v2 = sup
t∈B

Var(t(X)), b = sup
t∈B

‖t‖∞ and ε =
b2

n
.

Soit

U =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)(tλ(Xj) − Ptλ).

Alors, on a

∀x > 0, P

(

U >
5.31D3/4(εx2)1/4 + 3

√
v2Dx+ 3v2x+ ε(19.1x)2

n− 1

)

≤ 2e−x.
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∀x > 0, P

(

U < −9D3/4(εx2)1/4 + 7.61
√
v2Dx+ ε(40.3x)2

n− 1

)

≤ 3.8e−x.

Processus empirique rééchantillonné

Pour étudier les pénalités et les régions de confiance construites par rééchantillonnage,
nous avons dû étudier la version rééchantillonnée du processus Z2 introduit précédemment.
Nous avons utilisé une remarque de Arlot [5] pour montrer le lemme suivant.

Lemme:
Soient X1, ..., Xn des variables aléatoires i.i.d de loi P . Soit (tλ)λ∈Λ une collection
de fonctions de L2(µ). Soit p(Λ) =

∑

λ∈Λ(νn(tλ))
2. Soit (W1, ...,Wn) un schéma de

rééchantillonnage, soit W̄n =
∑n

i=1Wi/n et soit v2
W = Var(W1 − W̄n). Soit

pW (Λ) = (v2
W )−1

∑

λ∈Λ

E
W
(

(νW
n (tλ))

2
)

,

T =
∑

λ∈Λ(tλ − Ptλ)
2 et

U =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)(tλ(Xj) − Ptλ).

Alors, on a

p(Λ) =
1

n
PnT +

n− 1

n
U, pW (Λ) =

1

n
PnT − 1

n
U, p(Λ) − pW (Λ) = U.

Ce lemme, les inégalités de concentration précédentes et l’inégalité de Cauchy-
Schwarz suffisent à étudier les quantités définies par rééchantillonnage. En par-
ticulier, on déduit de ce lemme deux propriétés fondamentales des pénalités par
rééchantillonnage pen.
-La moyenne de la pénalité idéale cöıncide avec celle de pen.
-La concentration de pen autour de sa moyenne fait intervenir les mêmes quantités
que celle de penid, elle est même souvent meilleure (effet régularisant du bootstrap).

Conclusion

Les principaux apports de la thèse concernent le problème de sélection de modèles
optimale pour des données indépendantes (Chapitre 2) et mélangeantes (Chapitre
4). Dans ces deux chapitres, nous proposons des pénalités facilement utilisables en
pratique et très performantes en théorie.
Dans les chapitres 3 et 5, nous démontrons de nombreux lemmes techniques, qui
ont permis de comprendre la méthode de couplage pour les données mélangeantes
(Chapitre 3) et le comportement du processus empiriques et du processus de rééchantillonnage
sur les fonctionnelles d’intérêt dans le modèle de densité (Chapitre 5). Le Chapitre
5 peut ainsi être lu avant le chapitre 2 pour se familiariser avec le rééchantillonnage
dans le modèle de densité. Le chapitre 3 fournit une bonne introduction à l’extension
de preuves faites pour des données indépendantes par la technique de couplage.
Chaque chapitre correspond à un article, ils peuvent donc être lus de façon indépendante.



Chapter 2

Optimal model selection in density
estimation

Abstract

We build penalized least-squares estimators using the slope heuristic and re-

sampling penalties. We prove oracle inequalities for the selected estimator with

leading constant asymptotically equal to 1. We compare the practical perfor-

mances of these methods in a short simulation study.

Key words: Density estimation, optimal model selection, resampling methods,
slope heuristic.
2000 Mathematics Subject Classification: 62G07, 62G09.

2.1 Introduction

The aim of model selection is to construct data-driven criteria to select a model
among a given list. The history of statistical model selection goes back at least
to Akaike [1], [2] and Mallows [53]. They proposed to select among a collection of
parametric models the one which minimizes an empirical loss plus some penalty term
proportional to the dimension of the model. Birgé & Massart [15] and Barron, Birgé
& Massart [10] generalized this approach, making in particular the link between
model selection and adaptive estimation. They proved that previous methods, in
particular cross-validation (see Rudemo [62]) and hard thresholding (see Donoho
et.al. [27]) can be viewed as penalization methods. More recently, Birgé & Massart
[17], Arlot & Massart [7] and Arlot [5], (see also [4]) arised the problem of optimal
efficient model selection. Basically, the aim is to select an estimator satisfying an
oracle inequality with leading constant asymptotically equal to 1. They obtained
such procedures thanks to a sharp estimator of the ideal penalty penid. We will
be interested in two natural ideas, that are used in practice to evaluate penid and
proved to be efficient in other frameworks. The first one is the slope heuristic. It
was introduced in Birgé & Massart [17] in Gaussian regression and developed in
Arlot & Massart [7] in a M-estimation framework. It allows to optimize the choice
of a leading constant in the penalty term, provided that we know the shape of penid.
The other one is Efron’s resampling heuristic. The basic idea comes from Efron
[31] and was used by Fromont [32] in the classification framework. Then, Arlot

23
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[5] made the link with ideal penalties and developed the general procedure. Up to
our knowledge, these methods have only been theoretically validated in regression
frameworks. We propose here to prove their efficiency in density estimation. Let us
now explain more precisely our context.

2.1.1 Least-squares estimators

In this chapter, we define and study efficient penalized least-squares estimators in
the density estimation framework when the error is measured with the L2-loss. We
observe n i.i.d random variables X1, ..., Xn, defined on a probability space (Ω,A,P),
valued in a measurable space (X,X ), with common law P . We assume that a
measure µ on (X,X ) is given and we denote by L2(µ) the Hilbert space of square
integrable real valued functions defined on X. L2(µ) is endowed with its classical
scalar product, defined for all t, t′ in L2(µ) by

< t, t′ >=

∫

X

t(x)t′(x)dµ(x)

and the associated L2-norm ‖.‖, defined for all t in L2(µ) by ‖t‖ =
√
< t, t >. The

parameter of interest is the density s of P with respect to µ, we assume that it
belongs to L2(µ). The risk of an estimator ŝ of s is measured with the L2-loss, that
is ‖s− ŝ‖2, which is random when ŝ is.
s minimizes the integrated quadratic contrast PQ(t), where Q : L2(µ) → L1(P )
is defined for all t in L2(µ) by Q(t) = ‖t‖2 − 2t. Hence, density estimation is a
problem of M-estimation. These problems are classically solved in two steps. First,
we choose a ”model” Sm that should be close to the parameter s, which means that
inft∈Sm ‖s− t‖2 is ”small”. Then, we minimize over Sm the empirical version of the
integrated contrast, that is, we choose

ŝm ∈ arg min
t∈Sm

PnQ(t). (2.1)

This last minimization can be computationaly untractable for general sets Sm, lead-
ing to untractable procedures in practice. However, it can be easily solved when Sm

is a linear subspace of L2(µ) since, for all orthonormal basis (ψλ)λ∈m, we have

ŝm =
∑

λ∈m

(Pnψλ)ψλ. (2.2)

Thus, we will always assume that a model is a linear subspace in L2(µ). The risk
of the least-squares estimator ŝm defined in (2.1) is then decomposed in two terms,
called bias and variance, thanks to Pythagoras relation. Let sm be the orthogonal
projection of s onto Sm,

‖s− ŝm‖2 = ‖s− sm‖2 + ‖sm − ŝm‖2.

The statistician should choose a space Sm realizing a trade-off between those terms.
Sm must be sufficiently “large” to ensure a small bias ‖s− sm‖2, but not too much,
for the variance ‖sm − ŝm‖2 not to explose. The best trade-off depends on unknown
properties of s, since the bias is unknown, and on the behavior of the empirical min-
imizer ŝm in the space Sm. Classically, Sm is a parametric space and the dimension



2.1. INTRODUCTION 25

dm of Sm as a linear space is used to give upper bounds on Dm = nE (‖sm − ŝm‖2).
This approach is validated in regular models under the assumption that the sup-
port of s is a known compact, as mentioned in section 2.3. However, this definition
can fail dramatically because there exist simple models (histograms with a small
dimension dm) where Dm is very large, and infinite dimensional models where Dm

is easily upper bounded. This issue is extensively discussed in Birgé [14]. Birgé
chooses to keep the dimension dm of Sm as a complexity measure and build new
estimators that achieve better risk bounds than the empirical minimizer. His proce-
dures are unfortunatly untractable for the practical user because he can only prove
the existence of his estimators. Even his bounds on the risk are only interesting the-
oretically because they involve constants which are not optimal. We will not take
this point of view here and our estimator will always be the empirical minimizer,
mainly because it can easily be computed, see (2.2). We will focus on the quantity
Dm/n and introduce a general Assumption (namely Assumption [V]) that allows
to work indifferently with Dm/n or with the actual risk ‖sm − ŝm‖2. We will also
provide and study an estimator of Dm/n based on the resampling heuristic.
We insist here on the fact that, unlike classical methods, we will not use in this chap-
ter strong extra assumptions on s, like ‖s‖∞ < ∞ or assume that s is compactly
supported.

2.1.2 Model selection

Recall that the choice of an optimal model Sm is impossible without strong as-
sumptions on the function s, for example that we have precise informations on the
regularity of s is regular. However, under less restrictive hypotheses, for example
that s is regular with an unknown regularity, we can build a countable collection
of models (Sm)m∈Mn , growing with the number of observations, such that the best
estimator in the associated collection (ŝm)m∈Mn realizes an optimal trade-off, see for
example Birgé & Massart [15] and Barron, Birgé & Massart [10]. The aim is then to
build an estimator m̂ such that our final estimator, s̃ = ŝm̂ behaves almost as well
as any model mo in the set of oracles

M∗
n = {mo ∈ Mn, ‖ŝmo − s‖2 = inf

m∈Mn

‖ŝm − s‖2}.

This is the problem of model selection. More precisely, we want that s̃ satisfies an
oracle inequality defined in general as follows.

Definition: (Trajectorial oracle inequality) Let (pn)n∈N be a sequence such that
∑

n∈N
pn <∞, let (Cn)n∈N and (Rm,n)n∈N be sequences of positive real numbers. The

estimator s̃ = ŝm̂ satisfies a trajectorial oracle inequality TO(Cn, (Rm,n)m∈Mn , pn) if

∀n ∈ N
∗, P

(

‖s̃− s‖2 > Cn inf
m∈Mn

{

‖s− ŝm‖2 +Rm,n

}

)

≤ pn. (2.3)

When s̃ satisfies an oracle inequality, Cn is called the leading constant.

In this chapter, we are interested in the problem of optimal model selection defined
as follows.

Definition: (Optimal model selection) We say that s̃ is optimal or that the proce-
dure of selection (X1, ..., Xn) 7→ m̂ is optimal when s̃ satisfies a trajectorial oracle
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inequality TO(1 + rn, (Rm,n)m∈Mn , pn) with rn → 0 and for all n in N
∗ and m in

Mn Rm,n = 0. In order to simplify the notations, when s̃ is optimal we will say that
s̃ satisfies an optimal oracle inequality OTO(rn, pn).

In order to build m̂, we remark that, for all m in Mn, we have

‖s− ŝm‖2 = ‖ŝm‖2 − 2P ŝm + ‖s‖2 = PnQ(ŝm) + 2νn(ŝm) + ‖s‖2, (2.4)

where νn = Pn−P is the centered empirical process. An oracle minimizes ‖s− ŝm‖2

and thus PnQ(ŝm) + 2νn(ŝm). As we want to imitate the oracle, we will design a
map pen : Mn → R+ and choose

m̂ ∈ arg min
m∈Mn

PnQ(ŝm) + pen(m), s̃ = ŝm̂. (2.5)

It is clear that the ideal penalty is penid(m) = 2νn(ŝm). For all m in Mn, for all
orthonormal basis (ψλ)λ∈m, we have ŝm =

∑

λ∈m(Pnψλ)ψλ and sm =
∑

λ∈m(Pψλ)ψλ,
thus

νn(ŝm − sm) = νn

(

∑

λ∈m

(νnψλ)ψλ

)

=
∑

λ∈m

(νnψλ)
2 = ‖ŝm − sm‖2.

Let us define, for all m in Mn

p(m) = νn(ŝm − sm) = ‖ŝm − sm‖2.

From (2.4), for all m in Mn, we have

‖s− s̃‖2 = ‖s̃‖2 − 2P s̃+ ‖s‖2 = ‖s̃‖2 − 2Pns̃+ 2νns̃+ ‖s‖2

≤ PnQ(ŝm) + pen(m) + (2νn(s̃) − pen(m̂)) + ‖s‖2

= ‖s− ŝm‖2 + (pen(m) − 2νn(ŝm)) + (2νn(s̃) − pen(m̂))

Hence, for all m in Mn,

‖s− s̃‖2 ≤ ‖s− ŝm‖2+(pen(m) − 2p(m))+(2p(m̂) − pen(m̂))+2νn(sm̂−sm). (2.6)

Let us define, for all c1, c2 > 0, the function

fc1,c2 : R
+ → R

+, x 7→
{

1+c1x
1−c2x

− 1 if x < 1/c2
+∞ if x ≥ 1/c2

. (2.7)

It comes from inequality (2.6) that s̃ satisfies an oracle inequality OTO(f2,2(εn), pn)
as soon as we have, with probability larger than 1 − pn

∀m ∈ Mn
|2p(m) − pen(m)|

‖s− ŝm‖2 ≤ εn and (2.8)

∀(m,m′) ∈ M2
n,

2νn(sm′ − sm)

‖s− ŝm′‖2 + ‖s− ŝm‖2 ≤ εn. (2.9)

Inequality (2.9) does not depend on our choice of penalty, we will check that it can
easily be satisfied in classical collections of models. In order to obtain inequality
(2.8), we use two methods, defined in M-estimation, but studied only on some
regression frameworks.
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The slope heuristic

The first one is refered as the ”slope heuristic”. The idea has been introduced
by Birgé & Massart [17] in the Gaussian regression framework and developed in a
general algorithm by Arlot & Massart [7]. This heuristic states that there exist a
sequence (∆m)m∈Mn and a constant Kmin satisfying the following properties,

1. when pen(m) < Kmin∆m, then ∆m̂ is too large, typically ∆m̂ ≥ C maxm∈Mn ∆m,

2. when pen(m) ' (Kmin + δ)∆m for some δ > 0, then ∆m̂ is much smaller,

3. when pen(m) ' 2Kmin∆m, the selected estimator is optimal.

Thanks to the third point, when ∆m and Kmin are known, this heuristic says that
the penalty pen(m) = 2Kmin∆m selects an optimal estimator. When ∆m only is
known, the first and the second point can be used to calibrate Kmin in practice. We
use the following algorithm, see Arlot & Massart [7]:

Slope algorithm
For all K > 0, compute the selected model m̂(K) given by (2.5) with the penalty
pen(m) = K∆m and the associated complexity ∆m̂(K).
Find the constant Kmin such that ∆m̂(K) is large when K < Kmin, and ”much
smaller” when K > Kmin.
Take the final m̂ = m̂(2Kmin).

We will justify the slope heuristic in the density estimation framework for ∆m =
E(‖sm − ŝm‖2) = Dm/n and Kmin = 1. In general, Dm is unknown and has to be
estimated, we propose a resampling estimator and prove that it can be used without
extra assumptions to obtain optimal results.

Resampling penalties

Data-driven penalties have already been used in density estimation in particular
cross-validation methods as in Stone [64], Rudemo [62] or Celisse [21]. We are inter-
ested here in the resampling penalties introduced by Arlot [5]. Let (W1, ...,Wn) be
a resampling scheme, i.e. a vector of random variables independent of X,X1, ..., Xn

and exchangeable, that is, for all permutations τ of (1, ..., n), we have

(W1, ...,Wn) has the same law as (Wτ(1), ...,Wτ(n)).

Hereafter, we denote by W̄n =
∑n

i=1Wi/n and by EW and LW respectively the ex-
pectation and the law conditionally to the dataX,X1, ..., Xn. Let PW

n =
∑n

i=1WiδXi
/n,

νW
n = PW

n − W̄nPn be the resampled empirical processes. Arlot’s procedure is based
on the resampling heurististic of Efron (see Efron [30]), which states that the law of
a functional F (P, Pn) is close to its resampled counterpart, that is the conditional
law LW (CWF (W̄nPn, P

W
n )). CW is a renormalizing constant that depends only on

the resampling scheme and on F . Following this heuristic, Arlot defines as a penalty
the resampling estimate of the ideal penalty 2Dm/n, that is

pen(m) = 2CW E
W (νW

n (ŝW
m )), (2.10)

where ŝW
m minimizes PW

n Q(t) over Sm. We prove concentration inequalities for
pen(m) and deduce that pen(m) provides an optimal procedure.
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The chapter is organized as follows. In Section 2.2, we state our main results, we
prove the efficiency of the slope algorithm and the resampling penalties.
In Section 2.3, we compute the rates of convergence in the oracle inequalities using
classical collections of models. Section 2.4 is devoted to a short simulation study
where we compare different methods in practice. The proofs are postponed to Sec-
tion 2.5. Section 2.6 is an Appendix where we add some probabilistic material, we
prove a concentration inequality for Z2, where Z = supt∈B νn(t) and B is symmetric.
We deduce a simple concentration inequality for U -statistics of order 2 that extends
a previous result by Houdré & Reynaud-Bouret [39].

2.2 Main results

Hereafter, we will denote by c, C, K, κ, L, α, with various subscripts some constants
that may vary from line to line.

2.2.1 Concentration of the ideal penalty

Take an orthonormal basis (ψλ)λ∈m of Sm. Easy algebra leads to

sm =
∑

λ∈m

(Pψλ)ψλ, ŝm =
∑

λ∈m

(Pnψλ)ψλ, thus ‖sm − ŝm‖2 =
∑

λ∈m

(νn(ψλ))
2.

ŝm is an unbiased estimator of sm and

penid(m) = 2νn(ŝm) = 2νn(ŝm − sm) + 2νn(sm) = 2‖sm − ŝm‖2 + 2νn(sm).

For all m,m′ in Mn, let

p(m) = ‖sm − ŝm‖2 =
∑

λ∈m

(νn(ψλ))
2, δ(m,m′) = 2νn(sm − sm′). (2.11)

From (2.6), for all m in Mn,

‖s− s̃‖2
2 ≤ ‖s− ŝm‖2

2 + (pen(m) − 2p(m)) + (2p(m̂) − pen(m̂)) + δ(m̂,m). (2.12)

In this section, we are interested in the concentration of p(m) around E(p(m)) =
Dm/n. Let us first remark that, for all m in Mn, p(m) is the supremum of the
centered empirical process over the ellipsoid Bm = {t ∈ Sm, ‖t‖ ≤ 1}. From
Cauchy-Schwarz inequality, for all real numbers (bλ)λ∈m,

∑

λ∈m

b2λ =

(

sup
P

a2
λ≤1

∑

λ∈m

aλbλ

)2

. (2.13)

We apply this inequality with bλ = νn(ψλ). We obtain, since the system (ψλ)λ∈m is
orthonormal,

∑

λ∈m

(νn(ψλ))
2 = sup

P

a2
λ≤1

(

∑

λ∈m

aλνn(ψλ)

)2

= sup
P

a2
λ≤1

(

νn

(

∑

λ∈m

aλψλ

))2

= sup
t∈Bm

(νn(t))2 .
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Hence, p(m) is bounded by a Talagrand’s concentration inequality (see Talagrand
[65]). This inequality involves Dm = nE (‖ŝm − sm‖2) and the constants

em =
1

n
sup
t∈Bm

‖t‖2
∞ and v2

m = sup
t∈Bm

Var(t(X)). (2.14)

More precisely, the following proposition holds:

Proposition 2.2.1 Let X,X1, ..., Xn be iid random variables with common density
s with respect to a probability measure µ. Assume that s belongs to L2(µ) and let Sm

be a linear subspace in L2(µ). Let sm and ŝm be respectively the orthogonal projection
and the projection estimator of s onto Sm. Let p(m) = ‖sm− ŝm‖2, Dm = nE(p(m))
and let vm, em be the constants defined in (2.14). Then, for all x > 0,

P

(

p(m) − Dm

n
>
D

3/4
m (emx

2)1/4 + 0.7
√

Dmv2
mx+ 0.15v2

mx+ emx
2

n

)

≤ e−x/20

(2.15)

P

(

Dm

n
− p(m) >

1.8D
3/4
m (emx

2)1/4 + 1.71
√

Dmv2
mx+ 4.06emx

2

n

)

≤ 2.8e−x/20

(2.16)

Comments : From (2.12), for all m in Mn,

‖s− s̃‖2
2 ≤ ‖s− ŝm‖2

2 +

(

pen(m) − 2
Dm

n

)

+ 2

(

Dm

n
− p(m)

)

+2

(

p(m̂) − Dm̂

n

)

+

(

2
Dm̂

n
− pen(m̂)

)

+ δ(m̂,m). (2.17)

It appears from (2.17) that we can obtain oracle inequalities with a penalty of order
2Dm/n if, uniformly over m,m′ in Mn,

p(m) − Dm

n
<< ‖s− ŝm‖2 and δ(m′, m) << ‖s− ŝm‖2 + ‖s− ŝm′‖2.

Proposition 2.2.1 proves that the first part holds with large probability for all m in
Mn such that em ∨ v2

m << nE(‖s− ŝm‖2). Actually, the other part also holds under
the same kind of assumption.

2.2.2 Main assumptions

For all m, m′ in Mn, let

Rm

n
= E

(

‖s− ŝm‖2
)

= ‖s− sm‖2 +
Dm

n
,

v2
m,m′ = sup

t∈Sm+Sm′ ,‖t‖≤1

Var(t(X)), em,m′ =
1

n
sup

t∈Sm+Sm′ ,‖t‖≤1

‖t‖2
∞ .

For all k ∈ N, let Mk
n = {m ∈ Mn, Rm ∈ [k, k + 1)} and for all n in N, for all

k > 0, k′ > 0 and γ ≥ 0, let

ln,γ(k, k
′) = ln(1 + Card(M[k]

n )) + ln(1 + Card(M[k′]
n )) + ln((k + 1)(k′ + 1)) + (lnn)γ

(2.18)



30 CHAPTER 2. OPTIMAL MODEL SELECTION IN DENSITY ESTIMATION

Assumption [V]: There exist γ > 1 and a sequence (εn)n∈N, with εn → 0 such that,
for all n in N, we have

sup
(k,k′)∈(N∗)2

sup
(m,m′)∈Mk

n×Mk′
n

{(

(

v2
m,m′

Rm ∨Rm′

)2

∨ em,m′

Rm ∨Rm′

)

l2n,γ(k, k
′)

}

≤ ε4n.

[BR] There exist two sequences (h∗n)n∈N∗ and (ho
n)n∈N∗ with (ho

n ∨ h∗n) → 0 as
n → ∞ such that, for all n in N

∗, for all mo ∈ arg minm∈Mn Rm and all m∗ ∈
arg maxm∈Mn Dm, we have

Rmo

Dm∗

≤ ho
n,

n‖s− sm∗‖2

Dm∗

≤ h∗n.

Comments:

• Assumption [V] ensures that the fluctuations of the ideal penalty are uni-
formly small compared to the risk of the estimator ŝm. Note that for all k, k′,
ln,γ(k, k

′) ≥ (lnn)γ, thus, Assumption [V] holds only in typical non parametric
situations where Rn = infm∈Mn Rm → ∞ as n→ ∞.

• The slope heuristic states that the complexity ∆m̂ of the selected estimator
is too large when the penalty term is too small. A minimal assumption
for this heuristic to hold with ∆m = Dm would be that there exists a se-
quence (θn)n∈N∗ with θn → 0 as n → ∞ such that, for all n in N∗, for all
mo ∈ arg minm∈Mn E (‖s− ŝm‖2) and all m∗ ∈ arg maxm∈Mn E (‖sm − ŝm‖2),
we have

Dmo ≤ θnDm∗ .

Assumption [BR] is slightly stronger but will always hold in the examples (see
Section 2.3).

In order to have an idea of the rates Rn, εn, h∗n, h
o
n and θn, let us briefly consider the

very simple following example:

Example HR: We assume that s is supported in [0, 1] and that (Sm)m∈Mn is the
collection of the regular histograms on [0, 1], with dm = 1, ..., n pieces. We will
see in Section 2.3.2 that Dm ∼ dm asymptotically, hence Dm∗ ' n. Moreover, we
assume that s is Hölderian and not constant so that there exist positive constants
cl, cu, αl, αu such that, for all m in Mn, see for example Arlot [5],

cld
−αl
m ≤ ‖s− sm‖2 ≤ cud

−αu
m .

In Section 2.3.2, we prove that this assumption implies [V] with εn ≤ C ln(n)n−1/(8αl+4).
Moreover, there exists a constant C > 0 such that Rmo ≤ infm∈Mn (cund

−αu
m + dm) ≤

Cn−1/(2αu+1), thus Rmo/D
∗
m ≤ Cn1/(2αu+1)−1 = Cn−2αu/(2αu+1). Since there ex-

ists C > 0 such that n‖s − sm∗‖2/Dm∗ ≤ Cd−αu
m∗ = Cn−αu , [BR] holds with

ho
n = Cn−2αu/(2αu+1) and h∗n = Cn−αu .

Other examples can be found in Birgé & Massart [15], see also Section 2.3.
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2.2.3 Results on the Slope Heuristic

Let us now turn to the slope heuristic presented in Section 2.1.2. The following
theorem proves the first point of this heuristic.

Theorem 2.2.2 (Minimal penalty) Let Mn be a collection of models satisfying [V]
and [BR] and let ε∗n = εn ∨ h∗n.
Assume that there exists 0 < δn < 1 such that 0 ≤ pen(m) ≤ (1 − δn)Dm/n. Let
m̂, s̃ be the random variables defined in (2.5) and let

cn =
δn − 28ε∗n
1 + 16εn

.

There exists a constant C > 0 such that, with probability at least 1 − Ce−
1
2
(ln n)γ

,

P

(

Dm̂ ≥ cnDm∗ , ‖s− s̃‖2 ≥ cn
5ho

n

inf
m∈Mn

‖s− ŝm‖2

)

≥ 1 − Ce−
1
2
(ln n)γ

. (2.19)

Comments: Assume that δn = δ > 0, then, for all n ≥ no, cn ≥ c > 0, thus
cn/h

o
n → ∞, as n → ∞. Hence, inequality (2.19) proves that an oracle inequality

can not be obtained if pen(m) is not larger than Dm/n. Moreover, Dm̂ ≥ cDm∗ is
as large as possible. This proves the first step of the slope heuristic.
The following theorem justifies the points 2 and 3 with ∆m = Dm/n, Kmin = 1.

Theorem 2.2.3 Let Mn be a collection of models satisfying Assumption [V]. As-
sume that there exist δ− > −1, δ+ > −1 and 0 ≤ p′ < 1 such that, with probability
at least 1 − p′,

2
Dm

n
+ δ−

Rm

n
≤ pen(m) ≤ 2

Dm

n
+ δ+Rm

n
.

Let m̂, s̃ be the random variables defined in (2.5) and let

Cn(δ−, δ
+) =

(

1 + δ− − 46εn
1 + δ+ + 26εn

∨ 0

)−1

.

There exists a constant C > 0 such that, with probability larger than 1 − p′ −
Ce−

1
2
(ln n)γ

,

Dm̂ ≤ Cn(δ−, δ
+)Rmo , ‖s− s̃‖2 ≤ Cn(δ−, δ

+) inf
m∈Mn

‖s− ŝm‖2. (2.20)

Comments :

• Assume that, for all n ≥ no, 1 + δ− ≥ c > 0, δ+ ≤ C < ∞, then there exists
K > 0, n1 ∈ N∗ such that, for all n ≥ n1, Cn(δ−, δ+) ≤ K, thus Dm̂ jumps
from Dm∗ (Theorem 2.2.2) to Rmo (2.20) when pen(m) is around Dm/n. This
proves the second step of the slope heuristic and clarifies what we meant by
“much smaller”.

• The fact that a penalty term of order 2Dm/n leads to an efficient model selec-
tion procedure comes from inequality (2.20) applied with small δ− and δ+. The
rate of convergence of the leading constant to 1 is then given by the supremum
between δ−, δ+ and εn.
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• The condition on the penalty has the same form as the one given in Arlot
& Massart [7]. It comes from the fact that we do not know Dm/n in many
cases, therefore, it has to be estimated. We propose two alternatives to solve
this issue. In Section 2.2.4, we give a resampling estimator of Dm. It can be
used for all collection of models satisfying [V] and its error of approximation is
upper bounded by εnRm/n. Thus Theorem 2.2.3 holds with (δ− ∨ δ+) ≤ Cεn.
In Section 2.3.2, we will see that, in regular models, we can use dm instead of
Dm and the error is upper bounded by CRm/Rmo , thus Theorem 2.2.3 holds
with (δ− ∨ δ+) ≤ C/Rmo << εn, p′ = 0. In both cases, we deduce from
Theorem 2.2.3 that the estimator s̃ given by the slope algorithm achieves an
optimal oracle inequality OTO(κεn, Ce

− 1
2
(ln n)γ

). In Example HR, for example,
we obtain εn = Cn−1/(8αl+4) lnn.

2.2.4 Resampling penalties

Optimal model selection is possible in density estimation provided that we have
a sharp estimation of Dm = nE

(

supt∈Bm
(νn(t))2

)

. We propose an estimator of
this quantity based on the resampling heuristic. The model selection algorithm
that we deduce is the same as the resampling penalization procedure introduced
by Arlot [5]. Let F be a fixed functional. Efron’s heuristic states that the law
L(F (νn)) is close to the conditional law LW (CWF (νW

n )), where CW is a normal-
izing constant depending only on the resampling scheme and the functional F .
Let PW

n =
∑n

i=1WiδXi
/n and νW

n = PW
n − W̄nPn. The resampling estimator of

Dm is DW
m = nC2

W EW
(

supt∈Bm
(νW

n (t))2
)

and the resampling penalty associated is
pen(m) = 2DW

m /n. Actually, the following result describes the concentration of DW
m

around its mean Dm and around np(m).

Proposition 2.2.4 Let (W1, ...,Wn) be a resampling scheme, let Sm be a linear
space, Bm = {t ∈ Sm, ‖t‖ ≤ 1, Dm = nE

(

supt∈Bm
(νn(t))2

)

and let DW
m be its re-

sampling estimator based on (W1, ...,Wn), that is DW
m = nC2

W EW
(

supt∈Bm
(νW

n (t))2
)

,

where v2
W = Var(W1−W̄n) and C2

W = (v2
W )−1, then, for all m in Mn, E(DW

m ) = Dm.
Let em, vm be the quantities defined in (2.14). For all x > 0, on an event of proba-
bility larger than 1 − 7.8e−x,

DW
m −Dm ≤

√

8emDmx+ em

(

4x

3
+

(40.3x)2

n− 1

)

+
9D

3/4
m (emx

2)1/4 + 7.61
√

v2
mDmx

n− 1
. (2.21)

DW
m −Dm ≥ −

√

8emDmx− em

(

4x

3
+

(19.1x)2

n− 1

)

−5.31D
3/4
m (emx

2)1/4 + 3
√

v2
mDmx+ 3v2

mx

n− 1
. (2.22)

Moreover, for all x > 0, we have

P

(

p(m) − DW
m

n
>

5.31D
3/4
m (emx

2)1/4 + 3
√

v2
mDmx+ 3v2

mx+ em(19.1x)2

n− 1

)

≤ 2e−x

(2.23)
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P

(

DW
m

n
− p(m) ≤ 9D

3/4
m (emx

2)1/4 + 7.61
√

v2
mDmx+ em(40.3x)2

n− 1

)

≤ 3.8e−x.

(2.24)

Remark
The concentration of the resampling estimator involves the same quantities as the
concentration of p(m), thus, it can be used to estimate the ideal penalty in the slope
heuristic’s algorithm presented in the previous section without extra assumptions on
the collection Mn. Proposition 2.2.4 and Theorem 2.2.3 prove that this resampling
penalty leads to an efficient model selection procedure. However, we do not need
to use the slope heuristic in our framework to obtain an optimal model selection
procedure as shown by the following theorem.

Theorem 2.2.5 Let X1, ..., Xn be i.i.d random variables with common density s.
Let Mn be a collection of models satisfying Assumption [V]. Let W1, ...,Wn be a
resampling scheme, let W̄n =

∑n
i=1Wi/n, v

2
W = Var(W1 − W̄n) and CW = 2(v2

W )−1.
Let s̃ be the penalized least-squares estimator defined in (2.5) with

pen(m) = CW E
W

(

sup
t∈Bm

(νW
n (t))2

)

.

Then, there exists a constant C > 0 such that

P

(

‖s− s̃‖2 ≤ (1 + 100εn) inf
m∈Mn

‖s− ŝm‖2

)

≥ 1 − Ce−
1
2
(ln n)γ

. (2.25)

Comments : The main advantage of this results is that the penalty term is always
totally computable. Unlike the penalties derived from the slope heuristic, it does not
depend on an arbitrary choice of a constant Kmin made by the observer, that may
be hard to detect in practice (see the paper of Alot & Massart [7] for an extensive
discussion on this important issue). However, CW is only optimal asymptotically. It
is sometimes useful to overpenalize a little in order to improve the non-asymptotic
performances of our procedures (see Massart [55]) and the slope heuristic can be
used to do it in an optimal way (see our short simulation study in Section 2.4).

2.2.5 A remarks on the ”regularization phenomenon”

The regularization of the bootstrap phenomenon (see Arlot [4, 5] and the references
therein) states that the resampling estimator CW EW (F (νW

n )) of a functional F (νn)
concentrates around its mean better than F (νn). This phenomenon can be justi-
fied with our previous results for our functional F . Recall that we have proven in
Proposition 2.2.1 that, for all x > 0, with probability larger than 1 − 3.8e−x/20,

∣

∣

∣

∣

p(m) − Dm

n

∣

∣

∣

∣

≤ 1.8D
3/4
m (emx

2)1/4 + 1.5
√

Dmv2
mx+ 0.2v2

mx+ 4.1emx
2

n
.

In Example HR, we have the following upper bounds

Dm ≤ dm, em ≤ dm

n
, v2

m ≤ c‖s‖
√

dm.
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Thus, there exists a constant C such that, for all x > 0,

P

(

|np(m) −Dm| > Cdm

(

√

x√
n

+

(

x√
n

)2
))

≤ 3.8e−x/20. (2.26)

On the other hand, it comes from Inequalities (2.21) and (2.22), that, for all x > 0,
we have, on an event of probability larger than 1 − 7.8e−x/20,

∣

∣DW
m −Dm

∣

∣ ≤
√

0.4emDmx+ em

(

x

15
+

4.1x2

n− 1

)

+
1.8D

3/4
m (emx

2)1/4 + 1.45
√

v2
mDmx+ 0.2v2

mx

n− 1
.

Thus, there exists a constant C such that, for all x > 0,

P

(

∣

∣DW
m −Dm

∣

∣ > Cdm

(
√

x

n
+
(x

n

)2
))

≤ 7.8e−x/20.

The concentration of DW
m is then much better than the one of np(m). This implies

that DW
m is an estimator of Dm rather than an estimator of np(m). Thus, the

resampling penalty can be used when Dm/n is a good penalty for example, under
[V]. When Dm/n is known to underpenalized, see the examples in Barron, Birgé &
Massart [10], there is no chance that DW

m /n can work.

2.3 Rates of convergence in classical collections

The aim of this section is to show that [V] can be derived from a more classical
hypothesis in two classical collections of models: the histograms and Fourier spaces.
We derive the rates εn under this new hypothesis.

2.3.1 Assumption on the risk of the oracle

As mentioned in Section 2.2.2, Assumption [V] can only hold if there exists γ > 1
such that Rn(lnn)−γ → ∞ as n → ∞, where Rn = infm∈Mn Rm. In our example,
we will make the following Assumption that ensures that this condition is always
satisfied.

[BR] (Bounds on the Risk) There exist constants Cu > 0, αu > 0, γ > 1, and a
sequence (θn)n∈N with θn → ∞ as n → ∞ such that, for all n in N∗, for all m in
Mn

θ2
n(lnn)2γ ≤ Rn ≤ Rm ≤ Cun

αu .

Comments: Assumption [BR] holds with θn = Cnα for the collection of regular
histograms of example HR, provided that s is an Hölderian, non constant and
compactly supported function (see for example Arlot [4]). It is also a classical result
of minimax theory that there exist functions in Sobolev spaces satisfying this kind
of Assumption when Mn is the collection of Fourier spaces that we will introduce
below.
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We want to check that these collections satisfy Assumption [V], i.e. that there exists
γ > 1 such that

sup
(k,k′)∈(N∗)2

sup
(m,m′)∈Mk

n×Mk′
n

{(

(

v2
m,m′

Rm ∨Rm′

)2

∨ em,m′

Rm ∨Rm′

)

l2n,γ(k, k
′)

}

≤ ε4n.

For allm ∈ Mn, Rm ≤ Cun
αu , thus for all k > Cun

αu , Card(Mk
n) = 0. In particular,

we can assume in the previous supremum that k ≤ Cun
αu and k′ ≤ Cun

αu . Hence,
there exists a constant κ > 0 such that ln[(1 + k)(1 + k′)] ≤ κ lnn. We also add the
following assumption that ensures that there exists a constant κ > 0 such that, for
all k ∈ N, we have ln(1 + Card(Mk

n)) ≤ κ lnn.

[PC] (Polynomial collection) There exist constants cM ≥ 0, αM ≥ 0, such that, for
all n in N,

Card(Mn) ≤ cMnαM .

Under Assumptions [BR] and [PC], there exists a constant κ > 0 such that, for all
γ > 1 and n ≥ 3,

sup
(k,k′)∈(N∗)2

sup
(m,m′)∈Mk

n×Mk′
n

{(

(

v2
m,m′

Rm ∨Rm′

)2

∨ em,m′

Rm ∨Rm′

)

l2n,γ(k, k
′)

}

≤ sup
(m,m′)∈(Mn)2

{

(

v2
m,m′

Rm ∨ Rm′

)2

∨ em,m′

Rm ∨ Rm′

}

κ(lnn)2γ .

2.3.2 The histogram case

Let (X,X ) be a measurable space. Let (Pm)m∈Mn be a collection of measurable
partitions Pm = (Iλ)λ∈m of subsets of X such that, for all m ∈ Mn, for all λ ∈ m,
we have 0 < µ(Iλ) < ∞. Let m in Mn, the set Sm of histograms associated to
Pm is the set of functions which are constant on each Iλ, λ ∈ m. Sm is a linear
space. Setting, for all λ ∈ m, ψλ = (

√

µ(Iλ))
−11Iλ

, the functions (ψλ)λ∈m form an
orthonormal basis of Sm.
Let us recall that, for all m in Mn,

Dm =
∑

λ∈m

Var(ψλ(X)) =
∑

λ∈m

P (ψ2
λ) − (Pψλ)

2 =
∑

λ∈m

P (X ∈ Iλ)

µ(Iλ)
− ‖sm‖2. (2.27)

Moreover, from Cauchy-Schwarz inequality, for all x in X, for all m, m′ in Mn

sup
t∈Bm,m′

t2(x) ≤
∑

λ∈m∪m′

ψ2
λ(x), thus em,m′ =

1

n
sup

λ∈m∪m′

1

µ(Iλ)
. (2.28)

Finally, it is easy to check that, for all m ,m′ in Mn

v2
m,m′ = sup

λ∈m∪m′

Var(ψλ(X)) = sup
λ∈m∪m′

P (X ∈ Iλ)(1 − P (X ∈ Iλ))

µ(Iλ)
. (2.29)

We will consider two particular types of histograms.
Example 1 [Reg] : µ-regular histograms.
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For all m in Mn, Pm is a partition of X and there exist a family (dm)m∈Mn bounded
by n and two constants crh, Crh such that, for all m in Mn, for all λ ∈ Mn,

crh

dm
≤ µ(Iλ) ≤

Crh

dm
.

The typical example here is the collection described in Example HR.

Example 2 [Ada]: Adapted histograms.
There exist positive constants cr, Cah such that, for all m in Mn, for all λ ∈ Mn,
µ(Iλ) ≥ crn

−1 and
P (X ∈ Iλ)

µ(Iλ)
≤ Cah.

[Ada] is typically satisfied when s is bounded on X. Remark that the models
satisfying [Ada] have finite dimension dm ≤ Cn since

1 ≥
∑

λ∈m

P (X ∈ Iλ) ≥ cah

∑

λ∈m

µ(Iλ) ≥ cahcrdmn
−1.

The example [Reg].
It comes from equations (2.27, 2.28, 2.29) and Assumption [Reg] that

C−1
rh dm − ‖sm‖2 ≤ Dm ≤ c−1

rh dm − ‖sm‖2.

em,m′ ≤ c−1
rh

dm ∨ dm′

n
, v2

m,m′ ≤ sup
t∈Bm,m′

‖t‖∞ ‖t‖‖s‖ ≤ c
−1/2
rh ‖s‖

√

dm ∨ dm′.

Thus
em,m′

Rm ∨Rm′

≤ Crhc
−1
rh

(Rm ∨Rm′) + ‖s‖2

n(Rm ∨ Rm′)
≤ Cn−1.

If Dm ∨Dm′ ≤ θ2
n(lnn)2γ ,

v2
m,m′

Rm ∨Rm′

≤
√

Crhc
−1
rh

√

(Dm ∨Dm′) + ‖s‖2

Rmo

≤ C

θn(lnn)γ
.

If Dm ∨Dm′ ≥ θ2
n(lnn)2γ ,

v2
m,m′

Rm ∨Rm′

≤
√

Crhc
−1
rh

√

(Dm ∨Dm′) + ‖s‖2

Dm ∨Dm′

≤ C

θn(lnn)γ
.

There exists κ > 0 such that θ2
n(lnn)2γ ≤ κn since for all m in Mn, Rm ≤

n‖s− sm‖2 + c−1
rh dm ≤ (‖s‖2 + c−1

rh )n. Hence Assumption [V] holds with γ given in

Assumption [BR] and εn = Cθ
−1/2
n .

The example [Ada].
It comes from inequalities (2.28), (2.29) and Assumption [Ada] that, for all m and
m′ in Mn

em,m′ ≤ c−1
r and v2

m,m′ ≤ Cah.
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Thus, there exists a constant κ > 0 such that, for all m an m′ in Mn, we have

sup
(m,m′)∈(Mn)2

{

(

v2
m,m′

Rm ∨ Rm′

)2

∨ em,m′

Rm ∨ Rm′

}

≤ κ

θ2
n(lnn)2γ

.

Therefore Assumption [V] holds also with γ given in Assumption [BR] and εn =

κθ
−1/2
n .

2.3.3 Fourier spaces

In this section, we assume that s is supported in [0, 1]. We introduce the classical
Fourier basis. Let ψ0 : [0, 1] → R, x 7→ 1 and, for all k ∈ N∗, we define the functions

ψ1,k : [0, 1] → R, x 7→
√

2 cos(2πkx), ψ2,k : [0, 1] → R, x 7→
√

2 sin(2πkx).

For all j in N∗, let

mj = {0} ∪ {(i, k), i = 1, 2, k = 1, ..., j} and Mn = {mj , j = 1, ..., n}.

For all m in Mn, let Sm be the space spanned by the family (ψλ)λ∈m. (ψλ)λ∈m is an
orthonormal basis of Sm and for all j in 1, ..., n, dmj

= 2j + 1.
Let j in 1, ...n, for all x in [0, 1],

∑

λ∈mj

ψ2
λ(x) = 1 + 2

j
∑

k=1

cos2(2πkx) + sin2(2πkx) = 1 + 2j = dmj
.

Hence, for all m in Mn,

Dm = P





∑

λ∈mj

ψ2
λ



− ‖sm‖2 = dm − ‖sm‖2. (2.30)

It is also clear that, for all m, m′ in Mn,

em,m′ =
dm ∨ dm′

n
, v2

m,m′ ≤ ‖s‖
√

dm ∨ dm′ . (2.31)

The collection of Fourier spaces of dimension dm ≤ n satisfies Assumption [PC], and
the quantities Dm em,m′ and v2

m,m′ satisfy the same inequalities as in the collection
[Reg], therefore, [V] comes also in this collection from [BR]. We have obtained the
following corollary of Theorem 2.2.5.

Corollary 2.3.1 Let Mn be either a collection of histograms satisfying Assumptions
[PC]-[Reg] or [PC]-[Ada] or the collection of Fourier spaces of dimension dm ≤ n.
Assume that s satisfies Assumption [BR] for some γ > 1 and θn → ∞. Then, there
exist constants κ > 0 and C > 0 such that the estimator s̃ selected by a resampling
penalty satisfies

P

(

‖s− s̃‖2 ≤ (1 + κθ−1/2
n ) inf

m∈Mn

‖s− ŝm‖2

)

≥ 1 − Ce−
1
2
(ln n)γ

.
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Comment: Assumption [BR] is hard to check in practice. We mentioned that it
holds in Example HR provided that s is Hölderian, non constant and compactly
supported (see Arlot [5]). It is also classical to build functions satisfying [BR] with
the Fourier spaces in order to prove that the oracle reaches the minimax rate of
convergence over some Sobolev balls, see for example Birgé & Massart [15], Barron,
Birgé & Massart [10] or Massart [55]. In these cases, there exist c > 0, α > 0 such
that θn ≥ cnα. In more general situations, we can use the same trick as Arlot [5]
and use our main theorem only for the models with dimension dm ≥ (lnn)4+2γ , they
satisfy [BR] with θn = (lnn)2, at least when n is sufficiently large, because

‖s‖2 +Rm ≥ ‖s‖2 +Dm ≥ cdm ≥ c(lnn)4(lnn)2γ .

With our concentration inequalities, we can control easily the risk of the models
with dimension dm ≤ (lnn)4+2γ by κ(lnn)3+5γ/2 with probability larger than 1 −
Ce−

1
2
(ln n)γ

and we can then deduce the following corollary.

Corollary 2.3.2 Let Mn be either a collection of histograms satisfying Assumptions
[PC]-[Reg] or [PC]-[Ada] or the collection of Fourier spaces of dimension dm ≤ n.
There exist constants κ > 0, η > 3 + 5γ/2 and C > 0 such that the estimator s̃
selected by a resampling penalty satisfies

P

(

‖s− s̃‖2 ≤ (1 + κ(lnn)−1)

(

inf
m∈Mn

‖s− ŝm‖2 +
(lnn)η

n

))

≥ 1 − Ce−
1
2
(ln n)γ

.

2.4 Simulation study

We propose in this section to show the practical performances of the slope algorithm
and the resampling penalties on two examples. We estimate the density s(x) =
(3/4)x−1/41[0,1](x) and we compare the three following methods.

1. The first one is the slope heuristic applied with the linear dimension dm of the
models. We observe two main behaviors of dm̂(K) with respect to K. Most of
the times, we only observe one jump, as in Figure 2.1, and we find Kmin easily.

Figure 2.1: Classical behavior of K 7→ dm̂(K)
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Figure 2.2: Comparison of dm and DW
m on the selected model

We also observe more difficult situations as the one of Figure 2.2 below, where
we can see several jumps. In these cases, as prescribed in the regression frame-
work by Arlot & Massart [7], we choose the constantKmin realizing the maximal
jump of dm̂(K). Arlot & Massart [7] also proposed to select Kmin as the minimal
K such that dm̂(K) ≤ dm∗(lnn)−1, but they obtained worse performances of the
selected estimator in their simulations.
We justify this method only for collection of models where dm ' KDm for
some constant K. We will see that it gives really good performances when this
condition is satisfied.

2. The second method is the resampling based penalization algorithm of Theorem
2.2.5. Note here that all the resampling penalties DW

m /n can be easily com-
puted, without any Monte Carlo approximations. Actually, for all resampling
scheme,

DW
m

n
=

1

n

∑

λ∈m

(

Pnψ
2
λ − 1

n(n− 1)

n
∑

i6=j=1

ψλ(Xi)ψλ(Xj)

)

.

Resampling penalties give always good approximations of Dm. However, in
non asymptotic situations, it may be usefull to overpenalize a little bit in
order to improve the leading constants in the oracle inequality (in Theorem
2.2.3, imagine that 46εn is very close to 1).

3. In a third method, we propose therefore to use the slope algorithm applied
with a complexity DW

m . By this way, we hope to overpenalize a little bit the
resampling penalty when it is necessary.

2.4.1 Example 1: regular case

In the first example, we consider the collection of regular histograms described
in example HR and we observe n = 100 data. In this example, we saw that
DW

m ' Dm ' dm. We can actually verify in Figure 2.2 that these quantities almost
coincide for the selected model.
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We compute N = 1000 times the oracle constant c = ‖s− s̃‖2/(infm∈Mn ‖s− ŝm‖2)
for the 3 methods. We put in the following array the mean, the median and the
0.95-quantile, q0.95 of these quantities.

method mean of the N constants c median q0.95

slope + dm 3.56 2.30 10.07
resampling 4.43 2.52 15.47

resampling + slope 3.57 2.21 10.86

We observe that the slope algorithm allows to improve the resampling penalty in
practice. This may be due to a little overpenalization even if it is not a straight-
forward consequence of our theoretical results. Note that, as dm ' DW

m , the slope
algorithm leads to the same results when applied with dm or with DW

m . Although
we have an explicite formula to compute the resampling penalties, the computation
time is much longer if we use DW

m . Therefore, we clearly recommand to use the slope
algorithm with dm for regular collections of model, as regular histograms or Fourier
spaces described in Section 2.3.3.

2.4.2 Example 2: a more complicated collection

In the next example, we want to show that the linear dimension shall not be used
in general. Let us consider a slightly more complicated collection. Let k, J1, J2, n be
four non null integers satisfying k ≤ n, J1 ≤ k, J2 ≤ n− k. We denote by Sk,J1,J2,n

the linear space of histograms on the following partition.
{[

l
k

J1n
, (l + 1)

k

J1n

[

, l = 0, ..., J1 − 1

}

∪
{[

k

n
+ l

1 − k/n

J2

,
k

n
+ (l + 1)

1 − k/n

J2

[

, l = 0, ...J2 − 1

}

.

Let n ∈ N
∗ and let Mn = {(k, J1, J2) ∈ (N∗)3; k ≤ n, J1 ≤ k, J2 ≤ n − k}.

It is clear that Card(Mn) ≤ n3. The oracle of this collection is better than the
previous one since the regular histograms belongs to (Sm,n)m∈Mn . It is easy to
check that the dimension of Sk,J1,J2,n is equal to J1 + J2 and that Dk,J1,J2,n is equal
to (nJ1/k)F (k/n) + (nJ2/(n − k))(1 − F (k/n)) − ‖sk,J1,J2,n‖2/n, where F is the
distribution function of the observations. Hence, there is no constant Ko such that
Kodk,J1,J2,n ' Dk,J1,J2,n as in the previous example. We also compute N = 1000
times the oracle constant c = ‖s − s̃‖2/(infm∈Mn ‖s − ŝm‖2) for the 3 methods,
taking n = 100 observations each time. The results are summarized in following
array.

method mean of the N constants c median q0.95

slope + dm 8.30 7.01 19.73
resampling 6.11 5.08 13.52

resampling + slope 5.33 4.04 12.92

The slope heuristic gives bad results when applied with dm. This is due to the fact
that dm is not proportional to Dm here. The resampling based penalty 2DW

m /n is
much better and, as in the regular case, it is well improved by the slope algorithm.
Therefore, for general collections of models where we do not know an optimal shape
of the ideal penalty, we recommand to apply the slope algorithm with a complexity
equal to DW

m .



2.5. PROOFS 41

2.5 Proofs

2.5.1 Proof of Proposition 2.2.1

It is a straightforward application of Corollary 2.6.6 in the appendix.

2.5.2 Technical lemmas

Before giving the proofs of the main theorems, we state and prove some important
technical lemmas that we will use repeatedly all along the proofs. Let us recall here
the main notations. For all m, m′ in Mn, we have

p(m) = ‖sm − ŝm‖2, Dm = nE(p(m)) = nE
(

‖ŝm − sm‖2
)

Rm = nE
(

‖s− ŝm‖2
)

= n‖s− sm‖2 +Dm, δ(m,m
′) = νn(sm − sm′).

For all n ∈ N
∗, k > 0, k′ > 0, γ > 0,, let [k] be the integer part of k and let

ln,γ(k, k
′) = ln((1 + Card(M[k]

n ))(1 + Card(M[k′]
n ))) + ln((1 + k)(1 + k′)) + (lnn)γ.

Recall that, for all m,m′ in Mn, we have

v2
m,m′ ln,γ(Rm, Rm′) ≤ ε2n(Rm ∨Rm′),

em,m′(ln,γ(Rm, Rm′))2 ≤ ε4n(Rm ∨Rm′). (2.32)

Let us prove a simple result

Lemma 2.5.1 For all K > 1,

Σ(K) =
∑

k∈N

∑

m∈Mk
n

e−K[ln(1+Card(Mk
n))+ln(1+k)] <∞. (2.33)

For all m in Mn, let lm = ln,γ(Rm, Rm), then, for all K > 1/
√

2,

∑

m∈Mn

e−K2lm = Σ(2K2)e−K2(ln n)γ

. (2.34)

For all m, m′ in Mn, let lm,m′ = ln,γ(Rm, Rm′), then, for all K > 1,

∑

(m,m′)∈(Mn)2

e−K2lm,m′ = (Σ(K2))2e−K2(ln n)γ

. (2.35)

Proof :

Inequality (2.33) comes from the fact that, when K > 1,

∀k ∈ N,
∑

m∈Mk
n

e−K[ln(1+Card(Mk
n))] ≤ 1, and

∑

k∈N∗

e−K ln k <∞.

For all k such that Mk
n 6= ∅, for all m in Mk

n, lm ≥ 2[ln(1 + Card(Mk
n)) + ln(1 +

k)] + (lnn)γ, thus, for all K > 1/
√

2, it comes from (2.33) that

∑

m∈Mn

e−K2lm ≤ e−K2(ln n)γ
∑

k∈N

∑

m∈Mk
n

e−2K2[ln(1+Card(Mk
n))+ln(1+k)] ≤ Σ(2K2)e−K2(ln n)γ

.
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Finally, for all (k, k′) such that Mk
n ×Mk′

n 6= ∅,

lm,m′ ≥ ln(1 + Card(Mk
n)) + ln(1 + k) + ln(1 + Card(Mk′

n )) + ln(1 + k′) + (lnn)γ,

thus, from (2.33),

∑

(m,m′)∈(M2
n)

e−K2lm,m′ =





∑

k∈N

∑

m∈Mk
n

e−K2[ln(1+Card(Mk
n))+ln(1+k)]





2

e−K2(ln n)γ

.

Lemma 2.5.2 Let Mn be a collection of models satisfying Assumption [V]. We
consider the following events.

Ωδ =

{

∀(m,m′) ∈ M2
n, δ(m,m

′) ≤ 6εn
Rm ∨Rm′

n

}

Ωp =
⋂

m∈Mn

{{

p(m) − Dm

n
≤ 10εn

Rm

n

}

∩
{

p(m) − Dm

n
≥ −20εn

Rm

n

}}

and ΩT = Ωδ ∩ Ωp. Then there exists a constant C > 0 such that

P(Ωc
δ) ≤ Ce−(ln n)γ

, P(Ωc
p) ≤ Ce−

1
2
(ln n)γ

, P(Ωc
T ) ≤ Ce−

1
2
(ln n)γ

.

Proof :

Let K > 1 be a constant to be chosen later. We apply Lemma 2.6.8 in the
appendix to u = sm − sm′ , S = Sm + Sm′ , L = id, x = K2ln,γ(Rm, Rm′). For all

η > 0, for all m,m′ in Mn, on an event of probability larger than 1−e−K2ln,γ(Rm,Rm′),

δ(m,m′) ≤ η

2
‖sm − sm′‖2 +

2v2
m,m′K2ln,γ(Rm, Rm′) + em,m′(K2ln,γ(Rm, Rm′))2/9

ηn
.

(2.36)
From [V], for all m, m′ in Mn,

2v2
m,m′K2ln,γ(Rm, Rm′))+

em,m′(K2ln,γ(Rm, Rm′))2

9
≤
(

2(Kεn)2 +
(Kεn)4

9

)

Rm ∨ Rm′

n
.

Moreover, for all m,m′ in Mn, we have

‖sm − sm′‖2 ≤ 2(‖s− sm‖2 + ‖s− sm′‖2) ≤ 2(Rm +Rm′) ≤ 4(Rm ∨ Rm′).

Let en(K) =
√

(Kεn)2 + (Kεn)4/18. In (2.36) we take η = en(K) and we obtain

P

(

δ(m,m′) > 4en(K)
Rm ∨Rm′

n

)

≤ e−Kln,γ(Rm,Rm′ ). (2.37)

From (2.35), for all K > 1,

P

(

∀(m,m′) ∈ M2
n, δ(m,m

′) > 4en(K)
Rm ∨Rm′

n

)

≤ (Σ(K))2e−K(ln n)2 .

Let K = 1.1 and take n sufficiently large so that K4ε2n/18 ≤ 1, then 4en(K) ≤ 6εn.
Hence, the first conclusion of Lemma 2.5.2 holds for sufficiently large n, it holds in
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general, provided that we increase the constant C if necessary.
We apply Assumption [V] (see (2.32)) with m = m′, let lm = ln,γ(Rm, Rm), for all
K > 0, for all n such that 4.06(Kεn)3 ≤ 2, we have

D
3/4
m (em(K2lm)2)1/4 + 0.7

√

Dmv2
mK

2lm + 0.15v2
mK

2lm + em(K2lm)2

n

≤ (1.7Kεn + 0.15(Kεn)2 + (Kεn)4)
Rm

n
≤ 3Kεn

Rm

n
.

1.8D
3/4
m (em(K2lm)2)1/4 + 1.71

√

Dmv2
m(K2lm) + 4.06em(K2lm)2

n

≤ (3.51Kεn + 4.06(Kεn)
4)
Rm

n
≤ 6Kεn

Rm

n
.

It comes then from Proposition 2.2.1 applied with x = K2lm that, for all m in Mn

P

(

p(m) − Dm

n
> 3Kεn

Rm

n

)

≤ e−
K2

20
lm .

Thus, from (2.34), for all K >
√

10, and for all n sufficiently largege,

P

(

∀m ∈ Mn, p(m) − Dm

n
> 3Kεn

Rm

n

)

≤ Σ(K2/10)e−
K2

20
(ln n)γ

.

We use the same arguments to prove that

P

(

∀m ∈ Mn, p(m) − Dm

n
< 6Kεn

Rm

n

)

≤ Σ(K2/10)e−
K2

20
(ln n)γ

.

Fixe K =
√

10.5, then for all n sufficiently large , the conclusion of Lemma 2.5.2
holds. It holds in general provided that we increase the constant C if necessary.

Lemma 2.5.3 Let (ψλ)λ∈Λ be an orthonormal system in L2(µ) and let L be a linear
functional defined on L2(µ). Let p(Λ) =

∑

λ∈Λ(νn(L(ψλ)))
2. Let (W1, ...,Wn) be a

resampling scheme, let W̄n =
∑n

i=1Wi/n and let v2
W = Var(W1 − W̄n). Let

DW
Λ = n(v2

W )−1
∑

λ∈Λ

E
W
(

(νW
n (L(ψλ)))

2
)

,

T =
∑

λ∈Λ(L(ψλ) − PL(ψλ))
2, D = PT and

U =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(L(ψλ)(Xi) − PL(ψλ))(L(ψλ)(Xj) − PL(ψλ)).

then

p(Λ) =
1

n
PnT +

n− 1

n
U, DW

Λ = PnT − U, p(Λ) − DW
Λ

n
= U,

E(DW
Λ ) = D, DW

Λ −D = νnT − U.
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Proof :

It is easy to check that

p(Λ) =
∑

λ∈Λ

(
1

n

n
∑

i=1

L(ψλ)(Xi) − PL(ψλ))
2 =

1

n2

n
∑

i=1

(L(ψλ)(Xi) − PL(ψλ))
2

+
1

n2

n
∑

i6=j=1

∑

λ∈Λ

(L(ψλ)(Xi) − PL(ψλ))(L(ψλ)(Xj) − PL(ψλ))

=
1

n
PnT +

n− 1

n
U.

Recall that νW
n = PW

n − W̄nPn. For all λ in Λ, since
∑n

i=1(Wi − W̄n) = 0, we have

νW
n (L(ψλ)) =

1

n

n
∑

i=1

(Wi − W̄n)L(ψλ)(Xi)

=
1

n

n
∑

i=1

(Wi − W̄n)(L(ψλ)(Xi) − PL(ψλ)).

Thus, if Ei,j = E
(

(Wi − W̄n)(Wj − W̄n)
)

/v2
W , we have

DW
Λ = n(v2

W )−1
∑

λ∈Λ

E
W





(

1

n

n
∑

i=1

(Wi − W̄n)(L(ψλ)(Xi) − PL(ψλ))

)2




=
1

n

n
∑

i=1

E
(

(Wi − W̄n)2
)

v2
W

(L(ψλ)(Xi) − PL(ψλ))
2 +

1

n

n
∑

i6=j=1

∑

λ∈Λ

Ei,j(L(ψλ)(Xi) − PL(ψλ))(L(ψλ)(Xj) − PL(ψλ)).

Since the weights are exchangeable, for all i = 1, .., n, we have E((Wi − W̄n)2) =
Var(W1 − W̄n) = v2

W and for all i 6= j = 1, ..., n,

v2
WEi,j = E

(

(Wi − W̄n)(Wj − W̄n)
)

= E
(

(W1 − W̄n)(W2 − W̄n)
)

.

Moreover, since
∑n

i=1(Wi − W̄n) = 0, we have

0 = E





(

n
∑

i=1

(Wi − W̄n)

)2


 =
n
∑

i=1

E
(

(Wi − W̄n)2
)

+
n
∑

i6=j=1

v2
WEi,j

= nE((W1 − W̄n)2) + n(n− 1)E
(

(W1 − W̄n)(W2 − W̄n)
)

.

Hence, for all i 6= j = 1, ..., n, Ei,j = −1/(n− 1), thus

DW
Λ = PnT − U.

The last inequalities of Lemma 2.5.3 follow from the fact that E(U) = 0. Finally,

p(Λ) − DW
Λ

n
=

1

n
PnT +

n− 1

n
U −

(

1

n
PnT − 1

n
U

)

= U.
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Lemma 2.5.4 Let

Ωu =
⋂

m∈Mn

{

DW
m

n
− p(m) ≤ 10εn

Rm

n

}

Ωl =
⋂

m∈Mn

{

DW
m

n
− p(m) ≥ −12εn

Rm

n

}

and Ω̃p = Ωu ∩ Ωl. There exists a constant C > 0 such that P(Ω̃c
p) ≤ Ce−

1
2
(ln n)γ

.

Proof :

From Assumption [V] applied with m = m′, (see (2.32)), if lm = ln,γ(Rm, Rm),
we have, for all K > 0,

D3/4
m (em(K2lm)2)1/4 ≤ KεnRm,

√

v2
mDm(K2lm) ≤ KεnRm,

v2
m(K2lm) ≤ (Kεn)2Rm, em(Klm)2 ≤ (Kεn)4Rm.

We apply Proposition 2.2.4 with x = K2lm and we have

P

(

DW
m

n
− p(m) >

(

8.31Kεn + 3(Kεn)2 + (19.1)2(Kεn)4
) Rm

n− 1

)

≤ 2e−K2lm .

Thus, for all K > 1/(
√

2), if en(K) = n (8.31Kεn + 3(Kεn)2 + (19.1)2(Kεn)4) /(n−
1), we have from (2.34)

P

(

∀m ∈ Mn,
DW

m

n
− p(m) > en(K)

Rm

n

)

≤ 2Σ(2K2)e−K2(ln n)γ

.

Take K = 8/8.31 and n ≥ 10 sufficiently large to ensure that 3K2εn+(19.1)2K4ε3n ≤
1, then we have

en(K) ≤ 10

9
(8εn + εn) ≤ 10εn.

We deduce that, for sufficiently large n, we have

P(Ωc
u) ≤ 2Σ(2K2)e−K2(ln n)γ

.

We also apply Proposition 2.2.4 with x = K2lm, and we use the same arguments
to prove that, for K = 16/16.61, for all n ≥ 10 sufficiently large to ensure that
(40.3)2K4ε3n ≤ 2

P

(

∀m ∈ Mn,
DW

m

n
− p(m) < −20εn

Rm

n

)

≤ 3.8Σ(2K2)e−K2(ln n)γ

.

Hence, the conclusion of Lemma 2.5.4 holds for sufficiently large n. It holds in
general, provided that we increase the constant C if necessary.
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2.5.3 Proof of Theorem 2.2.2

If cn < 0, there is nothing to prove. We can then assume that cn ≥ 0, this implies
in particular that

28εn ≤ δn < 1.

We use the notations of Lemma 2.5.2. From Lemma 2.5.2, the inequalities (2.19)
will be proved if, on ΩT , we have Dm̂ ≥ cnDm∗ and

‖s− s̃‖2 ≥ cn
5ho

n

inf
m∈Mn

‖s− ŝm‖2.

Let mo ∈ arg minm∈Mn Rm, m̂ minimizes over Mn the following criterion.

Crit(m) = PnQ(ŝm) + pen(m) + ‖s‖2 + 2νn(smo)

= ‖s− sm‖2 − p(m) + δ(mo, m) + pen(m).

Recall that 0 ≤ pen(m) ≤ (1− δn)Dm/n. On ΩT , for all m in Mn, since Rm ≥ Rmo ,
we have the following inequalities

Crit(m) ≥ ‖s− sm‖2 − Dm

n
− 16εn

Rm

n
≥ −(1 + 16εn)

Dm

n
.

Crit(m) ≤ ‖s− sm‖2 + 26εn
Rm

n
− δn

Dm

n
= (1 + 26εn)‖s− sm‖2 − (δn − 26εn)

Dm

n
.

When Dm ≤ cnDm∗ , we have

(1 + 16εn)Dm ≤ Dm∗

(

(δn − 26εn) − (1 + 26εn)
n‖s− sm∗‖2

Dm∗

)

.

Thus Crit(m) ≥ Crit(m∗). This implies that Dm̂ ≥ cnDm∗ .
Moreover, on ΩT , we also have, for all m in Mn

‖s− s̃‖2 =
Rm̂

n
+

(

p(m̂) − Dm̂

n

)

≥ (1 − 20εn)
Rm̂

n
,

and

inf
m∈Mn

‖s− ŝm‖2 ≤ inf
m∈Mn

Rm

n
(1 + 10εn) ≤ Rmo

n
(1 + 10εn).

Thus

‖s− s̃‖2 ≥ (1 − 20εn)
Rm̂

n
≥ (1 − 20εn)

Dm̂

n
≥ (1 − 20εn)cn

Dm∗

n

≥ cn
1 − 20εn
ho

n

Rmo

n
≥ cn
ho

n

1 − 20εn
1 + 10εn

inf
m∈Mn

‖s− ŝm‖2.

We conclude the proof, saying that εn ≤ 1/28 implies that (1− 20εn)(1 + 10εn)−1 ≥
8/38 ≥ 1/5.
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2.5.4 Proof of Theorem 2.2.3

If δ− − 46εn < −1, there is nothing to prove, hence, we can assume in the following
that δ− − 46εn > −1.
We keep the notation ΩT introduced in Lemma 2.5.2. Let

Ωpen =
⋂

m∈Mn

{

2Dm

n
+ δ−

Rm

n
≤ pen(m) ≤ 2Dm

n
+ δ+Rm

n

}

,

Ω = ΩT ∩ Ωpen and mo ∈ arg minm∈Mn Rm. Recall that P(Ωpen) ≥ 1 − p′ and that,
m̂ minimizes over m the following criterion.

Crit(m) = PnQ(ŝm) + pen(m) + ‖s‖2 + 2νn(smo)

= ‖s− sm‖2 − p(m) + δ(mo, m) + pen(m).

Therefore, on Ω, for all m in Mn, since Rm ≥ Rmo ,

Crit(m) ≥ (1 + δ−)
Rm

n
+

(

Dm

n
− p(m)

)

− 6εn
Rm

n

≥ (1 + δ− − 16εn)‖s− sm‖2 + (1 + δ− − 16εn)
Dm

n
≥ (1 + δ− − 16εn)

Dm

n

Crit(m) ≤ (1 + δ+ + 26εn)
Rm

n
.

If Dm > Cn(δ−, δ
+)Rmo ,

(1 + δ− − 16εn)Dm > (1 + δ+ + 26εn)Rmo ,

Thus Crit(m) > Crit(mo), hence Dm̂ ≤ Cn(δ−, δ
+)Rmo .

Moreover, from (2.6), for all m in Mn

‖s− s̃‖2 ≤ ‖s− ŝm‖2 + (pen(m) − 2p(m)) + (2p(m̂) − pen(m̂)) + δ(m̂,m)

≤ ‖s− ŝm‖2 + 2

(

Dm

n
− p(m)

)

+ (δ+ + 6εn)
Rm

n

+2

(

p(m̂) − Dm̂

n

)

+ (−δ− + 6εn)
Rm̂

n

≤ ‖s− ŝm‖2 + (46εn + δ+)
Rm

n
+ (26εn − δ−)

Rm̂

n
.

For all m in Mn, we have, on ΩT ,

‖s− ŝm‖2 =
Rm

n
+

(

p(m) − Dm

n

)

≥ (1 − 20εn)
Rm

n
.

Hence, for all m ∈ Mn,

‖s− s̃‖2 ≤ ‖s− ŝm‖2

(

1 +
46εn + δ+

1 − 20εn

)

+
26εn − δ−
1 − 20εn

‖s− s̃‖2.

This concludes the proof of Proposition 2.2.3.
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2.5.5 Proof of Proposition 2.2.4

We apply Lemma 2.5.3 with L = id and Λ = m. By definition of p(m) and DW
m , we

have

p(m) − DW
m

n
=

1

n(n− 1)

n
∑

i6=j=1

∑

λ∈m

(ψλ(Xi) − Pψλ)(ψλ(Xj) − Pψλ).

Thus, from Lemma 2.6.7 in the appendix, we have, for all x > 0,

P

(

p(m) − DW
m

n
>

5.31D
3/4
m (emx

2)1/4 + 3
√

v2
mDmx+ 3v2

mx+ em(19.1x)2

n− 1

)

≤ 2e−x.

P

(

DW
m

n
− p(m) >

9D
3/4
m (emx

2)1/4 + 7.61
√

v2
mDmx+ em(40.3x)2

n− 1

)

≤ 3.8e−x.

This proves (2.23) and (2.24).
In order to obtain (2.21) and (2.22), we introduce, for all m in Mn, the function
Tm =

∑

λ∈m(ψλ − Pψλ)
2 and the random variable

Um =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈m

(ψλ(Xi) − Pψλ)(ψλ(Xj) − Pψλ).

We apply Lemma 2.5.3 with L = id, we have

DW
m −Dm = νn(Tm) − Um.

From Bernstein’s inequality (see Proposition 2.6.3), we have, for all x > 0 and all ξ
in {−1, 1},

P

(

ξνn(Tm) >

√

2Var(Tm(X))x

n
+

‖Tm‖∞ x

3n

)

≤ e−x.

From Cauchy-Schwarz inequality, we have Tm = supt∈Bm
(t−Pt)2, thus ‖Tm‖∞ /n =

4em and Var(Tm(X))/n ≤ ‖Tm‖∞ PTm/n = 4emDm, therefore, for all x > 0 and all
ξ in {−1, 1},

P

(

ξνn(Tm) >
√

8emDmx+
4emx

3

)

≤ e−x.

Moreover, from Lemma 2.6.7 in the appendix, we have, for all x > 0,

P

(

Um >
5.31D

3/4
m (emx

2)1/4 + 3
√

v2
mDmx+ 3v2

mx+ em(19.1x)2

n− 1

)

≤ 2e−x.

P

(

Um < −9D
3/4
m (emx

2)1/4 + 7.61
√

v2
mDmx+ em(40.3x)2

n− 1

)

≤ 3.8e−x.
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We deduce that, for all x > 0, with probability larger than 1 − 4.8e−x, we have

DW
m −Dm ≤

√

8emDmx+ em

(

4x

3
+

(40.3x)2

n− 1

)

+
9D

3/4
m (emx

2)1/4 + 7.61
√

v2
mDmx

n− 1
.

Moreover, for all x > 0, we have, on an event of probability larger than 1 − 3e−x,

DW
m −Dm ≥ −

√

8emDmx− em

(

4x

3
+

(19.1x)2

n− 1

)

−5.31D
3/4
m (emx

2)1/4 + 3
√

v2
mDmx+ 3v2

mx

n− 1
.

2.5.6 Proof of Theorem 2.2.5

Recall that P (Ωc
T ) ≤ Ce−

1
2
(ln n)γ

, and that, on ΩT , we have

∀m ∈ Mn, (1 − 20εn)
Rm

n
≤ ‖s− ŝm‖2,

∀m,m′ ∈ M2
n, δ(m,m

′) ≤ 6εn
Rm ∨ Rm′

n
.

Let Ω̃p be the event defined in Lemma 2.5.4 and let Ω = Ω̃p ∩ ΩT , from Lemma

2.5.2, P (Ωc) ≤ Ce−
1
2
(ln n)γ

. Recall that pen(m) = 2DW
m /n. On Ω, from (2.6), for all

n such that 20εn < 1, for all m in Mn,

‖s− s̃‖2 ≤ ‖s− ŝm‖2 + 26εn
Rm

n
+ 16εn

Rm̂

n

≤ ‖s− ŝm‖2 +
26εn

1 − 20εn
‖s− ŝm‖2 +

16εn
1 − 20εn

‖s− s̃‖2.

Hence, for all n such that 20εn < 1, on Ω,

(1 − 36εn)‖s− s̃‖2 ≤ (1 + 6εn) inf
m∈Mn

‖s− ŝm‖2.

For all n such that 42/(1 − 36εn) < 100,

‖s− s̃‖2 ≤
(

1 +
42εn

1 − 36εn

)

inf
m∈Mn

‖s− ŝm‖2 ≤ (1 + 100εn) inf
m∈Mn

‖s− ŝm‖2.

Hence (2.25) holds for sufficiently large n, it holds in general provided that we
enlarge the constant C if necessary..

2.6 Appendix

In this Section, we state and prove some technical lemmas that are useful in the
proofs. The main tool is the first Lemma based on Bousquet’s version of Talagrand’s
inequality. It is a concentration inequality for the square of the supremum of the
empirical process over a uniformly bounded class of functions. Recall first Bousquet’s
and Klein versions of Talagrand’s inequality.
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Theorem 2.6.1 (Bousquet’s bound) Let X1, ..., Xn be i.i.d. random variables valued
in a measurable space (X,X ) and let S be a class of real valued functions bounded
by b. Let v2 = supt∈S Var(t(X)) and let Z = supt∈S νnt. Then

∀x > 0, P

(

Z > E(Z) +

√

2

n
(v2 + 2bE(Z))x+

bx

3n

)

≤ e−x.

Theorem 2.6.2 (Klein’s bound) Let X1, ..., Xn be i.i.d. random variables valued in
a measurable space (X,X ) and let S be a class of real valued functions bounded by
b. Let v2 = supt∈S Var(t(X)) and let Z = supt∈S νnt. Then

∀x > 0, P

(

Z < E(Z) −
√

2

n
(v2 + 2bE(Z))x− 8bx

3n

)

≤ e−x.

Let us now also recall Bernstein’s inequality.

Proposition 2.6.3 Bernstein’s inequality
Let X1, ..., Xn be iid random variables valued in a measurable space (X,X ) and let
t be a measurable real valued function. Then, for all x > 0, we have

P

(

νn(t) >

√

2Var(t(X1))x

n
+

‖t‖∞ x

3n

)

≤ e−x.

We derive from these bounds the following useful corollary. Hereafter, S denotes a
symetric class of real valued functions upper bounded by b, v2 = supt∈S Var(t(X)),
Z = supt∈S νnt, nE(Z2) = D. Since S is symetric, we always have Z ≥ 0.

Corollary 2.6.4 Let S be a symetric class of real valued functions upper bounded
by b, v2 = supt∈S Var(t(X)), Z = supt∈S νnt, nE(Z2) = D, eb = b2/n and

nEm = 225eb +
(

2.1 +
√

2π
)√

v2D +
√

15D3/4e
1/4
b ,

then we have
E(Z21Z≥E(Z)) ≤ (E(Z))2

P (Z ≥ E(Z)) + Em. (2.38)

In particular, we have

(E(Z))2 ≤ E(Z2) ≤ (E(Z))2 + Em. (2.39)

Proof :

We have

E(Z21Z≥E(Z)) =

∫ ∞

0

P(Z21Z≥E(Z) > x)dx =

∫ ∞

0

P(Z1Z≥E(Z) >
√
x)dx

= (E(Z))2
P (Z ≥ E(Z)) +

∫ ∞

(E(Z))2
P(Z >

√
x)dx

Take x = (E(Z) +
√

2(v2 + 2bE(Z))y/n + by/(3n))2 in the previous integral, from
Bousquet’s version of Talagrand’s inequality, we have

E(Z21Z≥E(Z)) ≤ E(Z)

√

2

n
(v2 + 2bE(Z))

∫ ∞

0

e−y

√
y
dy +

2v2 + 14bE(Z)/3

n

∫ ∞

0

e−ydy

+
b

n

√

2

n
(v2 + 2bE(Z))

∫ ∞

0

e−y√ydy +
2b2

9n2

∫ ∞

0

ye−ydy.
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Classical computations lead to

∫ ∞

0

e−y

√
y
dy = 2

∫ ∞

0

e−y√ydy =
√
π,

∫ ∞

0

e−ydy =

∫ ∞

0

ye−ydy = 1.

Therefore, if eb = b2/n, using repeatedly the inequalities

aαb1−α ≤ αa+ (1 − α)b (2.40)

and
√
a + b ≤ √

a+
√
b, we obtain, for all η > 0,

√
nebE(Z) ≤ eb

3η2
+

2η

3
e
1/4
b (

√
nE(Z))3/2,

(
√
nE(Z))1/2e

3/4
b ≤ η

3
e
1/4
b (

√
nE(Z))3/2 +

2eb

3
√
η
.

Thus

E(Z21Z≥E(Z)) ≤
(

2v2 +
2

9
eb + v

√
2πeb

2

)

1

n
+
√
π

√√
nE(Z) (eb)

3/4

n

+

(

14

3

√
eb + v

√
2π

) √
nE(Z)

n
+ 2

√
π

(
√
nE(Z))3/2 (eb)

1/4

n

≤
(

2 + η

√
2π

4

)

v2

n
+

√

2π

n
vE(Z) +

(

2

9
+

√
2π

4η
+

2
√
π

3
√
η

+
14

9η2

)

eb

n

+

(

η

(√
π

3
+

28

9

)

+ 2
√
π

)

(
√
nE(Z))3/2 (eb)

1/4

n
.

Therefore, taking η = 0.088, we obtain

E(Z21Z≥E(Z)) ≤ 2.1
v2

n
+ 152 eb

n
+
√

2πv

√
nE(Z)

n
+
√

15
(
√
nE(Z))3/2 (eb)

1/4

n
.

Finally, we use Cauchy-Schwarz inequality to obtain that
√
nE(Z) ≤ (nE(Z2))1/2 =

(D)1/2. Since v2 ≤ D, we get (2.38).

We deduce from this result the following concentration inequalities for Z2

Corollary 2.6.5 Let eb = b2/n. We have, for all x > 0,

P

(

Z2 − D

n
>
D3/4(eb(19x)2)1/4 + 3

√
Dv2x) + 3v2x+ eb(19x)2

n

)

≤ e−x.

Moreover, for all x > 0, we have, with probability larger than 1 − e−x,

D

n
− Z2 ≤ D3/4e

1/4
b (

√
15 + 4.127

√
x) +

√
v2D(4.61 + 3

√
x) + 225eb(6.2x

2 + 1)

n
.

(2.41)
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Proof :

From Bousquet’s version of Talagrand’s inequality and from (E(Z))2 ≤ E(Z2),
we obtain that, for all x > 0, we have, with probability larger than 1−e−x, Z2−D/n
is not larger than

4D3/4(ebx
2)1/4 +

√
D(14

√
ebx2/3 + 2

√
2v2x) + 4D1/4(ebx

2)3/4/3 + 3v2x+ ebx
2/3

n
.

We use repeatedly the inequality aαb1−α ≤ αa + (1 − α)b to obtain that, with
probability at least 1 − e−x, Z2 −D/n is not larger than

(4 + 32η/9)D3/4(ebx
2)1/4 + 2

√
2
√
Dv2x+ 3v2x+ (3 + 14/η2 + 8/

√
η)ebx

2/9

n
.

For η = 0.07, this gives

Z2 − D

n
>
D3/4(eb(19x)2)1/4 + 2

√
2
√
Dv2x+ 3v2x+ eb(19x)2

n
.

For the second one we use Klein’s version of Talagrand’s inequality to obtain, for all
x > 0 such that r(x) =

√

2(v2 + 2bE(Z))x/n + 8bx/3n < E(Z),

P
(

Z2 < (E(Z) − r(x))2) ≤ e−x.

We have (E(Z) − r(x))2 = (E(Z))2 − 2E(Z)r(x) + r(x)2 ≥ (E(Z))2 − 2E(Z)r(x),
thus

P
(

Z2 < (E(Z))2 − 2E(Z)r(x)
)

≤ e−x.

From the previous corollary, we have (E(Z))2 ≥ E(Z2) − Em, thus

P
(

Z2 < E(Z2) −Em − 2E(Z)r(x)
)

≤ e−x.

In order to conclude the proof of 2.6.5, just remark that

2E(Z)r(x) ≤ 4D3/4(ebx
2)1/4 + 3

√
Dv2x+ 16

√
Debx2/3

n

≤ (4 + 32η/9)D3/4(ebx
2)1/4 + 3

√
Dv2x+ 16/(9η2)ebx

2

n
.

For η = 0, 0357, we obtain (2.41).

Finally, we have obtained the following result for the concentration of Z2 around its
mean

Corollary 2.6.6 For all x > 0, we have

P

(

Z2 − D

n
>
D3/4(eb(19x)2)1/4 + 3

√
Dv2x+ 3v2x+ eb(19x)2

n

)

≤ e−x.

P

(

Z2 − D

n
< −8D3/4(ebx

2)1/4 + 7.61
√
v2Dx+ eb(40.25x)2

n

)

≤ ee−x.
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Proof :

In order to obtain the second inequality, we remark that the inequality is trivial
when x ≤ 1, thus we only have to use (2.41) for x > 1 and then we have

√
x > 1

and x2 > 1.

We will use this lemma to obtain a concentration inequality for totally degenerate
U -statistics of order 2. The following result generalizes a previous inequality due to
Houdré & Reynaud-Bouret [39] to random variables taking values in a measurable
space.

Lemma 2.6.7 Let X,X1, ..., Xn be i.i.d random variables taking value in a measur-
able space (X,X ) with common law P . Let µ be a measure on (X,X ) and let (tλ)λ∈Λ

be a set of functions in L2(µ). Let

B = {t =
∑

λ∈Λ

aλtλ,
∑

λ∈Λ

a2
λ ≤ 1}, D = E

(

sup
t∈B

(t(X) − Pt)2

)

,

v2 = sup
t∈B

Var(t(X)), b = sup
t∈B

‖t‖∞ and eb =
b2

n
.

Let

U =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)(tλ(Xj) − Ptλ).

Then the following inequality holds

∀x > 0, P

(

U >
5.31D3/4(ebx

2)1/4 + 3
√
v2Dx+ 3v2x+ eb(19.1x)2

n− 1

)

≤ 2e−x.

(2.42)

∀x > 0, P

(

U < −9D3/4(ebx
2)1/4 + 7.61

√
v2Dx+ eb(40.3x)2

n− 1

)

≤ 3.8e−x. (2.43)

Proof :

Remark that, from Cauchy-Schwarz inequality, we have

sup
t∈B

(νn(t))2 =

(

sup
P

a2
λ≤1

∑

λ∈Λ

aλνn(tλ)

)2

=
∑

λ∈Λ

(νn(tλ))
2.

For all x in X, from Cauchy-Schwarz inequality, we have

sup
t∈B

(t(x) − Pt)2 =
∑

λ

(tλ(x) − Ptλ)
2,

in particular, we have D =
∑

λ∈Λ Var(ψλ(X)). Moreover, easy algebra leads to

∑

λ∈Λ

(νn(tλ))
2 =

1

n2

n
∑

i=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)
2

+
1

n2

n
∑

i6=j=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)(tλ(Xj) − Ptλ)

=
1

n
Pn

(

∑

λ∈Λ

(tλ − Ptλ)
2

)

+
n− 1

n
U.
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Let Z2 = supt∈B(νn(t))2, TΛ =
∑

λ∈Λ(tλ − Ptλ)
2, we have

E(Z2) = E

(

1

n
PnTΛ

)

=
D

n
.

Hence

U =
n

n− 1

(

Z2 − E(Z2) − 1

n
νn(TΛ)

)

.

From Corollary 2.6.6, we have, for all x > 0,

P

(

Z2 − D

n
>
D3/4(eb(19x)2)1/4 + 3

√
v2Dx+ 3v2x+ eb(19x)2

n

)

≤ e−x.

P

(

Z2 − D

n
< −8D3/4(eb(x)

2)1/4 + 7.61
√
v2Dx+ eb(40.25x)2

n

)

≤ 2.8e−x.

Moreover, from Bernstein inequality, we have, for all x > 0,

P

(

−νnTΛ >
√

2Debx+
ebx

3

)

≤ e−x.

P

(

νnTΛ >
√

2Debx+
ebx

3

)

≤ e−x.

We apply inequality (2.40) with a = D3/4(ebx
2)1/4, b = eb

√
x, α = 2/3 and we obtain

P

(

−νnTΛ >
2
√

2

3
D3/4(ebx

2)1/4 + eb

(

x+
√

2x

3

))

≤ e−x.

P

(

νnTΛ >
2
√

2

3
D3/4(ebx

2)1/4 + eb

(

x+
√

2x

3

))

≤ e−x.

Therefore, for all x > 0, we have

P

(

U >
5.31D3/4(ebx

2)1/4 + 3
√
v2Dx+ 3v2x+ eb

(

(19x)2 + (x+
√

2x)/3
)

n− 1

)

≤ 2e−x.

P

(

U < −9D3/4(ebx
2)1/4 + 7.61

√
v2Dx+ eb

(

(40.25x)2 + (x+
√

2x)/3
)

n− 1

)

≤ 3.8e−x.

These inequalities are trivial when x < 1. We only use them when x > 1 and we
obtain (2.42) and (2.43) since x < x2 and

√
x < x2 when x > 1.

Let us now state the corollary of Bernstein’s inequality that we used repeatedly in
the article.

Lemma 2.6.8 Let X,X1, ..., Xn be i.i.d random variables taking value in a measur-
able space (X,X ) with common law P . Let µ be a measure on (X,X ) and let (ψλ)λ∈Λ

be an orthonormal system in L2(µ). Let L be a linear functional in L2(µ) and let
B = {t =

∑

λ∈Λ aλL(ψλ),
∑

λ∈Λ a
2
λ ≤ 1}, v2 = supt∈B Var(t(X)), b = supt∈B ‖t‖∞

and eb = b2/n. Let u be a function in S, the linear space spanned by the functions
(ψλ)λ∈Λ and let η > 0. Then the following inequality holds

∀x > 0, P

(

νn(L(u)) >
η

2
‖u‖2 +

2v2x+ ebx
2/9

ηn

)

≤ e−x. (2.44)
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Proof :

From Bernstein’s inequality, we have

∀x > 0, P

(

νn(L(u)) >

√

2Var(L(u)(X))x

n
+

‖L(u)‖∞ x

3n

)

≤ e−x.

Since t = L(u/‖u‖) belongs to B, we have

√

2Var(L(u)(X))x

n
+

‖L(u)‖∞ x

3n
= ‖u‖

(
√

2Var(t(X))x

n
+

‖t‖∞ x

3n

)

≤ η

2
‖u‖2 +

1

2η

(
√

2v2x

n
+
bx

3n

)2

.

We conclude the proof using the inequality (a+ b)2 ≤ 2a2 + 2b2.
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Chapter 3

Adaptive density estimation of
stationary β-mixing and τ-mixing
processes

Abstract:

We propose an algorithm to estimate the common density s of a stationary process
X1, ..., Xn. We suppose that the process is either β or τ -mixing. We provide a
model selection procedure based on a generalization of Mallows’ Cp and we prove
oracle inequalities for the selected estimator under a few prior assumptions on the
collection of models and on the mixing coefficients. We prove that our estimator is
adaptive over a class of Besov spaces, namely, we prove that it achieves the same
rates of convergence as in the i.i.d framework.

Key words: Density estimation, weak dependence, model selection.
2000 Mathematics Subject Classification: 62G07, 62M99.

3.1 Introduction

We consider the problem of estimating the unknown density s of P , the law of a ran-
dom variable X, based on the observation of n (possibly) dependent data X1, ..., Xn

with common law P . We assume that X is real valued, that s belongs to L2(µ)
where µ denotes the Lebesgue measure on R and that s is compactly supported, say
in [0, 1]. Throughout the chapter, we consider least-squares estimators ŝm of s on
a collection (Sm)m∈Mn of linear subspaces of L2(µ). Our final estimator is chosen
through a model selection algorithm.
Model selection has received much interest in the last decades. When its final goal
is prediction, it can be seen more generally as the question of choosing between the
outcomes of several prediction algorithms. With such a general formulation, a very
natural answer is the following. First, estimate the prediction error for each model,
that is ‖s− ŝm‖2

2. Then, select the model which minimizes this estimate.
It is natural to think of the empirical risk as an estimator of the prediction error.
This can fail dramatically, because it uses the same data for building predictors and
for comparing them, making these estimates strongly biased for models involving a
number of parameters growing with the sample size.

57



58 CHAPTER 3. MODEL SELECTION FOR MIXING DATA

In order to correct this drawback, penalization’s methods state that a good choice
can be made by minimizing the sum of the empirical risk (how do algorithms fit the
data) and some complexity measure of the algorithms (called the penalty). This
method was first developped in the work of Akaike [1] and [2] and Mallows [53].
In the context of density estimation, with independent data, Birgé & Massart [15]
used penalties of order LnDm/n, where Dm denotes the dimension of Sm and Ln

is a constant depending on the complexity of the collection Mn. They used Tala-
grand’s inequality (see for example Talagrand [65] for an overview) to prove that
this penalization procedure is efficient i.e. the integrated quadratic risk of the se-
lected estimator is asymptotically equivalent to the risk of the oracle (see Section
2 for a precise definition). They also proved that the selected estimator achieves
adaptive rates of convergence over a large class of Besov spaces. Moreover, they
showed that some methods of adaptive density estimation like the unbiased cross
validation (Rudemo [62]) or the hard thresholded estimator of Donoho et al. [27]
can be viewed as special instances of penalized projection estimators.
More recently, Arlot [5] introduced new measures of the quality of penalized least-
squares estimators (PLSE). He proved pathwise oracle inequalities, that is deviation
bounds for the PLSE that are harder to prove but more informative from a practical
point of view (see also Section 2 for details).
When the process (Xi)i=1,...,n is β-mixing (Rozanov & Volkonskii [71] and Section 2),
Talagrand’s inequality can not be used directly. Baraud et al. [9] used Berbee’s cou-
pling lemma (see Berbee ([13]) and Viennet’s covariance inequality (Viennet [70]) to
overcome this problem and build model selection procedure in the regression prob-
lem. Then Comte & Merlevède [23] used this algorithm to investigate the problem
of density estimation for a β-mixing process. They proved that under reasonable
assumptions on the collection Mn and on the coefficients β, one can recover the
results of Birgé & Massart [15] in the i.i.d. framework.
The main drawback of those results is that many processes, even simple Markov
chains are not β-mixing. For instance, if (εi)i≥1 is iid with marginal B(1/2), then
the stationary solution (Xi)i≥0 of the equation

Xn =
1

2
(Xn−1 + εn), X0 independent of (εi)i≥1 (3.1)

is not β-mixing (Andrews [3]). More recently, Dedecker & Prieur [25] introduced

new mixing-coefficients, in particular the coefficients τ , φ̃ and β̃ and proved that
many processes like (3.1) happen to be τ , φ̃ and β̃-mixing. They proved a cou-

pling lemma for the coefficient τ and covariance inequalities for φ̃ and β̃. Gannaz
& Wintenberger [34] used the covariance inequality to extend the result of Donoho

et al. [27] for the wavelet thresholded estimator to the case of φ̃-mixing processes.
They recovered (up to a log(n) factor) the adaptive rates of convergence over Besov
spaces.
In this article, we first investigate the case of β-mixing processes. We prove a path-
wise oracle inequality for the PLSE. We extend the result of Comte & Merlevède [23]
under weaker assumptions on the mixing coefficients. Then, we consider τ -mixing
processes. The problem is that the coupling result is weaker for the coefficient τ
than for β. Moreover, in order to control the empirical process we use a covariance
inequality that is harder to handle. Hence, the generalization of the procedure of
Baraud et al. [9] to the framework of τ -mixing processes is not straightforward.
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We recover the optimal adaptive rates of convergence over Besov spaces (that is the
same as in the independent framework) for τ -mixing processes, which is new as far
as we know.
The chapter is organized as follows. In Section 2, we give the basic material that
we will use throughout the chapter. We recall the definition of some mixing coeffi-
cients and we state their properties. We define the penalized least-squares estimator
(PLSE). Sections 3 and 4 are devoted to the statement of the main results, respec-
tively in the β-mixing case and in the τ -mixing case. In Section 5, we derive the
adaptive properties of the PLSE. Finally, Section 6 is devoted to the proofs. Some
additional material has been reported in the Appendix in Section 7.

3.2 Preliminaries

3.2.1 Notation.

Let (Ω,A,P) be a probability space. Let µ be the Lebesgue measure on R, let ‖.‖p

be the usual norm on Lp(µ) for 1 ≤ p ≤ ∞. For all y ∈ Rl, let |y|l =
∑l

i=1 |yi|.
Denote by λκ the set of κ-Lipschitz functions, i.e. the functions t from (Rl, |.|l) to
R such that Lip(t) ≤ κ where

Lip(t) = sup

{ |t(x) − t(y)|
|x− y|l

, x, y ∈ R
l, x 6= y

}

≤ κ.

Let BV and BV1 be the set of functions t supported on R satisfying respectively
‖t‖BV <∞ and ‖t‖BV ≤ 1 where

‖t‖BV = sup
n∈N∗

sup
−∞<a1<...<an<∞

|t(ai+1) − t(ai)|.

3.2.2 Some measures of dependence.

Definitions and assumptions

Let Y = (Y1, ..., Yl) be a random variable defined on (Ω,A,P) with values in (Rl, |.|l).
Let M be a σ-algebra of A. Let PY |M, PY1|M be conditional distributions of Y and
Y1 given M, let PY , PY1 be the distribution of Y and Y1 and let FY1|M, FY1 be
distribution functions of PY1|M and PY1. Let B be the Borel σ-algebra on (Rl, |.|l).
Define now

β(M, σ(Y )) = E

(

sup
A∈B

|PY |M(A) − PY (A)|
)

,

β̃(M, Y1) = E

(

sup
x∈R

∣

∣FY1|M(x) − FY1(x)
∣

∣

)

,

and if E(|Y |) <∞, τ(M, Y ) = E

(

sup
t∈λ1

|PY |M(t) − PY (t)|
)

.

The coefficient β(M, σ(Y )) is the mixing coefficient introduced by Rozanov &

Volkonskii [71]. The coefficients β̃(M, Y1) and τ(M, Y ) have been introduced by
Dedecker & Prieur [25].
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Let (Xk)k∈Z be a stationary sequence of real valued random variables defined on

(Ω,A,P). For all k ∈ N∗, the coefficients βk, β̃k and τk are defined by

βk = β(σ(Xi, i ≤ 0), σ(Xi, i ≥ k)), β̃k = sup
j≥k

{β̃(σ(Xp, p ≤ 0), Xj)}.

If E(|X1|) <∞, for all k ∈ N∗ and all r ∈ N∗, let

τk,r = max
1≤l≤r

1

l
sup

k≤i1<..<il

{τ(σ(Xp, p ≤ 0), (Xi1, ..., Xil))}, τk = sup
r∈N∗

τk,r.

Moreover, we set β0 = 1. In the sequel, the processes of interest are either β-mixing
or τ -mixing, meaning that, for γ = β or τ , the γ-mixing coefficients γk → 0 as
k → +∞. For p ∈ {1, 2}, we define κp as:

κp = p

∞
∑

l=0

lp−1βl, (3.2)

where 00 = 1, when the series are convergent. Besides, we consider two kinds of
rates of convergence to 0 of the mixing coefficients, that is for γ = β or τ ,
[AR] arithmetical γ-mixing with rate θ if there exists some θ > 0 such that γk ≤
(1 + k)−(1+θ) for all k in N,
[GEO] geometrical γ-mixing with rate θ if there exists some θ > 0 such that γk ≤
e−θk for all k in N.

Properties

Coupling
Let X be an Rl-valued random variable defined on (Ω,A,P) and let M be a σ-
algebra. Assume that there exists a random variable U uniformly distributed on
[0, 1] and independent of M∨ σ(X). There exist two M∨ σ(X)∨σ(U)-measurable
random variables X∗

1 and X∗
2 distributed as X and independent of M such that

β(M, σ(X)) = P(X 6= X∗
1 ) and (3.3)

τ(M, X) = E (|X −X∗
2 |l) . (3.4)

Equality (3.3) has been established by Berbee [13], Equality (3.4) has been estab-
lished in Dedecker & Prieur [25], Section 7.1.
Covariance inequalities
Let X, Y be two real valued random variables and let f, h be two measurable func-
tions from R to C. Then, there exist two measurable functions b1 : R → R and
b2 : R → R with E (b1(X)) = E(b2(Y )) = β(σ(X), σ(Y )) such that, for any conju-
gate p, q ≥ 1 (see Viennet [70] Lemma 4.1)

|Cov(f(X), h(Y ))| ≤ 2E
1/p (|f(X)|pb1(X)) E

1/q(|h(Y )|qb2(Y )).

There exists a random variable b(σ(X), Y ) such that E(b(σ(X), Y )) = β̃(σ(X), Y )
and such that, for all Lipschitz functions f and all h in BV (Dedecker & Prieur [25]
Proposition 1)

|Cov(f(X), h(Y ))| ≤ ‖h‖BV E (|f(X)|b(σ(X), Y )) ≤ ‖h‖BV ‖f‖∞ β̃(σ(X), Y ).
(3.5)
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Comparison results
Let (Xk)k∈Z be a sequence of identically distributed real random variables. If the
marginal distribution satisfies a concentration’s condition |FX(x)−FX(y)| ≤ K|x−
y|a with a ≤ 1, K > 0, then (Dedecker et al. [24] Remark 5.1 p 104)

β̃k ≤ 2K1/(1+a)τ
a/(a+1)
k,1 ≤ 2K1/(1+a)τ

a/(a+1)
k .

In particular, if PX has a density s with respect to the Lebesgue measure µ and if
s ∈ L2(µ), we have from Cauchy-Schwarz inequality

|FX(x) − FX(y)| = |
∫

1[x,y]sdµ| ≤ ‖s‖2

(
∫

1[x,y]dµ

)1/2

= ‖s‖2 |x− y|1/2,

thus
β̃k ≤ 2 ‖s‖2/3

2 τ
1/3
k .

In particular, for any arithmetically [AR] τ -mixing process with rate θ > 2, we have

β̃k ≤ 2 ‖s‖2/3
2 (1 + k)−(1+θ)/3. (3.6)

Examples

Examples of β-mixing and τ -mixing sequences are well known, we refer to the books
of Doukhan [28] and Bradley [19] for examples of β-mixing processes and to the book
of Dedecker et. al [24] or the articles of Dedecker & Prieur [25], Prieur [58], and
Comte et. al [22] for examples of τ -mixing sequences. One of the most important
example is the following: a stationary, irreducible, aperiodic and positively recurent
Markov chain (Xi)i≥1 is β-mixing. However, many simple Markov chains are not
β-mixing but are τ -mixing. For instance, it is known for a long time that if (εi)i≥1

are i.i.d Bernoulli B(1/2), then a stationary solution (Xi)i≥0 of the equation

Xn =
1

2
(Xn−1 + εn), X0 independent of (εi)i≥1

is not β-mixing since βk = 1 for any k ≥ 1 whereas τk ≤ 2−k (see Dedecker & Prieur
[25] Section 4.1). Another advantage of the coefficient τ is that it is easy to compute
in many situations (see Dedecker & Prieur [25] Section 4).

3.2.3 Collections of models

We observe n identically distributed real valued random variables X1, ..., Xn with
common density s with respect to the Lebesgue measure µ. We assume that s be-
longs to the Hilbert space L2(µ) endowed with norm ‖.‖2. We consider an orthonor-
mal system {ψj,k}(j,k)∈Λ of L2(µ) and a collection of models (Sm)m∈Mn indexed by

subsets m ⊂ Λ for which we assume that the following assumptions are fulfilled:
[M1] for all m ∈ Mn, Sm is the linear span of {ψj,k}(j,k)∈m with finite dimension

Dm = |m| ≥ 2 and Nn = maxm∈Mn Dm satisfies Nn ≤ n;
[M2] there exists a constant Φ such that

∀m,m′ ∈ Mn, ∀t ∈ Sm, ∀t′ ∈ Sm′ , ‖t+ t′‖∞ ≤ Φ
√

dim(Sm + Sm′)‖t+ t′‖2;
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[M3] Dm ≤ Dm′ implies that m ⊂ m′ and so Sm ⊂ Sm′ .
As a consequence of Cauchy-Schwarz inequality, we have

∥

∥

∥

∥

∥

∥

∑

(j,k)∈m∪m′

ψ2
j,k

∥

∥

∥

∥

∥

∥

∞

= sup
t∈Sm+Sm′ ,t6=0

‖t‖2
∞

‖t‖2
2

(3.7)

see Birgé & Massart [15] p 58. Three examples are usually developed as fulfilling
this set of assumptions:
[T] trigonometric spaces: ψ0,0(x) = 1 and for all j ∈ N∗, ψj,1(x) = cos(2πjx),
ψj,2(x) = sin(2πjx). m = {(0, 0), (j, 1), (j′, 2), 1 ≤ j, j′ ≤ Jm} and Dm = 2Jm + 1;
[P] regular piecewise polynomial spaces: Sm is generated by r polynomials ψj,k

of degree k = 0, ..., r − 1 on each subinterval [(j − 1)/Jm, j/Jm] for j = 1, ..., Jm,
Dm = rJm, Mn = {m = {(j, k), j = 1, ..., Jm, k = 0, ..., r − 1}, 1 ≤ Jm ≤ [n/r]};
[W] spaces generated by dyadic wavelet with regularity r as described in Section 4.
For a precise description of those spaces and their properties, we refer to Birgé &
Massart [15].

3.2.4 The estimator

Let (Xn)n∈Z be a real valued stationary process and let P denote the law of X0.
Assume that P has a density s with respect to the Lebesgue measure µ and that
s ∈ L2(µ). Let (Sm)m∈Mn be a collection of models satisfying assumptions [M1]-
[M3]. We define Sn = ∪m∈MnSm, sm and sn the orthogonal projections of s onto
Sm and Sn respectively, let P be the joint distribution of the observations (Xn)n∈Z

and let E be the corresponding expectation. We define the operators Pn, P and νn

on L2(µ) by

Pnt =
1

n

n
∑

i=1

t(Xi), P t =

∫

t(x)s(x)dµ(x), νn(t) = (Pn − P )t.

All the real numbers that we shall introduce and which are not indexed by m or n
are fixed constants. In order to define the penalized least-squares estimator, let us
consider on R × Sn the contrast function γ(x, t) = −2t(x) + ‖t‖2

2 and its empirical
version γn(t) = Pnγ(., t). Minimizing γn(t) over Sm leads to the classical projection
estimator ŝm on Sm. Let ŝn be the projection estimator on Sn. Since {ψj,k}(j,k)∈m

is an orthonormal basis of Sm one gets

ŝm =
∑

(j,k)∈m

(Pnψj,k)ψj,k and γn(ŝm) = −
∑

(j,k)∈m

(Pnψj,k)
2.

Now, given a penalty function pen : Mn → R+, we define a selected model m̂ as
any element

m̂ ∈ arg min
m∈Mn

(γn(ŝm) + pen(m)) (3.8)

and a PLSE is defined as any s̃ ∈ Sm̂ ⊂ Sn such that

γn(s̃) + pen(m̂) = inf
m∈Mn

(γn(ŝm) + pen(m)) . (3.9)
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3.2.5 Oracle inequalities

An ideal procedure for estimation chooses an oracle

mo ∈ Arg min
m∈Mn

{‖s− ŝm‖2}.

An oracle depends on the unknown s and on the data so that it is unknown in
practice. In order to validate our procedure, we try to prove:
-non asymptotic oracle inequalities for the PLSE:

E
(

‖s− s̃‖2
2

)

≤ L inf
m∈Mn

{E
(

‖s− ŝm‖2
2 +R(m,n)

)

}, (3.10)

for some constant L ≥ 1 (as close to 1 as possible) and a remainder term R(m,n) ≥ 0
possibly random, and small compared to E

(

‖s− s̃‖2
2

)

if possible. This inequality
compares the risk of the PLSE with the best deterministic choice of m. Since m̂ is
random, we prefer to prove a stronger form of oracle inequality :

E
(

‖s− s̃‖2
2

)

≤ LE

(

inf
m∈Mn

{‖s− ŝm‖2
2 +R(m,n)}

)

, (3.11)

or, when it is possible, deviation bounds for the PLSE:

P

(

‖s− s̃‖2
2 > L inf

m∈Mn

(

‖s− ŝm‖2
2 +R(m,n)

)

)

≤ cn, (3.12)

where typically cn ≤ C/n1+γ for some γ > 0. Inequality (3.12) proves that, asymp-
totically, the risk ‖s− s̃‖2

2 is almost surely the one of the oracle. Let

Ω =

{

‖s− s̃‖2
2 > L inf

m∈Mn

(

‖s− ŝm‖2
2 +R(m,n)

)

}

.

We have
E
(

‖s− s̃‖2
2

)

= E
(

‖s− s̃‖2
2 1Ω

)

+ E
(

‖s− s̃‖2
2 1Ωc

)

.

It is clear that E
(

‖s− s̃‖2
2 1Ωc

)

≤ LE
(

infm∈Mn

{

‖s− ŝm‖2
2 +R(m,n)

})

. Moreover,
we have ‖s− s̃‖2 = ‖s− sm̂‖2 + ‖sm̂ − s̃‖2 ≤ ‖s‖2 +Φ2Dm̂ ≤ ‖s‖2 +Φ2n, thus, when
(3.12) holds, we have

E
(

‖s− s̃‖2
2 1Ωc

)

≤ (‖s‖2 + Φ2n)cn ≤ C

nγ
.

Therefore, inequality (3.12) implies

E
(

‖s− s̃‖2
2

)

≤ E

(

inf
m∈Mn

{‖s− ŝm‖2
2 +R(m,n)}

)

+
C

nγ
.

We can derive from these inequalities adaptive rates of convergence of the PLSE on
Besov spaces (see Birgé & Massart [15] for example). In order to achieve this goal,
we only have to prove a weaker form of oracle inequality where the remainder term
R(m,n) ≤ LDm/n for some constant L, for all the models m with sufficiently large
dimension. This will be detailed in Section 5.
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3.3 Results for β-mixing processes

From now on, the letters κ, L and K, with various sub- or supscripts, will denote
some constants which may vary from line to line. One shall use L. to indicate more
precisely the dependence on various quantities, especially those which are related to
the unknown s.
In this section, we give the following theorem for β-mixing sequences. It can be seen
as a pathwise version of Theorem 3.1 in Comte & Merlevède [23].

Theorem 3.3.1 Consider a collection of models satisfying [M1], [M2] and [M3].
Assume that the process (Xn)n∈Z is strictly stationary and arithmetically [AR] β-
mixing with mixing rate θ > 2 and that its marginal distribution admits a density s
with respect to the Lebesgue measure µ, with s ∈ L2(µ).
Let κ1 be the constant defined in (3.2) and let s̃ be the PLSE defined by (3.9) with

pen(m) =
KΦ2κ1Dm

n
, where K > 4.

Then, for all κ > 2 there exist c0 > 0, Ls > 0, γ1 > 0 and a sequence εn → 0, such
that

P

(

‖s̃− s‖2
2 > (1 + εn) inf

m∈Mn,Dm≥c0(log n)γ1

(

‖s− sm‖2
2 + pen(m)

)

)

≤ Ls
(log n)(θ+2)κ

nθ/2
.

(3.13)

Remark: The term KΦ2κ1 is the same as in Theorem 3.1 of Comte & Merlevède
[23] but with a constant K > 4 instead of 320. The main drawback of this result
is that the penalty term involves the constant κ1 which is unknown in practice.
However, Theorem 3.3.1 ensures that penalties proportional to the linear dimension
of Sm lead to efficient model selection procedures. Thus we can use this information
to apply the slope heuristic algorithm introduced by Birgé & Massart [17] in a
Gaussian regression context and generalized by Arlot & Massart [7] to more general
M-estimation frameworks. This algorithm calibrates the constant in front of the
penalty term when the shape of an ideal penalty is available. The result of Arlot &
Massart is proven for independent sequences, in a regression framework, but it can
be generalized to the density estimation framework, for independent as well as for
β or τ dependent data. This result is beyond the scope of this chapter and will be
proved in chapter 4.
We have to consider the infimum in equation (3.13) over the models with sufficiently
large dimensions. However, as noted by Arlot [5] (Remark 9 p 43), we can take the
infimum over all the models in (3.13) if we add an extra term in (3.13). More
precisely, we can prove that, with probability larger than 1 − Ls(logn)(θ+2)κ/nθ/2

‖s̃− s‖2
2 ≤ (1 + εn) inf

m∈Mn

(

‖s− ŝm‖2
2 + pen(m)

)

+ L
(log n)γ2

n
, (3.14)

where L > 0 and γ2 > 0.
Remark : The main improvement of Theorem 3.3.1 is that it gives an oracle
inequality in probability, with a deviation bound of order o(1/n) as soon as θ > 2
instead of θ > 3 in Comte & Merlevède [23]. Moreover, we do not require s to be
bounded to prove our result.
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Remark: When the data are independent, the proof of Theorem 3.3.1 can be
used to obtain that the estimator s̃ chosen with a penalty term of order KΦDm/n
satisfy an oracle inequality as (3.13). The main difference would be that κ1 = 1,
thus it can be used without a slope heuristic (even if this algorithm can be used
also in this context to optimize the constant K) and the control of the probability
would be Lse

− ln(n)2/Cs for some constants Ls, Cs instead of Ls(logn)(θ+2)κn−θ/2 in
our theorem.

3.4 Results for τ-mixing sequences

In order to deal with τ -mixing sequences, we need to specify the basis (ψj,k)(j,k)∈Λ.

3.4.1 Wavelet basis

Throughout this section, r is a real number, r ≥ 1 and we work with an r-regular
orthonormal multiresolution analysis of L2(µ), associated with a compactly sup-
ported scaling function φ and a compactly supported mother wavelet ψ. Without
loss of generality, we suppose that the support of the functions φ and ψ is an interval
[A1, A2) where A1 and A2 are integers such that A2 − A1 = A ≥ 1. Let us recall
that φ and ψ generate an orthonormal basis by dilatations and translations.
For all k ∈ Z and j ∈ N

∗, let ψ0,k : x→
√

2φ(2x−k) and ψj,k : x→ 2j/2ψ(2jx−k).
The family {(ψj,k)j≥0,k∈Z} is an orthonormal basis of L2(µ). Let us recall the follow-

ing inequalities: for all p ≥ 1, letKp = (
√

2‖φ‖p)∨‖ψ‖p, KL = (2
√

2Lip(φ))∨Lip(ψ),
KBV = AKL.
Then for all j ≥ 0, we have ‖ψj,k‖∞ ≤ K∞2j/2,

∥

∥

∥

∥

∥

∑

k∈Z

|ψj,k|
∥

∥

∥

∥

∥

∞

≤ AK∞2j/2 (3.15)

Lip(ψj,k) ≤ KL23j/2, (3.16)

‖ψj,k‖BV ≤ KBV 2j/2. (3.17)

We assume that our collection (Sm)m∈Mn satisfies the following assumption:
[W] dyadic wavelet generated spaces: let Jn = [log(n/2(A+ 1))/ log(2)] and for all
Jm = 1, ..., Jn, let

m = {(0, k),−A2 < k < 2 − A1} ∪ {(j, k), 1 ≤ j ≤ Jm, −A2 < k < −A1 + 2j}

and Sm the linear span of {ψj,k}(j,k)∈m. In particular, we have Dm = (A− 1)(Jm +
1) + 2Jm+1 and thus 2Jm+1 ≤ Dm ≤ (A− 1)(Jm + 1) + 2Jm+1 ≤ A2Jm+1.

3.4.2 The τ-mixing case

The following result proves that we keep the same rate of convergence for the PLSE
based on τ -mixing processes.

Theorem 3.4.1 Consider the collection of models [W]. Assume that (Xn)n∈Z is
strictly stationary and arithmetically [AR] τ -mixing with mixing rate θ > 5 and that
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its marginal distribution admits a density s with respect to the Lebesgue measure µ.
Let s̃ be the PLSE defined by (3.9) with

pen(m) = KAK∞KBV

( ∞
∑

l=0

β̃l

)

Dm

n
, where K ≥ 8.

Then there exist constants c0 > 0, γ1 > 0 and a sequence εn → 0 such that

E
(

‖s̃− s‖2
2

)

≤ (1 + εn)

(

inf
m∈Mn, Dm≥c0(log n)γ1

‖s− sm‖2
2 + pen(m)

)

. (3.18)

Remark : As in Theorem 3.3.1, the penalty term involves an unknown constant
and we have a condition on the dimension of the models in (3.18). However, the
slope heuristic can also be used in this context to calibrate the constant and a care-
ful look at the proof shows that we can take the infimum over all models m ∈ Mn

provided that we increase the constant K in front of the penalty term. Our result
allows to derive rates of convergence in Besov spaces for the PLSE that correspond
to the rates in the i.i.d. framework (see Proposition 3.5.2).
Remark : Theorem 3.4.1 gives an oracle inequality for the PLSE built on τ -mixing
sequences. This inequality is not pathwise and the constants involved in the penalty
term are not optimal. This is due to technical reasons, mainly because we use the
coupling result (3.4) instead of (3.3). However, we recover the same kind of oracle
inequality as in the i.i.d. framework (Birgé and Massart [15]) under weak assump-
tions on the mixing coefficients since we only require arithmetical [AR] τ -mixing
assumptions on the process (Xn)n∈Z. This is the first result for these processes up
to our knowledge.
Let us mention here Theorem 4.1 in Comte & Merlevède [23]. They consider α-
mixing processes (for a definition of the coefficient α and its properties, we refer to
Rio [60]). They make geometrical [GEO] α-mixing assumptions on the processes
and consider penalties of order L log(n)Dm/n to get an oracle inequality. This leads
to a logarithmic loss in the rates of convergence. They get the optimal rate under
an extra assumption (namely Assumption [Lip] in Section 3.2). There exist random
processes that are τ -mixing and not α-mixing (see Dedecker & Prieur [25]), however,
the comparison of these coefficients is difficult in general and our method can not
be applied in this context.
The constants c0, γ1, no are given in the end of the proof.
Remark : Inequality (2.6) can be improved under stronger assumptions on s. For

example, when s is bounded, we have β̃k ≤ C
√
τk. Under this assumption and θ > 3,

we can prove that the estimator s̃ satisfies the inequality

E
(

‖s̃− s‖2
2

)

≤ (1 + εn)

(

inf
m∈Mn, Dm≥c0(log n)γ1

‖s− sm‖2
2 + pen(m)

)

+
(logn)κ(θ+1)

n(θ−3)/2
.

When θ < 5, the extra term (log n)κ(θ+1)/n(θ−3)/2 may be larger than the main term
infm∈Mn, Dm≥c0(log n)γ1 ‖s−sm‖2

2 +pen(m). In this case, we don’t know if our control
remains optimal. On the other hand, Proposition 3.5.2 ensures that s̃ is adaptive
over the class of Besov balls when θ ≥ 5.
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3.5 Minimax results

3.5.1 Approximation results on Besov spaces

Besov balls.
Throughout this section, Λ = {(j, k), j ∈ N, k ∈ Z} and {ψj,k, (j, k) ∈ Λ} denotes
an r-regular wavelet basis as introduced in Section 4.1. Let α, p be two positive
numbers such that α+1/2−1/p > 0. For all functions t ∈ L2(µ), t =

∑

(j,k)∈Λ tj,kψj,k,

we say that t belongs to the Besov ball Bα,p,∞(M1) on the real line if ‖t‖α,p,∞ ≤M1

where

‖t‖α,p,∞ = sup
j∈N

2j(α+1/2−1/p)

(

∑

k∈Z

|tj,k|p
)1/p

.

It is easy to check that if p ≥ 2 Bα,p,∞(M1) ⊂ Bα,2,∞(M1) so that upper bounds on
Bα,2,∞(M1) yield upper bounds on Bα,p,∞(M1).
Approximation results on Besov spaces.
We have the following result (Birgé & Massart [15] Section 4.7.1). Suppose that
the support of s equals [0, 1] and that s belongs to the Besov ball Bα,2,∞(1), then
whenever r > α− 1,

‖s− sm‖2
2 ≤

‖s‖2
α,2,∞

4(4α − 1)
2−2Jmα ≤

(2A)2α ‖s‖2
α,2,∞

4(4α − 1)
D−2α

m (3.19)

3.5.2 Minimax rates of convergence for the PLSE

We can derive from Theorems 3.3.1 and 3.4.1 adaptation results to unknown smooth-
ness over Besov Balls.

Proposition 3.5.1 Assume that the process (Xn)n∈Z is stricly stationary and arith-
metically [AR] β-mixing with mixing rate θ > 2 and that its marginal distribution
admits a density s with respect to the Lebesgue measure µ, that s is supported in
[0, 1] and that s ∈ L2(µ). For all α,M1 > 0, the PLSE s̃ defined in Theorem 3.3.1
for the collection of models [W] satisfies

∀κ > 2, sup
s∈Bα,2,∞(M1)

P
(

‖s̃− s‖2
2 > LM1,α,θn

−2α/(2α+1)
)

≤ LM1(log n)(θ+2)κ

nθ/2
.

Proposition 3.5.2 Assume that the process (Xn)n∈Z is stricly stationary and arith-
metically [AR] τ -mixing with mixing rate θ > 5 and that its marginal distribution
admits a density s with respect to the Lebesgue measure µ, that s is supported in
[0, 1] and that s ∈ L2(µ). For all α,M1 > 0, the PLSE s̃ defined in Theorem 3.4.1
satisfies

sup
s∈Bα,2,∞(M1)

E
(

‖s̃− s‖2
2

)

≤ LM1,α,θn
−2α/(2α+1).

Remark: Proposition 3.5.2 can be compared to Theorem 3.1 in Gannaz & Winten-
berger [34]. They prove near minimax results for the thresholded wavelet estimator

introduced by Donoho et al. [27] in a φ̃-dependent setting (for a definition of the

coefficient φ̃, we refer to Dedecker & Prieur [25]). Basically, with our notations,
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their result can be stated as follows: if (Xn)n∈Z is φ̃-mixing with φ̃1(r) ≤ Ce−arb
for

some constants C, a, b, then the thresholded wavelet estimator ŝ of s satisfies

∀α > 0, ∀p > 1, sup
s∈Bα,p,∞(M1)∩L∞(M)

E
(

‖ŝ− s‖2
2

)

≤ LM,M1,α,p

(

log n

n

)2α/(2α+1)

.

The main advantage of their result is that they can deal with Besov balls with
regularity 1 < p < 2. However, in the regular case, when p ≥ 2, we have been able
to remove the extra log n factor. Moreover, our result only requires arithmetical
[AR] rates of convergence for the mixing coefficients and we do not have to suppose
that s is bounded.

3.6 Proofs.

3.6.1 Proofs of the minimax results.

Proof of Proposition 3.5.1:

Let α > 0 and M1 > 0 and assume that s ∈ Bα,2,∞(M1). Let M̃n = {m ∈
Mn, Dm > c0(log n)γ1}. By Theorem 3.3.1, there exists a constant Lθ > 0 such that

P

(

‖s̃− s‖2
2 > Lθ inf

m∈M̃n

{

‖s− sm‖2
2 +

Dm

n

})

≤ Ls(logn)(θ+2)κ

nθ/2
. (3.20)

It appears from the proof of Theorem 3.3.1 that the constant Ls depends only on
‖s‖2 and that it is a nondecreasing function of ‖s‖2 so that Ls can be uniformly
bounded over Bα,2,∞(M1) by a constant LM1 so that, by (3.20)

P

(

‖s̃− s‖2
2 > Lθ inf

m∈M̃n

{

‖s− sm‖2
2 +

Dm

n

})

≤ LM1(log n)(θ+2)κ

nθ/2
.

In particular, for a model m in Mn with dimension Dm such that

c0(log n)γ1 ≤ L1n
1/(2α+1) ≤ Dm ≤ L2n

1/(2α+1),

we have

P

(

‖s̃− s‖2
2 > Lθ

(

‖s− sm‖2
2 +

Dm

n

))

≤ LM1(logn)(θ+2)κ

nθ/2
.

Since s belongs to Bα,2,∞(M1), we can use Inequality (3.19) to get

‖s− sm‖2
2 ≤ Lα,M1D

−2α
m .

Thus we obtain

P
(

‖s̃− s‖2
2 > LM1,α,θn

−2α/(2α+1)
)

≤ LM1(log n)(θ+2)κ

nθ/2
.�

Proof of Proposition 3.5.2:

Let α > 0 and M1 > 0 and assume that s ∈ Bα,2,∞(M1). By Theorem 3.4.1, we
have

E
(

‖s̃− s‖2
2

)

≤ Lθ

(

inf
m∈M̃n

{‖s− sm‖2
2 +

Dm

n
}
)

.
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Inequality (3.19) leads to ‖s− sm‖2
2 ≤ Lα,M1D

−2α
m , so that for a model m in M̃n

with dimension Dm such that

c0(log n)γ1 ≤ L1n
1/(2α+1) ≤ Dm ≤ L2n

1/(2α+1),

we find
E
(

‖s̃− s‖2
2

)

≤ Lθ,α,M1n
−2α/(2α+1).�

3.6.2 Proof of Theorem 3.3.1:

For all mo in Mn, we have, by definition of m̂

γn(s̃) + pen(m̂) ≤ γn(ŝmo) + pen(mo)

Pγ(s̃) + νnγ(s̃) + pen(m̂) ≤ Pγ(ŝmo) + νnγ(ŝmo) + pen(mo)

Pγ(s̃) − Pγ(s) − 2νns̃ + pen(m̂) ≤ Pγ(ŝmo) − Pγ(s) − 2νnŝmo + pen(mo)

Since for all t ∈ L2(µ), Pγ(t) − Pγ(s) = ‖t− s‖2
2, we have

‖s− s̃‖2
2 ≤ ‖s− ŝmo‖2

2+pen(mo)−V (mo)−(pen(m̂)−V (m̂))−2νn(smo−sm̂), (3.21)

where, for all m ∈ Mn

V (m) = 2νn(ŝm − sm) = 2
∑

(j,k)∈m

ν2
n(ψj,k).

This decomposition is different from the one used in Birgé & Massart [15] and in
Comte & Merlevède [23]. It allows to improve the constant in the oracle inequality
in the β-mixing case. Moreover, we choose to prove an oracle inequality of the form
(3.12) for β-mixing sequences, which allows to assume only θ > 2 instead of θ > 3.
Let us now give a sketch of the proof:

1. we build an event ΩC with P(Ωc
C) ≤ pβq such that, on ΩC , νn = ν∗n, where ν∗n

is built with independent data. A suitable choice of the integers p and q leads
to pβq ≤ C(lnn)rn−θ/2.

2. We use the concentration’s inequality (3.7.4) of Birgé & Massart [15] for χ2-
type statistics, derived from Talagrand’s inequality. This allows us to find
p1(m) such that on an event Ω1 with P(Ωc

1 ∩ ΩC) ≤ L1,scn

sup
m∈Mn

{V (m) − p1(m)} ≤ 0.

cn < C(lnn)rn−θ/2 and L1,s is some constant depending on s.

3. From Bernstein’s inequality, we prove that, for all m,m′ ∈ Mn, there exists
p2(m,m

′) such that, for all η > 0, on an event Ω2 with P(Ωc
2 ∩ ΩC) ≤ L2,scn,

sup
m,m′∈Mn

{

νn(sm − sm′) − η

2
p2(m,m

′) − ‖sm − sm′‖2
2

2η

}

≤ 0.

Moreover, for all m,m′ ∈ Mn, p2(m,m
′) ≤ p2(m,m) + p2(m

′, m′).
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4. We have ‖sm̂ − smo‖2
2 ≤ ‖sm̂ − s‖2

2 + ‖s− smo‖2
2 because sm̂ − smo is either

the projection of sm̂ − s onto Smo or the projection of s− smo onto Sm̂. Take
pen(m) ≥ p1(m) + ηp2(m,m), we have, on Ω1 ∩ Ω2 ∩ ΩC

‖s− s̃‖2
2 ≤ ‖s− ŝmo‖2

2 −
Vmo

2
+ pen(mo) −

Vmo

2
(3.22)

−(pen(m̂) − p1(m̂)) − (p1(m̂) − V (m̂)) − 2νn(smo − sm̂)

≤ ‖s− smo‖2
2 + pen(mo) −

V (mo)

2
− ηp2(m̂, m̂)

+ηp2(m̂,mo) +
‖smo − sm̂‖2

2

η
(3.23)

(

1 − 1

η

)

‖s− s̃‖2
2 ≤ (1 +

1

η
) ‖s− smo‖2

2 + pen(mo) + ηp2(mo, mo). (3.24)

In (3.23), we used that V (mo) = 2‖smo−ŝmo‖2
2 ≥ 0. In (3.24), we used that Vmo ≥ 0.

Pythagoras Theorem gives

‖s− ŝmo‖2
2 −

V (mo)

2
= ‖s− smo‖2

2 and;‖s− sm̂‖2
2 ≤ ‖s− s̃‖2

2 .

Finally, we prove that we can choose η = (log n)γ , with γ > 0 such that ηp2(mo, mo) =
o(pen(mo)) and we conclude the proof of (3.3.1) from the previous inequalities.
We decompose the proof in several claims corresponding to the previous steps.
Claim 1 : For all l = 0, ..., p − 1, let us define Al = (X2lq+1, ..., X(2l+1)q) and
Bl = (X(2l+1)q+1, ..., X(2l+2)q). There exist random vectors A∗

l = (X∗
2lq+1, ..., X

∗
(2l+1)q)

and B∗
l = (X∗

(2l+1)q+1, ..., X
∗
(2l+2)q) such that for all l = 0, ..., p− 1 :

1. A∗
l and Al have the same law,

2. A∗
l is independent of A0, ..., Al−1, A

∗
0..., A

∗
l−1

3. P(Al 6= A∗
l ) ≤ βq

the same being true for the variables Bl.

Proof of Claim 1 :

The proof is derived from Berbee’s lemma, we refer to Proposition 5.1 in Viennet
[70] for further details about this construction.�

Hereafter, we assume that, for some κ > 2,
√
n(log n)κ/2 ≤ p ≤ √

n(logn)κ and
for the sake of simplicity that pq = n/2, the modifications needed to handle the extra
term when q = [n/(2p)] being straightforward. Let ΩC = {∀l = 0, ..., p− 1 Al = A∗

l , Bl = B∗
l }.

We have

P(Ωc
C) ≤ 2pβq ≤ 22+θ (log n)(θ+2)κ

nθ/2
.

Let us first deal with the quadratic term V (m).
Claim 2 : Under the assumptions of Theorem 3.3.1, let ε > 0, 1 < γ < κ/2. We
define L2

1 = 2Φ2κ1, L
2
2 = 8Φ3/2√κ2, L3 = 2Φκ(ε) and

L1,m = 4

(

(1 + ε)L1 + L2

√

(logn)γ

D
1/4
m

+
L3

(log n)κ−γ

)2

. (3.25)
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Then, we have

P

(

sup
m∈Mn

{

V (m) − L1,mDm

n

}

≥ 0 ∩ ΩC

)

≤ Ls,γ exp

(

−(log n)γ

√

‖s‖2

)

.

where Ls,γ = 2
∑∞

D=1 exp(−(logD)γ/ ‖s‖1/2
2 ). In particular, for all r > 0, there exists

a constant L′
s,r depending on ‖s‖2, such that

P

(

sup
m∈Mn

{

V (m) − L1,mDm

n

}

≥ 0 ∩ ΩC

)

≤
L′

s,r

nr
.

Remark : When (L2/L1)
8(logn)4(2κ−γ) ≤ Dm ≤ n, we have

L1,m ≤
[

1 + ε+

(

1 +

√
2κ(ε)√
κ1

)

(log n)−(κ−γ)

]2

4L2
1.

Proof of Claim 2 :

Let P ∗
n(t) =

∑n
i=1 t(X

∗
i )/n and ν∗n(t) = (P ∗

n − P )t, we have

V (m)1ΩC
= 2

∑

(j,k)∈m

(ν∗n)2(ψj,k)1ΩC
.

Let B1(Sm) = {t ∈ Sm; ‖t‖2 ≤ 1}. ∀t ∈ B1(Sm), let t̄(x1, ..., xq) =
∑q

i=1 t(xi)/2q
and for all functions g : Rq → R let

P ∗
A,pg =

1

p

p−1
∑

j=0

g(A∗
j), P

∗
B,pg =

1

p

p−1
∑

j=0

g(B∗
j ), P̄ g =

∫

gPA(dµ),

and ν̄A,pg = (P ∗
A,p − P̄ )g, ν̄B,pg = (P ∗

B,p − P̄ )g.

Now we have
∑

(j,k)∈m

(ν∗n)2(ψj,k) ≤ 2
∑

(j,k)∈m

ν̄2
A,pψ̄j,k + 2

∑

(j,k)∈m

ν̄2
B,pψ̄j,k.

In order to handle these terms, we use Proposition 3.7.4 which is stated in Section
7. Taking

B2
m =

∑

(j,k)∈m

Var(ψ̄j,k(A1)), V
2
m = sup

t∈B1(Sm)

Var(t̄(A1)), and H2
m =

∥

∥

∥

∥

∥

∥

∑

(j,k)∈m

(ψ̄j,k)
2

∥

∥

∥

∥

∥

∥

∞

,

we have

∀x > 0, P





√

∑

(j,k)∈m

ν̄2
A,pψ̄j,k ≥ (1 + ε)√

p
Bm + Vm

√

2x

p
+ κ(ε)

Hmx

p



 ≤ e−x. (3.26)

In order to evaluate Bm, Vm and Hm, we use Viennet’s inequality (3.54). There
exists a function b such that, for all p = 1, 2, P |b|p ≤ κp where κp is defined in (3.2)
and for all functions t ∈ L2(P̄ ),

Var(t̄(A1)) ≤
1

q
Pbt2.
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Thus

B2
m =

∑

(j,k)∈m

Var(ψ̄j,k(A1)) ≤
1

q

∑

(j,k)∈m

Pbψ2
j,k ≤

∥

∥

∥

∥

∥

∥

∑

(j,k)∈m

ψ2
j,k

∥

∥

∥

∥

∥

∥

∞

κ1

q
.

From Assumption [M2],
∥

∥

∥

∑

(j,k)∈m ψ
2
j,k

∥

∥

∥

∞
≤ Φ2Dm, thus,

B2
m ≤ Φ2κ1Dm

q
. (3.27)

From Viennet’s and Cauchy-Schwarz inequalities

V 2
m = sup

t∈B1(Sm)

Var(t̄(A1)) ≤ sup
t∈B1(Sm)

Pbt2

q
≤ sup

t∈B1(Sm)

‖t‖∞
(Pt2)1/2(Pb2)1/2

q
.

Since t ∈ B1(Sm), we have by Cauchy-Schwarz inequality

(Pt2)1/2 ≤ (‖t‖∞ ‖t‖2 ‖s‖2)
1/2 ≤ (‖t‖∞ ‖s‖2)

1/2.

From Assumption [M2], we have ‖t‖∞ ≤ Φ
√
Dm, and from Viennet’s inequality

Pb2 ≤ κ2 <∞, thus we obtain

V 2
m ≤ Φ3/2(‖s‖2 κ2)

1/2D
3/4
m

q
. (3.28)

Finally, from Assumption [M2], we have, using Cauchy-Schwarz inequality

H2
m =

∥

∥

∥

∥

∥

∥

∑

(j,k)∈m

ψ̄2
j,k

∥

∥

∥

∥

∥

∥

∞

≤ 1

4

∥

∥

∥

∥

∥

∥

∑

(j,k)∈m

ψ2
j,k

∥

∥

∥

∥

∥

∥

∞

≤ Φ2Dm

4
. (3.29)

Let yn > 0. We define

Lm =

(

(1 + ε)L1 + L2

√

(logDm)γ + yn

2D
1/4
m

+ L3
(logDm)γ + yn

2(logn)κ

)2

.

We apply Inequality (3.26) with x = ((logDm)γ + yn)/ ‖s‖1/2
2 and the evaluations

(3.27), (3.28) and (3.29). Recalling that 1/p ≤ 2/(
√
n(log n)κ), this leads to

P





∑

(j,k)∈m

ν̄2
A,pψ̄j,k ≥ LmDm

n



 ≤ exp

(

−(logDm)γ

√

‖s‖2

)

exp(− yn
√

‖s‖2

).

In order to give an upper bound on Hmx, we used that the support of s in included
in [0, 1], thus

1 = ‖s‖1 ≤ ‖s‖2 .

The result follows by taking yn = (log n)γ ≥ (logDm)γ.�
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Claim 3. We keep the notations κ/2 > γ > 1, L2 of the proof of Claim 2. For all
m,m′ ∈ Mn we take

Lm,m′ = 4

(

L2

√

(log n)γ

(Dm ∨Dm′)1/4
+

4Φ

3(logn)κ−γ

)2

, (3.30)

we have, for all η > 0,

P

(

sup
m,m′∈Mn

ν∗n(sm − sm′) − ‖sm − sm′‖2
2

2η
− η

2

Lm,m′(Dm ∨Dm′)

n
> 0

)

≤ Ls,γe
− (log n)γ

‖s‖
1/2
2

with Ls,γ = 2
∑

m,m′∈Mn
e
− (log(Dm∨D

m′ ))
γ

‖s‖
1/2
2 .

Remark : The constant Ls,γ is finite since for all x, y > 0, (log(x∨y))γ ≥ ((log x)γ +
(log y)γ)/2.
As in Claim 2, when (L2/L1)

8(logn)4(2κ−γ) ≤ Dm ≤ n, we have

Lm,m′ ≤
(

1 +
23/2

3
√
κ1

)2

(logn)−2(κ−2γ)4L2
1.

Proof of Claim 3.

We keep the notations of the proof of Claim 2 and for m,m′ ∈ Mn, let tm,m′ =
(sm − sm′)/ ‖sm − sm′‖2. We use the inequality 2ab ≤ a2η−1 + b2η, which holds for
all a, b ∈ R, η > 0. This leads to

ν∗n(sm − sm′) = ‖sm − sm′‖2 ν
∗
n(tm,m′) ≤ ‖sm − sm′‖2

2

2η
+
η

2
(ν∗n(tm,m′))2

=
‖sm − sm′‖2

2

2η
+
η

2
(ν̄A,p(t̄m,m′) + ν̄B,p(t̄m,m′))2

≤ ‖sm − sm′‖2
2

2η
+ η(ν̄A,p(t̄m,m′))2 + η(ν̄B,p(t̄m,m′))2.

Now from Bernstein’s inequality (see Section 7), we have

∀x > 0, P

(

ν̄A,p(t̄m,m′) >

√

2Var(t̄m,m′(A1))x

p
+

‖t̄m,m′‖∞x
3p

)

≤ e−x. (3.31)

From Viennet’s and Cauchy-Schwarz inequalities, we have

Var(t̄m,m′(A1)) ≤
Pbt2m,m′

q
≤

‖tm,m′‖∞
√

Pb2Pt2m,m′

q
.

Moreover
Pb2 ≤ κ2, P t

2
m,m′ ≤ ‖tm,m′‖∞‖tm,m′‖2‖s‖2.

Since tm,m′ ∈ Sm∪Sm′ and ‖tm,m′‖2 = 1, we have, from Assumption [M2] ‖tm,m′‖∞ ≤
Φ
√
Dm ∨Dm′ . Let yn > 0. We apply Inequality (3.31) with x = [(log(Dm∨Dm′))γ +

yn]/ ‖s‖1/2
2 . We define

L′
m,m′

4
=

(

L2

√

(log(Dm ∨Dm′))γ + yn

2(Dm ∨Dm′)1/4
+

4Φ [(log(Dm ∨Dm′))γ + yn]

6(logn)κ

)2

,
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we have

P



ν̄A,p(t̄m,m′) >

√

L′
m,m′(Dm ∨Dm′)

4n



 ≤ exp

(

−(log(Dm ∨Dm′))γ

‖s‖1/2
2

)

e−yn/‖s‖1/2
2 .

The result follows by taking yn = (log n)γ and using 2 ≤ Dm ≤ n.
Conclusion of the proof:
Let η > 0 and pen′(m) ≥ (L1,m + ηLm,m)Dm/n where L1,m and Lm,m are defined
respectively by (3.25) and (3.30). From Claims 1, 2 and 3 and (3.24), we obtain
that, for all mo and with probability larger than Ls,θ(logn)(θ+2)κn−θ/2

(1 − 1

η
) ‖s− s̃‖2

2 ≤ (1 +
1

η
) ‖s− smo‖2

2 + pen′(mo) + ηL(mo, mo)
Dmo

n
. (3.32)

Assume that Dm ≥ (L2/L1)
8(logn)4(2κ−γ), then we have from remarks 3.6.2 and

3.6.2

L1,m ≤
[

1 + ε+

(

1 +
2κ(ε)√
κ1

)

(log n)−(κ−2γ)

]2

4L2
1 and

Lm,m ≤
(

1 +
23/2

3
√
κ1

)2

(logn)−2(κ−γ)4L2
1.

Take η = (log n)κ−γ, we have (L1,mo + ηLmo,mo)Dmo/n ≤ Cpen(mo). Fix ε > 0
such that [1 + ε]2 < K/4. Since κ > γ, for n ≥ no, we have L1,m + ηLm,m ≤ KL2

1,
thus, inequality (3.13) follows follows from (3.32) as soon as n > no. We remove the
condition n > no by improving the constant Ls in (3.13) if necessary.�

3.6.3 Proof of Theorem 3.4.1.

The proof follows the previous one, the main difference is that the coupling lemma
(Claim 1) as well as the covariance inequalities are much harder to handle in the
τ -mixing case. This leads to more technical computations to recover the results
obtained in the β-mixing case (see Claims 2, 3 and the proof of inequality (3.45)).
We start with the decomposition (3.21). As in the previous proof, the decomposition
of the risk given in Birgé & Massart [15] or in Comte & Merlevède [23] could be
used. This leads to a loss in the constant in front of the main term in (3.18) without
avoiding any of the main difficulties. We divide the proof in four claims.
Claim 1 : For all l = 0, ..., p − 1, let us denote by Al = (X2lq+1, ..., X(2l+1)q) and
Bl = (X(2l+1)q+1, ..., X(2l+2)q). There exist random vectors A∗

l = (X∗
2lq+1, ..., X

∗
(2l+1)q)

and B∗
l = (X∗

(2l+1)q+1, ..., X
∗
(2l+2)q) such that for all l = 0, ..., p− 1 :

• A∗
l and Al have the same law,

• A∗
l is independent of A0, ..., Al−1, A

∗
0..., A

∗
l−1

• E(|Al − A∗
l |q) ≤ qτq

the same being true for the variables Bl.
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Proof of Claim 1 :

We use the same recursive construction as Viennet [70].
Let (δj)0≤j≤p−1 be a sequence of independent random variables uniformly distributed
over [0, 1] and independent of the sequence (Aj)0≤j≤p−1. Let A∗

0 = (X∗
1 , ..., X

∗
q ) be

the random variable given by equality (3.4) for M = σ(Xi, i ≤ −q), A0 and δ0.
Now suppose that we have built the variables A∗

l for l < l′. From equality (3.4)
applied to the σ-algebra σ(Al, A

∗
l , l < l′), Al′ and δl′ , there exists a random variable

A∗
l′ satisfying the hypotheses of Claim 1.

We build in the same way the variables B∗
l for all l = 0, ..., p− 1. �

We keep the notations ν∗n, ν̄A,p, ν̄B,p, t̄ and B1(Sm) that we introduced in the proof
of Theorem 3.3.1. As in the proof of Theorem 3.3.1, we assume that, for some
κ > 2,

√
n(logn)κ/2 ≤ p ≤ √

n(logn)κ and for the sake of simplicity that pq =
n/2, the modifications needed to handle the extra term when q = [n/(2p)] being
straightforward. We have

V (m̂) =
∑

(j,k)∈m̂

ν2
n(ψj,k) ≤ 2

∑

(j,k)∈m̂

(Pn − P ∗
n)2(ψj,k) + 2

∑

(j,k)∈m̂

(ν∗n)2(ψj,k)(3.33)

Claim 2 : There exists a constant L = LA,KL,K∞,κ,θ such that

E

(

∑

j,k∈m̂

((Pn − P ∗
n)(ψj,k))

2

)

≤ L
(log n)κ(θ+1)

n(θ−3)/2
. (3.34)

Proof of Claim 2 :

E





∑

(j,k)∈m̂

(Pn − P ∗
n)2(ψj,k)



 ≤ E



 sup
m∈Mn

∑

(j,k)∈m

(Pn − P ∗
n)2(ψj,k)





≤
∑

m∈Mn

∑

(j,k)∈m

E
(

(Pn − P ∗
n)2(ψj,k)

)

≤ 2

p2

∑

m∈Mn

p
∑

l,l′=1

(gA,m(j, k, l, l′) + gB,m(j, k, l, l′))

with

gm,A(j, k, l, l′) = E





∑

(j,k)∈m

(

ψ̄j,k(Al) − ψ̄j,k(A
∗
l )
) (

ψ̄j,k(Al′) − ψ̄j,k(A
∗
l′)
)



 .

We develop this last term and we get, since

∣

∣ψ̄j,k(x) − ψ̄j,k(y)
∣

∣ ≤
KL23j/2 |x− y|q

2q
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gA,m(j, k, l, l′) ≤ E





∑

(j,k)∈m

∣

∣ψ̄j,k(Al) − ψ̄j,k(A
∗
l )
∣

∣

∣

∣ψ̄j,k(Al′) − ψ̄j,k(A
∗
l′)
∣

∣





≤ E





∑

(j,k)∈m

∣

∣ψ̄j,k(Al) − ψ̄j,k(A
∗
l )
∣

∣KL23j/2
|Al′ −A∗

l′ |q
2q





≤ KLτq
2

sup
x,y∈Rq







∑

(j,k)∈m

23j/2
∣

∣ψ̄j,k(x) − ψ̄j,k(y)
∣

∣







≤ KLτq
4

Jm
∑

j=0

23j/2 sup
x,y∈R

{

∑

k∈Z

|ψj,k(x) − ψj,k(y)|
}

≤ 2

3
AKLK∞22Jmτq since

∥

∥

∥

∥

∥

∑

k∈Z

|ψj,k|
∥

∥

∥

∥

∥

∞

≤ AK∞2j/2

We can do the same computations for the term gB,m(j, k, l, l′) and we obtain

E

(

∑

j,k∈m̂

((Pn − P ∗
n)(ψj,k))

2

)

≤ Lτq
∑

m∈Mn

22Jm ≤ Lτq2
2Jn ≤ L

(log n)κ(θ+1)

n(θ−3)/2
.

The last inequality comes from q ≥ √
n/(2(logn)κ) and Assumption [AR], the one

before comes from Assumption [W]. �

Claim 3. Let us keep the notations of Theorem 3.4.1, let u = 6/(7 + θ) < 1/2 and
recall that κ > 2. Let γ be a real number in (1, κ/2). Let

L2
1 = AK∞KBV

∞
∑

l=0

β̃l, L
2
2 = 2ΦKu

BV

∞
∑

k=0

β̃u
k , L3 = κ(ε)Φ

and L1,m = 4(1 + ε)

(

(1 + ε)L1 + L2

√

(logDm)γ

D
1/2−u
m

+ L3
(logDm)γ

(logn)κ

)2

, (3.35)

There exists a constant Ls such that

E



 sup
m∈Mn







∑

(j,k)∈m

(ν∗n)2(ψj,k) −
L1,mDm

n









 ≤ Ls

n
.

Remark : The series
∑∞

l=0 β̃l and
∑∞

k=0 β̃
u
k are convergent under our hypotheses

on the coefficients τ . Since s ∈ L2([0, 1]), we have from Inequality (3.6), β̃l ≤
2‖s‖2/3

2 τ
1/3
l and thus β̃l ≤ 2‖s‖2/3

2 (1 + l)−(1+θ)/3. The series
∑∞

k=0 β̃
u
k converge since

θ > 5 and
u(1 + θ)

3
=

2(1 + θ)

7 + θ
= 1 +

θ − 5

θ + 7
> 1.

We use here β̃ instead of τ which allows to take L1 not depending on ‖s‖2.
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Proof of Claim 3 :

As in the previous section we use the following decomposition
∑

(j,k)∈m

(ν∗n)2(ψj,k) =
∑

(j,k)∈m

(

ν̄A,p(ψ̄j,k) + ν̄B,p(ψ̄j,k)
)2

≤ 2
∑

(j,k)∈m

(

ν̄A,p(ψ̄j,k)
)2

+ 2
∑

(j,k)∈m

(

ν̄B,p(ψ̄j,k)
)2

We treat both terms with Proposition 3.7.4 applied to the random variables (A∗
l )0=1,..,p−1

and (B∗
l )l=0,..,p−1 and to the class of functions

{

(ψ̄j,k)(j,k)∈m

}

. Let

B2
m =

∑

(j,k)∈m

Var
(

ψ̄j,k(A1)
)

, V 2
m = sup

t∈B1(Sm)

Var(t̄(A1)), H
2
m = ‖

∑

(j,k)∈m

ψ̄2
j,k‖∞.

We have, from Proposition 3.7.4

∀x > 0, P





√

∑

(j,k)∈m

(ν̄A,p)2ψ̄j,k ≥ (1 + ε)√
p

Bm + Vm

√

2x

p
+ κ(ε)

Hmx

p



 ≤ e−x.

(3.36)
Let us now evaluate Bm, Vm and Hm, we have

B2
m =

1

(2q)2

∑

(j,k)∈m

Var

(

q
∑

i=1

ψj,k(Xi)

)

.

From (3.17) and (3.15) we have ∀j, k ‖ψj,k‖BV ≤ KBV 2j/2 and ∀j ‖∑k∈Z
|ψj,k|‖∞ ≤

AK∞2j/2. Thus, from Inequality (3.5)

∑

(j,k)∈m

Var

(

q
∑

i=1

ψj,k(Xi)

)

≤ 2
∑

(j,k)∈m

q
∑

l=1

(q + 1 − l)|Cov(ψj,k(X1), ψj,k(Xl))|

≤ 2q
Jm
∑

j=0

∑

k∈Z

q
∑

l=1

‖ψj,k‖BV E (|ψj,k(X1)|b(σ(X1), Xl))

≤ 2KBV q

Jm
∑

j=0

2j/2

∥

∥

∥

∥

∥

∑

k∈Z

|ψj,k(X0)|
∥

∥

∥

∥

∥

∞

q
∑

l=1

β̃l−1

≤ 2q

(

AK∞KBV

∞
∑

l=0

β̃l

)

Dm.

The last inequality comes from Assumption [W].

Since L2
1 = AK∞KBV

∑∞
l=0 β̃l we have

B2
m ≤ L2

1Dm

2q
. (3.37)

Let us deal with the term V 2
m. We have

V 2
m ≤ sup

t∈B1(Sm)

Var(t̄(A1)) ≤
2

(2q)2

q
∑

k=1

(q + 1 − k) sup
t∈B1(Sm)

|Cov(t(X1), t(Xk))| (3.38)
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From Inequality (3.5), we have

|Cov(t(X1), t(Xk))| ≤ ‖t‖BV ‖t‖∞ β̃k−1.

Since t belongs to B1(Sm), we have t =
∑

(j,k)∈m aj,kψj,k, with
∑

(j,k)∈m a
2
j,k ≤ 1.

Thus, by Cauchy-Schwarz inequality

l
∑

i=1

|t(xi+1) − t(xi)| ≤
∑

(j,k)∈m

|aj,k|
l
∑

i=1

|ψj,k(xi+1) − ψj,k(xi)|

≤





∑

(j,k)∈m

a2
j,k





1/2



∑

(j,k)∈m

(

∑

i

|ψj,k(xi+1) − ψj,k(xi)|
)2




1/2

≤





∑

(j,k)∈m

‖ψj,k‖2
BV





1/2

≤ KBVDm.

Thus ‖t‖BV ≤ DmKBV . From Assumption [M2], we have ‖t‖∞ ≤ Φ
√
Dm. Thus

|Cov(t(X1), t(Xk))| ≤ ΦKBV β̃k−1D
3/2
m . (3.39)

Moreover, we have by Cauchy-Schwarz inequality and [M2]

|Cov(t(X1), t(Xk))| ≤ ‖t‖∞ ‖t‖2 ‖s‖2 ≤ Φ ‖s‖2

√

Dm. (3.40)

We use the inequality a ∧ b ≤ aub1−u with

a = ΦKBV β̃k−1D
3/2
m , b = Φ ‖s‖2

√

Dm, u =
6

7 + θ
<

1

2
.

From (3.39) and (3.40), we derive that

|Cov(t(X1), t(Xk))| ≤ L′
kD

1/2+u
m where L′

k = Φ
(

KBV β̃k−1

)u

‖s‖1−u
2 .

Pluging this inequality in (3.38), we obtain

V 2
m ≤ L2

2 ‖s‖1−u
2 D

1/2+u
m

4q
since L2

2 = 2ΦKu
BV

∞
∑

k=0

β̃u
k . (3.41)

Finally, we have from hypothesis [M2]

H2
m ≤ 1

4

∥

∥

∥

∥

∥

∥

∑

(j,k)∈m

ψ2
j,k

∥

∥

∥

∥

∥

∥

∞

≤ Φ2Dm

4
. (3.42)

Let y > 0 and let us apply Inequality (3.36) with x = ((logDm)γ/ ‖s‖1−u
2 ) +

(y/D
1/2+u
m ). We have, from (3.37), (3.41) and (3.42)

P





∑

(j,k)∈m

(ν̄A,p)
2(ψ̄j,k) >



(1 + ε)

√

L2
1Dm

2pq
+
L3

√
Dm

2p

(

(logDm)γ

‖s‖1−u
2

+
y

D
1/2+u
m

)

+

√

L2
2‖s‖1−u

2 D
1/2+u
m

2pq

(

(logDm)γ

‖s‖1−u
2

+
y

D
1/2+u
m

)





2

 ≤ e
− (log Dm)γ

‖s‖1−u
2 e−D

−(1/2+u)
m y.
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Then, we use the inequality
√
α + β ≤ √

α +
√
β with

α =
(logDm)γ

‖s‖1−u
2

and β =
y

D
1/2+u
m

and the inequality (a+ b)2 ≤ (1 + ε)a2 + (1 + ε−1)b2 with

a =

(

(1 + ε)L1 + L2

√

(logDm)γ

D
1/2−u
m

+
L3(logDm)γ

‖s‖1−u
2 (logn)κ

)
√

Dm

n

and b =
1√
n

(

L2

√

‖s‖1−u
2 y +

L3y

(log n)κDu
m

)

.

Setting Lm = (1 + ε)a2n/Dm, we obtain

P





∑

(j,k)∈m

(ν̄A,p)
2(ψ̄j,k) −

LmDm

n
>

(1 + ε−1)

n

(

L2

√

‖s‖1−u
2 y +

L3y

(logn)κDu
m

)2




≤ e
− (log Dm)γ

‖s‖
1−u
2 e−D

−(1/2+u)
m y.

Thus, for all y > 0,

P



 sup
m∈Mn







∑

(j,k)∈m

(ν̄A,p)
2(ψ̄j,k) −

LmDm

n







>
Ls

n
(y + y2)



 ≤
∑

m∈Mn

e
− (log Dm)γ

‖s‖1−u
2

−D
−(1/2+u)
m y

where Ls = 2(1+ ε−1)
[

(L2

√

‖s‖1−u
2 ) ∨ L3/((log 2)κ2u)

]2

. We can integrate this last

inequality to prove Claim 3.�

Claim 4 :We keep the notations of the previous Claims. Let

L2(m,m
′) = 4

(

L2

√

(log(Dm ∨Dm′))γ

(Dm ∨Dm′)1/2−u
+

Φ

3(logn)κ−γ

)2

. (3.43)

Then there exists a constant Ls,θ depending on ‖s‖2 and θ such that, for all η > 0

E

(

sup
m,m′∈Mn

{

νn(sm − sm′) − ‖sm − sm′‖2
2

2η
− η

L2(m,m
′)(Dm ∨Dm′)

n

})

≤ ηLs,θ

n
.

Proof of Claim 4 :

E

(

sup
m,m′∈Mn

{

νn(sm − sm′) − ‖sm − sm′‖2
2

2η
− η

L2(m,m
′)(Dm ∨Dm′)

n

})

≤ E

(

sup
m,m′

(Pn − P ∗
n)(sm − sm′)

)

+E

(

sup
m,m′

{

ν∗n(sm − sm′) − ‖sm − sm′‖2
2

2η
− η

L2(m,m
′)(Dm ∨Dm′)

n

})

.(3.44)
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Since ∀l = 0, ..., p− 1, E (|Al −A∗
l |q) ≤ qτq, we have

E

(

sup
m,m′

(Pn − P ∗
n)(sm − sm′)

)

≤ 2
∑

m,m′

E (|(s̄m − s̄m′)(A1) − (s̄m − s̄m′)(A∗
1)|)

≤ τq
∑

m,m′

Lip(sm − sm′).

When m ⊂ m′, we have, for all x, y ∈ R, using Assumption [W],

|(sm − sm′)(x− y)|
|x− y| ≤

Jm′
∑

j=Jm+1

2j−A1
∑

k=−A2

|Pψj,k|
|ψj,k(x) − ψj,k(y)|

|x− y|

Let us fix j ∈ [Jm+1, Jm′], from Assumption [W], there is less than A indexes k ∈ Z

such that ψj,k(x) 6= 0, thus there is less than 2A indexes such that |ψj,k(x)−ψj,k(y)| 6=
0. Hence

∑

k∈Z

|Pψj,k|
|ψj,k(x) − ψj,k(y)|

|x− y| ≤ 2A sup
k∈Z

|Pψj,k|Lip(ψj,k)

≤ 2A ‖s‖2KL23j/2.

Thus, Lip(sm − sm′) ≤ A ‖s‖2KL

√
823Jm′/2/(

√
8 − 1) and by Assumptions [W],

[AR] and the value of q,

E

(

sup
m,m′

(Pn − P ∗
n)(sm − sm′)

)

≤ Lsn
3/2(log n)τq ≤ Ls

(log n)κ(θ+1)+1

n(θ−2)/2
. (3.45)

Let us deal with the other term in (3.44). We have, ∀η > 0

ν∗n(sm − sm′) ≤ ‖sm − sm′‖2
2

2η
+
η

2
(ν̄A,p(t̄m,m′) + ν̄B,p(t̄m,m′))2

≤ ‖sm − sm′‖2
2

2η
+ η(ν̄A,p(t̄m,m′))2 + η(ν̄B,p(t̄m,m′))2 (3.46)

where, as in the proof of Theorem 3.3.1, tm,m′ = (sm − sm′)/‖sm − sm′‖2. We apply
Bernstein’s inequality to the function t̄m,m′ and the variables A∗

l , we have

∀x > 0, P

(

ν̄A,p(t̄m,m′) >

√

2Var(t̄m,m′(A0))x

p
+

‖t̄m,m′‖∞x
3p

)

≤ e−x. (3.47)

We proceed as in the proof of Claim 3 to control this variance. We have, by station-
arity of the process (Xn)n∈Z,

Var(t̄m,m′(A0)) =
1

2q2

q−1
∑

k=0

(q − k)Cov(tm,m′(X1), tm,m′(Xk+1)).

From Inequality (3.5), we have

|Cov(tm,m′(X1), tm,m′(Xk+1))| ≤ ‖tm,m′‖BV ‖tm,m′‖∞ β̃k.
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Let m4m′ be the set of indexes that belong to m∪m′ but do not belong to m∩m′.
We use the same computations as in the proof of Claim 3 to get

‖tm,m′‖BV ≤

∥

∥

∥

∑

(j,k)∈m′4m(Pψj,k)ψj,k

∥

∥

∥

BV

‖sm − sm′‖2

≤
√

∑

(j,k)∈m′4m

‖ψj,k‖2
BV ≤ KBV (Dm∨Dm′).

Since ‖tm,m′‖∞ = Φ
√
Dm ∨Dm′ , we have

|Cov(tm,m′(X1), tm,m′(Xk+1))| ≤ ΦKBV β̃k(Dm ∨Dm′)3/2. (3.48)

Moreover, we have

Cov(tm,m′(X1), tm,m′(Xk+1)) ≤ ‖tm,m′‖∞ ‖tm,m′‖2 ‖s‖2 ≤ Φ ‖s‖2

√

(Dm ∨D′
m).
(3.49)

Thus, using a ∧ b ≤ aub1−u with

a = ΦKBV β̃k(Dm ∨Dm′)3/2, b = Φ ‖s‖2

√

(Dm ∨Dm′), and u =
6

7 + θ
<

1

2
,

we have

|Cov(tm,m′(X1), tm,m′(Xk+1))| ≤ ΦKu
BV β̃

u
k ‖s‖1−u

2 (Dm ∨Dm′)1/2+u.

Thus

Var(t̄m,m′(A0)) ≤ ΦKu
BV

( ∞
∑

k=0

β̃u
k

)

‖s‖1−u
2

(Dm ∨Dm′)1/2+u

2q
. (3.50)

Moreover

‖t̄m,m′‖∞ ≤ 1

2
‖tm,m′‖∞ ≤ 1

2
Φ
√

Dm ∨D′
m. (3.51)

Now, we use (3.47) with x = (log(Dm ∨Dm′))γ/ ‖s‖1−u
2 + y/(Dm ∨Dm′)1/2+u. From

(3.50) and (3.51), we have for all y > 0,

P



ν̄A,p(t̄m,m′) > L2

√

√

√

√

(Dm ∨Dm′)1/2+u

2pq

(

(log(Dm ∨Dm′))γ +
‖s‖1−u

2 y

(Dm ∨Dm′)1/2+u

)

+
Φ
√

Dm ∨D′
m

6p

(

(log(Dm ∨Dm′))γ

‖s‖1−u
2

+
y

(Dm ∨Dm′)1/2+u

))

≤ e
− (log(Dm∨D

m′ ))
γ

‖s‖1−u
2 e

− y

(Dm∨D
m′ )

1/2+u
.

Now we use the inequality
√
a+ b ≤ √

a +
√
b with

a = (log(Dm ∨Dm′))γ and b =
‖s‖1−u

2 y

(Dm ∨Dm′)1/2+u

and we obtain, using Assumption [M1]

P

(

ν̄A,pt̄m,m′ −
√

L2(m,m′)(Dm ∨D′
m)

n
>

Ls√
n

(
√
y + y)

)

≤ e
− (log(Dm∨D

m′ ))
γ

‖s‖1−u
2 e−(Dm∨Dm′ )−(1/2+u)y,
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with

L2(m,m
′) =

(

L2

√

(log(Dm ∨Dm′))γ

(Dm ∨Dm′)1/2−u
+

Φ(log(Dm ∨Dm′))γ

3(logn)κ

)2

,

and Ls = L2

√

‖s‖1−u
2 ∨ Φ

3(log 2)κ2u
.

Thus, we obain

P

(

(ν̄A,pt̄m,m′)2 > 2
L2(m,m

′)(Dm ∨D′
m)

n
+ 4

L2
s

n
(y + y2)

)

≤ e
− (log(Dm∨D

m′ ))
γ

‖s‖1−u
2

− y

(Dm∨D
m′ )

1/2+u
.

The same result holds for ν̄B,pt̄m,m′ . Thus we obtain from (3.46)

P

(

ν∗n(sm − sm′) ≥ ‖sm − sm′‖2
2

2η
+ 4η

L2(m,m
′)(Dm ∨D′

m)

n
+ 8η

L2
s

n
(y + y2)

)

≤ 2e
− (log(Dm∨Dm′ ))

γ

‖s‖1−u
2

− y

(Dm∨Dm′ )
1/2+u

.

We deduce that

P

(

∃m,m′ ∈ Mn, ν
∗
n(sm − sm′) − ‖sm − sm′‖2

2

2η
− 4η

L2(m,m
′)(Dm ∨D′

m)

n

≥ 8η
L2

s

n
(y + y2)

)

≤ 2
∑

m,m′∈Mn

(

e
− (log(Dm∨D

m′ ))
γ

‖s‖1−u
2

)

e
− y

(Dm∨D
m′ )

1/2+u
.

We integrate this last inequality to get Claim 4.�

Conclusion of the proof:
Take

pen′(m) ≥ (2L1,m + ηL2(m,m))
Dm

n
,

where L1,m and L2(m,m) are defined by (3.35) and (3.43) respectively. From Claims
2, 3 and 4, if we take the expectation in (3.21), we have, for some constant Ls,

E
(

‖s− s̃‖2
2

)

≤ E

(

‖s− ŝmo‖2
2 + pen′(mo) − V (mo) + 2ηL2(mo, mo)

Dmo

n

)

+
ηLs

n
.

(3.52)

Moreover, if Dm ≥
(

(L2/L1)(logn)κ−γ/2
)2(7+θ)/(θ−5)

, we have

L1,m

4L2
1

≤ (1 + ε)

(

(1 + ε) +

(

1 +
L3

2L1

)

(log n)−(κ−γ)

)2

≤ (1 + ε)3 + (1 + ε−1)(1 + ε)

(

1 +
L3

2L1

)2

(log n)−2(κ−γ). (3.53)

We use the inequality (a+ b)2 ≤ (1 + ε)a2 + (1 + ε−1)b2 to obtain (3.53). Moreover,
we have

L2(m,m) ≤ 4L2
1

((

1 +
Φ

6L1

)

(logn)−(κ−γ)

)2

.
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As in the proof of Theorem 3.3.1, we take η = (log n)κ−γ and we fix ε sufficiently
small. For n ≥ no, we have 2L1,m + ηL2(m,m) < KL2

1. Thus inequality (3.18)
follows from (3.52).�

3.7 Appendix

This section is devoted to technical lemmas that are needed in the proofs.

3.7.1 Covariance inequality

Lemma 3.7.1 Viennet’s inequality Let (Xn)n∈Z be a stationary and β-mixing pro-
cess. There exists a positive function b such that P (b) ≤∑∞

l=0 βl, P (bp) ≤ p
∑∞

l=1 l
p−1βl,

and for all function h ∈ L2(P )

Var

(

q
∑

l=1

h(Xl)

)

≤ 4qP (bh2). (3.54)

3.7.2 Concentration inequalities

We sum up in this section the concentration inequalities we used in the proofs. We
begin with Bernstein’s inequality

Proposition 3.7.2 Bernstein’s inequality
Let X1, ..., Xn be iid random variables valued in a measurable space (X,X ) and let
t be a measurable real valued function. Let v = Var(t(X1)) and b = ‖t‖∞, then, for
all x > 0, we have

P

(

(Pn − P )t > v

√

2x

n
+
bx

3n

)

≤ e−x.

Now we give the most important tool of our proof, it is a concentration’s inequality
for the supremum of the empirical process over a class of function. We give here the
version of Bousquet [18].

Theorem 3.7.3 Talagrand’s Theorem
Let X1, ..., Xn be i.i.d random variables valued in some measurable space [X,X ].
Let F be a separable class of bounded functions from X to R and assume that all
functions t in F are P -measurable, and satisfy Var(t(X1)) ≤ σ2, ‖t‖∞ ≤ b. Then

P

(

sup
t∈F

νn(t) > E

(

sup
t∈F

νn(t)

)

+

√

2x (σ2 + 2bE (supt∈F νn(t)))

n
+
bx

3n

)

≤ e−x.

In particular, for all ε > 0, if κ(ε) = 1/3 + ε−1, we have

P

(

sup
t∈F

νn(t) > (1 + ε)E

(

sup
t∈F

νn(t)

)

+ σ

√

2x

n
+ κ(ε)

bx

n

)

≤ e−x.

We can deduce from this Theorem a concentration’s inequality for χ-square type
statistics. This is Proposition (7.3) of Massart [55].
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Proposition 3.7.4 Let X1, ..., Xn be independent and identically distributed ran-
dom variables valued in some measurable space (X,X ). Let P denote their com-
mon distribution. Let φλ be a finite family of measurable and bounded functions on
(X,X ). Let

H2
Λ = ‖

∑

λ∈Λ

φ2
λ‖∞ and B2

Λ =
∑

λ∈Λ

Var(φλ(X1)).

Moreover, let SΛ =
{

a ∈ RΛ :
∑

λ∈Λ a
2
λ = 1

}

and

V 2
Λ = sup

a∈SΛ

{

Var

(

∑

λ∈Λ

aλφλ(X1)

)}

.

Then the following inequality holds, for all positive x and ε

P





(

∑

λ∈Λ

(Pn − P )2φλ

)1/2

≥ 1 + ε√
n
BΛ + VΛ

√

2x

n
+ κ(ε)

HΛx

n



 ≤ e−x, (3.55)

where κ(ε) = ε−1 + 1/3.

Proof :

Following Massart [55] Proposition 7.3, we remark that, by Cauchy-Schwarz’s
inequality

(

∑

λ∈Λ

ν2
nφλ

)1/2

= sup
a∈SΛ

∑

λ∈Λ

aλνnφλ = sup
a∈SΛ

νn

(

∑

λ∈Λ

aλφλ

)

.

Thus the result follows by applying Talagrand’s Theorem to the class of functions

F =

{

t =
∑

λ∈Λ

aλφλ; a ∈ SΛ

}

.



Chapter 4

Optimal model selection for
stationary, β and τ-mixing data.

Abstract:

We build penalized least-squares estimators of the marginal density of a sta-

tionary process, using the slope algorithm and resampling penalties. When the

data are β or τ -mixing, these estimators satisfy oracle inequalities with leading

constant asymptotically equal to 1.

Key words: Density estimation, optimal model selection, resampling methods,
slope heuristic, weak dependence.
2000 Mathematics Subject Classification: 62G07, 62G09, 62M99.

4.1 Introduction

The history of statistical model selection goes back at least to Akaike [1], [2] and
Mallows [53]. They proposed to select among a collection of parametric models the
one which minimizes an empirical loss plus some penalty term proportional to the
dimension of the models. Birgé & Massart [15] and Barron, Birgé & Massart [10]
generalize this approach, making in particular the link between model selection and
adaptive estimation. They proved that several estimation procedures as cross vali-
dation (Rudemo [62]) or hard thresholding (Donoho et.al. [27]) can be interpreted
in terms of model selection.
More recently, Birgé & Massart [17], Arlot & Massart [7] and Arlot [4], [5] arised
the problem of optimal model selection. Basically, the aim is to select an estimator
satisfying an oracle inequality with leading constant asymptotically equal to 1.
Two totally data driven procedures are known to achieve this goal: the slope al-
gorithm, introduced by Birgé & Massart [17] and the resampling penalties defined
by Arlot [5]. Arlot & Massart [7] and Arlot [5] proved that these estimators are
efficient to select the best histogram in a general regression framework. In Chapter
2, we proved that these procedures are also optimal in density estimation, when the
data are independent.
There exists a lot of statistical frameworks where the data are not independent.
The previous results may therefore not hold. Baraud et.al. [9] proved that penalties
proportional to the dimension can also be used when the data are β-mixing (for a

85
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definition of the coefficient β, see Rozanov & Volkonskii [71] or Section 4.2). They
worked in a regression framework and Comte & Merlevède [23] extended the result
to density estimation. In Chapter 3, we proved that the same penalties can also
be used with τ -mixing data (the coefficient τ has been introduced by Dedecker &
Prieur [25], see Section 4.2). The main problem of the algorithm proposed by Comte
& Merlevède [23] is that the penalty term involves a constant depending on the mix-
ing coefficients (both in the β and τ -mixing cases) which is typically unknown in
practice.
As in the independent case, we prove that a resampling estimator catches the shape
of the ideal penalty with great generality as it “learns” part of the mixing struc-
ture of the data (Künsch [44], Liu & Singh [51]). We will also prove that the slope
algorithm can be used to calibrate in an optimal way the constant in front of the
penalty term. The new penalization procedure is totally data driven.
Let us now explain more precisely the problem that we will consider.

4.1.1 Least-squares estimators

We study efficient penalized least-squares estimators in density estimation when
the error is measured with the L2-loss. We observe n identically distributed random
variables X1, ..., Xn, defined on a probability space (Ω,A,P), valued in a measurable
space (X,X ), with common law P . We assume that a probability measure µ on
(X,X ) is given. We denote by L2(µ) the Hilbert space of square integrable real
valued functions defined on X and by ‖.‖ the associated L2-norm. The parameter of
interest is the density s of P with respect to µ, we assume that it belongs to L2(µ).
For all function g in L1(P ), we define

Pg =

∫

X

gsdµ = E (g(X)) ,

where X is a copy of X1, independent of (X1, ..., Xn). s minimizes the integrated
contrast PQ(t), where the contrast function Q : L2(µ) → L1(P ), is defined for all t
in L2(µ) by Q(t) = ‖t‖2 − 2t. The risk of an estimator ŝ of s is measured with the
L2-loss, that is ‖s− ŝ‖2, which is random when ŝ is.
The problem of density estimation is a problem of M-estimation. These problems
are classically solved in two steps when the data are independent. First, we choose a
”model” Sm close to the parameter s, which means that inft∈Sm ‖s− t‖2 is ”small”.
Define the empirical process Pn for all functions g in L1(P ) by

Png =
1

n

n
∑

i=1

g(Xi).

We minimize over Sm the empirical version of the integrated contrast, that is, we
choose

ŝm ∈ arg min
t∈Sm

PnQ(t).

When the data are mixing, the coupling method is a very powerful tool to extend
the methods developed in the independent case. It can be summarized as follows.

Coupling method: Let I0, J0, ..., Ip−1, Jp−1 be a partition of {1, ..., n} satisfying
q = mink=0,...,p−1 min(Ik+1) − max(Ik) > 0 (for a proper definition of this partition
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see Section 4.2). For all k = 0, ..., p − 1, let Ak = (Xl)l∈Ik
. A coupling lemma

associates to the sequence (Ak)k=0,...,p−1 independent random variables (A∗
k) such

that E (d(Ak, A
∗
k)) ≤ γ(q), where γ is the mixing coefficient of the data, d is a

distance on Xlk . Let I = ∪p−1
k=0Ik and let PA be the empirical process based on the

data (Xi, i ∈ I), that is PA =
∑

i∈I δXi
/|I|. To bound quantities of the form F (Pn),

built with the empirical process, we first use algebraic inequalities to obtain

F (Pn) ≤ CF (PA). (4.1)

Then we have
F (PA) ≤ F (PA∗) + |F (PA) − F (PA∗)|.

We can now use the results available for independent random variables to bound
F (PA∗) and the mixing properties to bound |F (PA) − F (PA∗)|.
Up to our knowledge, all the model selection procedures proposed for mixing data
used the coupling methods. In this scheme, the bounds given on F (Pn) are the
same as those given for F (PA) and the only essentially suboptimal bound is the
first one: F (Pn) ≤ CF (PA). We want to extend the procedures developed in the
independent case in Chapter 2 through the coupling method. As we are looking
for optimal results, we will work with the process PA instead of Pn, avoiding the
lost (4.1). The counterpart of this choice is that we do not use all the data to
build our estimator. In particular, the variance of an oracle built only with the
variables (Xi)i∈I is bigger than the one of an oracle built with all the sample when
the data are independent. However, we will see in Section 4.4 that our final estimator
improves the previous procedures proposed in a mixing setting. Let us now define the
least-squares estimators by ŝA,m ∈ arg mint∈Sm PAQ(t). The minimization problem
defining ŝA,m can be computationaly untractable for general sets Sm, leading to
untractable procedures in practice. However, in density estimation, it can be easily
solved when Sm is a linear subspace of L2(µ) since, for any orthonormal basis (ψλ)λ∈m

of Sm, we have

ŝA,m =
∑

λ∈m

(PAψλ)ψλ.

The risk of ŝA,m is decomposed in the classical bias and variance terms thanks to
Pythagoras relation. Let sm be the orthogonal projection of s onto Sm, then

‖s− ŝA,m‖2 = ‖s− sm‖2 + ‖sm − ŝA,m‖2. (4.2)

The space Sm should be chosen in order to realize a trade-off between those quan-
tities. Actually, when the complexity of Sm increases, the bias term ‖s − sm‖2 de-
creases whereas the variance term ‖ŝA,m − sm‖2 increases. In Chapter 2, we proved
a concentration inequality for ‖sm − ŝA,m‖2 around its expectation when the data
are independent. It proves that D∗

A,m = nE(‖sm − ŝA,m‖2) is a natural complexity
measure of Sm and, when the models Sm are sufficiently regular, we recovered that
the dimension dm of Sm has the same order as D∗

A,m. However, this is not true
in general, because there exist simple models (histograms with a small dm) where
D∗

A,m >> dm.

4.1.2 Model selection

The choice of a “good” model Sm is impossible without strong assumptions on s,
for example that we have precise information on its regularity. However, if we only
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assume that s is regular, it is possible to choose a collection of models (Sm)m∈Mn

such that that one of them realizes an optimal trade-off (see for example Birgé &
Massart [15] or Barron, Birgé & Massart [10]). Given the projection estimators
(ŝA,m)m∈Mn associated to this collection, the aim is then to build an estimator m̂
such that the final estimator, s̃ = ŝA,m̂ behaves almost as well as any model mo in
the set of oracles

M∗
n = {mo ∈ Mn, ‖ŝA,mo − s‖2 = inf

m∈Mn

‖ŝA,m − s‖2}.

This is the problem of model selection. More precisely, we want the final estimator
s̃ = ŝA,m̂ to satisfy one of the following type of oracle inequalities

∃K > 0, Cn > 0, γ > 1, P

(

‖s̃− s‖2 > Cn inf
m∈Mn

{

‖s− ŝA,m‖2
}

)

≤ K

nγ
. (4.3)

∃K > 0, Cn > 0, E
(

‖s̃− s‖2
)

≤ CnE

(

inf
m∈Mn

{

‖s− ŝA,m‖2
}

)

+
K

n
. (4.4)

In both cases, we want the leading constant Cn being as close as possible to 1. In
order to build m̂, we remark that, for all m in Mn, we have

‖s− ŝA,m‖2 = ‖ŝA,m‖2 − 2P ŝA,m + ‖s‖2 = PAQ(ŝA,m) + 2νA(ŝA,m) + ‖s‖2,

where νA = PA−P . An oracle minimizes ‖s−ŝA,m‖2 and thus PAQ(ŝA,m)+2νA(ŝA,m).
As we want to imitate the oracle, we will design a map pen : Mn → R

+ and choose

m̂ ∈ arg min
m∈Mn

PAQ(ŝA,m) + pen(m), s̃ = ŝA,m̂. (4.5)

It is clear that the ideal penalty is penid(m) = 2νA(ŝA,m) and our goal is to design
sharp estimators of this quantity as penalty functions.
The key point to obtain oracle inequalities is the following decomposition of the risk
of s̃. For all m in Mn, let

p(m) = νA(ŝA,m − sm) = ‖ŝA,m − sm‖2.

For all m in Mn,

‖s− s̃‖2 = ‖s̃‖2 − 2P s̃+ ‖s‖2 = ‖s̃‖2 − 2PAs̃+ 2νAs̃+ ‖s‖2

≤ PAQ(ŝA,m) + pen(m) + (2νA(s̃) − pen(m̂)) + ‖s‖2

= ‖s− ŝA,m‖2 + (pen(m) − 2νA(ŝA,m)) + (2νA(s̃) − pen(m̂))

Thus, for all m in Mn,

‖s− s̃‖2 ≤ ‖s− ŝA,m‖2 + (pen(m) − 2p(m)) + (2p(m̂) − pen(m̂)) + 2νA(sm̂ − sm).
(4.6)

4.1.3 Optimal model selection

Let us now precise the definition of the methods that we will use to calibrate the
penalty.
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The slope algorithm

The ”slope heuristic” was introduced by Birgé & Massart [17] in the Gaussian re-
gression framework. It states that there exists a complexity measure ∆m of Sm and
a constant Kmin such that

1. if pen(m) < Kmin∆m, ∆m̂ is too large, typically ∆m̂ ≥ C supm∈Mn
∆m,

2. if pen(m) ' K∆m for some K > Kmin, then ∆m̂ is “much smaller”,

3. if pen(m) ' 2Kmin∆m, then the risk of the selected estimator satisfies

‖s̃− s‖2 ≤ Cn inf
m∈Mn

{

‖s− ŝA,m‖2
}

, with Cn → 1, when n→ ∞

in expectation and with large probability.

When both ∆m and the associatedKmin are known, point 3 in this heuristic says that
pen(m) ' 2Kmin∆m is an optimal penalty. This heuristic is classically used when
∆m is known and Kmin is unknown. Arlot & Massart [7] introduced the following
algorithm to calibrate the penalty term in this situation.

Slope algorithm

• For all K > 0, compute the selected model m̂(K) given by (4.5) with the
penalty pen(m) = K∆m and the associated complexity ∆m̂(K).

• Find a constantKo such that ∆m̂(K) is large when K < Ko, and ”much smaller”
when K > Ko.

• Take the final m̂ = m̂(2Ko).

In Chapter 2, we justified the slope heuristic in density estimation with independent
data for ∆m = E(‖sm − ŝA,m‖2), Kmin = 1. This complexity is unknown in practice
and has to be estimated. We proposed a resampling estimator and proved that it
works without extra assumptions on our collection of models. Then, we remarked
that, when the models are very regular, we can also use the linear dimension dm

of Sm as a complexity measure and calibrate Ko with the slope algorithm. In this
paper, we will extend all these results to mixing processes.

Resampling penalties

Data-driven penalties have been studied in density estimation, in particular, cross
validation methods as in Stone [64], Rudemo [62] or Celisse [21]. We extend the
approach of Chapter 2 based on resampling penalties introduced by Arlot [5]. We
prove that it provides optimal model selection procedures. The main ingredient in
the proofs is a concentration inequality for the supremum of the resampling-based
empirical process proved in Chapter 2. This inequality states that the resampling
penalty defined in Section 4.2 is essentially equal to the ideal penalty when the data
are independent. Another important ingredient is the coupling properties of mixing
processes. The coupling result proved in Viennet [70] for β-mixing processes allows
a straightforward extension of the results of Chapter 2. The coupling result available
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for τ -mixing sequences is not so powerful and the extension of the results of Chapter
2 to that case requires new methods of proofs.

The chapter is organized as follows. In Section 4.2, we introduce our new estimation
procedure and describe our main assumptions. In Section 4.3, we state our main
results, we prove the efficiency of the penalized least-squares estimators based on
the slope heuristic and on resampling methods. In Section 4.4, we compare our
new estimators with those given in Chapter 3. The proofs of the main theorems
are postponed to Section 4.5. Section 4.6 is an Appendix where we recall some
probabilistic lemmas proved in Chapter 2.

4.2 New estimation procedures

4.2.1 Blockwise decomposition of the data

Assume that n is even and let p and q be two integers such that 2pq = n. For all
k = 0, ..., p− 1, let Ik = (2kq + 1, ..., (2k + 1)q), Ak = (Xl)l∈Ik

and I = ∪p−1
k=0Ik. For

all functions t in L2(µ) and all x1, ..., xq in X, let

Lq(t)(x1, ..., xq) =
1

q

q
∑

i=1

t(xi), PAt =
1

p

p−1
∑

k=0

Lq(t)(Ak) =
2

n

∑

i∈I

t(Xi),

νA(t) = (PA − P )(t).

Let Sm be linear subspace of L2(µ) and let Q : L2(µ) → L1(P ), t 7→ ‖t‖2 − 2t. The
estimator ŝA,m associated to Sm, is defined by

ŝA,m ∈ arg min
t∈Sm

PAQ(t). (4.7)

Given an orthonormal basis (ψλ)λ∈m of Sm, classical computations prove that

ŝA,m =
∑

λ∈m

(PAψλ)ψλ, ‖sm − ŝA,m‖2 =
∑

λ∈m

(νA(ψλ))
2 = sup

t∈Bm

(νA(t))2.

4.2.2 Resampling penalties

The first penalization procedure is based on the resampling penalties introduced
by Arlot [5]. The resampling algorithm is slightly modified in order to keep the
dependence structure inside the blocks (see Künsh [44], Liu & Singh [51] or Radulovic
[59]).
Let W0, ...,Wp−1 be a resampling scheme, that is, a vector of random variables,
independent of X1, ..., Xn and exchangeable, i.e., for all permutation ξ of {0, ...p−1},

(Wξ(0), ....,Wξ(p−1)) has the same law as (W0, ...,Wp−1).

Let PW
A and νW

A be the associated resampling empirical processes defined, for all t
in L2(µ), by

PW
A (t) =

1

p

p−1
∑

k=0

WkLq(t)(Ak),
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νW
A (t) = (PW

A − W̄pPA)(t) =
1

p

p−1
∑

k=0

(Wk − W̄p)Lq(t)(Ak), where W̄p =
1

p

p−1
∑

k=0

Wk.

For all m in Mn, let

ŝW
A,m = arg min

t∈Sm

PW
A (t) =

∑

λ∈m

(PW
A ψλ)ψλ.

Setting v2
W = Var(W1 − W̄p), the resampling penalty is defined by

pen(m) =
2

v2
W

E
W

(

sup
t∈Bm

(νW
A (t))2

)

=
2

v2
W

∑

λ∈m

E
W
(

(νW
A (ψλ))

2
)

. (4.8)

Hereafter, for all m in Mn and for all function pen, the final estimator is always
denoted by

s̃ = ŝA,m̂, where m̂ = arg min
m∈Mn

PAQ(ŝA,m) + pen(m). (4.9)

4.2.3 Some measures of dependence

β-mixing data

The coefficient β was introduced by Rozanov & Volkonskii [71]. For a random
variable Y defined on a probability space (Ω,A,P) and a σ-algebra M in A, let

β(M, σ(Y )) = E

(

sup
A∈B

|PY |M(A) − PY (A)|
)

.

For all stationary sequence of random variables (Xn)n∈Z defined on (Ω,A,P), let

βk = β(σ(Xi, i ≤ 0), σ(Xi, i ≥ k)).

The process (Xn)n∈Z is said to be β-mixing when βk → 0 as k → ∞. Examples
of β-mixing processes can be found in the books of Doukhan [28] and Bradley [19].
One of the most important is the following: a stationary, irreducible, aperiodic and
positively recurent Markov chain (Xi)i≥1 is β-mixing.
Let us recall Lemma 5.1 in Viennet [70].

Lemma: (Viennet 1997) Assume that the process (X1, ..., Xn) is β-mixing and let
p, q and A0, ..., Ap−1 be respectively the integers and the random variables defined in
Section 4.2.1. There exist random variables A∗

0, ..., A
∗
p−1 such that:

1. for all k = 0, ..., p− 1, A∗
k = (X∗

2kq+1, ..., X
∗
(2k+1)q) has the same law as Ak,

2. for all k = 0, ..., p− 1, A∗
k is independent of A0, ..., Ak−1, A

∗
1, ..., A

∗
k−1,

3. for all k = 0, ..., p− 1, P(Ak 6= A∗
k) ≤ βq.
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τ-mixing data

The coefficient τ was introduced by Dedecker & Prieur [25]. For all l in N∗, for all

x, y in Rl, let dl(x, y) =
∑l

i=1 |xi − yi|. For all l in N∗, for all function t defined on
Rl, the Lipschitz semi-norm of t is defined by

Lipdl
(t) = sup

x 6=y∈Rl

|t(x) − t(y)|
dr(x, y)

.

Let λ1 be the set of all functions t : Rl → R such that Lipdl
(t) ≤ 1. For all

integrable, Rl-valued, random variables Y defined on a probability space (Ω,A,P)
and all σ-algebra M in A, let

τ(M, Y ) = E

(

sup
t∈λ1

|PY |M(t) − PY (t)|
)

.

For all stationary sequences of integrable random variables (Xn)n∈Z defined on
(Ω,A,P), for all integers k, r, let

τk,r = max
1≤l≤r

1

l
sup

k≤i1<..<il

{τ(σ(Xp, p ≤ 0), (Xi1, ..., Xil))}, τk = sup
r∈N∗

τk,r.

The process (Xn)n∈Z is said to be τ -mixing when τk → 0 as k → ∞. Examples of
τ -mixing processes can be found in the book of Dedecker et. al [24] or the articles
of Dedecker & Prieur [25] and Comte et. al [22].
The following result has been obtain in Claim 1 in the proof of Theorem 3.4.1 of
Chapter 3. This is a consequence of a coupling lemma proved by Dedecker & Prieur
[25].

Lemma: [τ -coupling, Claim 1 p17 in [49]] Assume that the process (X1, ..., Xn) is
τ -mixing and let p, q and A0, ..., Ap−1 be respectively the integers and the random
variables defined in Section 4.2.1. There exist random variables A∗

0, ..., A
∗
p−1 such

that:

1. for all k = 0, ..., p− 1, A∗
k = (X∗

2kq+1, ..., X
∗
(2k+1)q) has the same law as Ak,

2. for all k = 0, ..., p− 1, A∗
k is independent of A0, ..., Ak−1, A

∗
1, ..., A

∗
k−1,

3. for all k = 0, ..., p− 1, E(dq(Ak, A
∗
k)) ≤ qτq.

4.2.4 Main assumptions

Let p, q and A0, ..., Ap−1 be respectively the integers and the random variables
defined in Section 4.2.1. For all m, m′ in Mn, let

v2
A,m,m′ = sup

t∈Sm+Sm′ ,‖t‖≤1

qVar(Lq(t)(A0)), DA,m = q
∑

λ∈m

Var(Lq(ψλ)(A0)),

bm,m′ = sup
t∈Sm+Sm′ ,‖t‖≤1

‖t‖∞ .

For all m in Mn, let

RA,m = n‖s− sm‖2 + 2DA,m, eA,m,m′ =
q

p
b2m,m′ .
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We denote by eA,m = eA,m,m, vA,m = vA,m,m. For all k ∈ N, let Mk
n = {m ∈

Mn, RA,m ∈ [k, k + 1)} and for all n in N∗ and, for all k > 0, k′ > 0 and γ ≥ 0, let
[k] denote the integer part of k and let

ln,γ(k, k
′) = ln

(

(1 + Card(M[k]
n ))(1 + Card(M[k′]

n ))(k + 1)(k′ + 1)
)

+ (lnn)γ

(4.10)
The following assumptions generalize Assumptions [V] and [BR] made in Chapter
2.

[V’]: There exist γ > 1 and a sequence (εn)n∈N, with εn → 0 such that, for all n in
N,

sup
(m,m′)∈(Mn)2

{(

(

v2
A,m,m′

RA,m ∨ RA,m′

)2

∨ eA,m,m′

RA,m ∨ RA,m′

)

lm,m′

}

≤ ε4n,

where, for all m, m′ in Mn, lm,m′ = ln,γ(RA,m, RA,m′).

[BR’] There exist two sequences (h∗n)n∈N∗ and (ho
n)n∈N∗ with (ho

n ∨ h∗n) → 0 as
n → ∞ such that, for all n in N∗, for all mo ∈ arg minm∈Mn RA,m and all m∗ ∈
arg maxm∈Mn DA,m, we have

RA,mo

DA,m∗

≤ ho
n,

n‖s− sm∗‖2

DA,m∗

≤ h∗n.

4.3 Main results

4.3.1 Resampling penalties

The first theorem gives oracle inequalities satisfied by the estimator selected by the
resampling penalty.

Theorem 4.3.1 Let X1, ..., Xn be a strictly stationary sequence of random variables
with common density s and let (Sm)m∈Mn be a collection of linear subspaces of L2(µ)
satisfying Assumption [V’]. Let s̃ be the estimator defined in (4.9) with pen(m)
defined in (4.8).
Assume that X1, ..., Xn are β-mixing, then, there exists a constant C > 0 such that

P

(

‖s− s̃‖2 > (1 + 110εn) inf
m∈Mn

‖s− ŝA,m‖2

)

≤ Ce−
1
2
(ln n)γ

+ pβq. (4.11)

Assume that X1, ..., Xn are real valued and τ -mixing, then, there exists an absolute
constant C > 0 such that we have

E
(

‖s− s̃‖2
)

≤ (1+160εn)E

(

inf
m∈Mn

‖s− ŝA,m‖2

)

+C
(

e−
1
2
(ln n)γ

+ τqMCn

)

, (4.12)

where the mixing complexity MCn is defined by the following formula:

MCn =
∑

m∈Mn

(∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lip(ψλ) + ‖s‖|Mn| sup
t∈Bm

Lip(t)

)

.

Comments:
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• Theorem 4.3.1 can be compared with Theorem 2.2.5 in Chapter 2. An extra
term pβq appears in the control of the deviation probability when the data
are β-mixing. We show in Section 4.4 that p and q can be chosen in order to
have pβq ≤ Cn−α for some α > 1 under classical assumptions on the mixing
coefficients.

• When the data are τ -mixing, we see that the mixing coefficient τq must control
the mixing complexity MCn. It is clear that MCn = ∞ for many collections
of linear spaces (Sm)m∈Mn (as histogram spaces for example). Therefore, we
have to choose carefully the collection Mn when we deal with τ -mixing data.
In Section 4.4, we show that, on wavelet spaces, p and q can be chosen in order
to have τqMCn ≤ Cn−1 under classical assumptions on the mixing coefficient.

• Up to our knowledge, inequalities (4.11) and (4.12) are the first oracle inequal-
ities obtained for totally data driven PLSE of the density s when the data are
mixing. Moreover, this is the first time that the risk of the selected estimator
is compared with the risk of an oracle and not with an upper bound.

4.3.2 Slope heuristic

We will now justify the use of the slope heuristic when the data are mixing. Recall
that two types of results are required. First, we need to prove that a small penalty
leads to a too large complexity of the selected model and that we cannot obtain an
oracle inequality in this case. This is the purpose of the following theorem, which
generalizes Theorem 2.2.2 in Chapter 2.

Theorem 4.3.2 Let X1, ..., Xn be a strictly stationary sequence of random variables,
with common density s. Let Mn be a collection of models satisfying Assumptions
[V’], [BR’] and let ε∗n = εn ∨ h∗n.
Assume that there exists a constant 0 < δ < 1 such that, for all m in Mn,

0 ≤ pen(m) ≤ (2 − δ)DA,m

n
.

Let m̂, s̃ be the random variables defined in (4.9). Assume that X1, ..., Xn are β-
mixing and let

cn =
δ − 75ε∗n

2(1 + 27εn)
.

There exists a constant C > 0, such that, with probability larger than 1−Ce− 1
2
(ln n)γ−

pβq,

DA,m̂ ≥ cnDA,m∗ , ‖s− s̃‖2 ≥ cn
ho

n

inf
m∈Mn

‖s− ŝA,m‖2. (4.13)

Assume now that X1, ..., Xn are τ -mixing, let MCn be the mixing complexity defined
in Theorem 4.3.1 and let

c′n =
δ − h∗n

2(1 + 35εn)
.

There exists an absolute constant C > 0 such that

E(DA,m̂) ≥ c′nDA,m∗ − Cn
(

e−
1
2
(ln n)γ

+ τqMCn

)

. (4.14)
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E
(

‖s− s̃‖2
)

≥ 2
c′n
ho

n

E

(

inf
m∈Mn

‖s− ŝA,m‖2

)

− C
(

e−
1
2
(ln n)γ

+ τqMCn

)

. (4.15)

Remark: When n is sufficiently large, cn ≥ δ/4, c′n ≥ δ/4. Hence, when pen(m)
is not larger than 2DA,m/n, inequalities (4.13) and (4.14) ensure that with high
probability or in expectation DA,m̂ ≥ cDA,m∗ , which is as large as possible and
inequalities (4.13) and (4.15) show that no optimal oracle inequality can hold. This
proves the first point of the slope heuristic.
The following theorem justifies the remaining points.

Theorem 4.3.3 Let X1, ..., Xn be a stationary sequence of random variables with
common density s. Let (Sm)m∈Mn be a collection of models satisfying [V’]. For all
m in Mn, let pen(m) be a penalty function and let s̃ be the estimator defined in
(4.9).
Assume that X1, ..., Xn are β-mixing and that there exist constants δ̄ ≥ δ > −1 and
0 ≤ p′ < 1 such that, with probability at least 1 − p′, for all m in Mn,

4DA,m

n
+ δ

RA,m

n
≤ pen(m) ≤ 4DA,m

n
+ δ̄

RA,m

n
.

Let

cn =

(

1+δ̄+37εn

2(1+δ−27εn)
if 1 + δ − 27εn > 0

+∞ if 1 + δ − 27εn ≤ 0
.

There exists a constant C > 0, such that, with probability at least 1 − Ce−
1
2
(ln n)γ −

pβq − p′,
DA,m̂ ≤ cnRA,mo , ‖s− s̃‖2 ≤ 2cn inf

m∈Mn

‖s− ŝA,m‖2, (4.16)

Assume now that X1, ..., Xn are τ -mixing and that there exist constants δ > −1,
δ̄ > −1 and a sequence (en)n∈N, with

∑

n∈N
en <∞ such that

E

(

sup
m∈Mn

(

4DA,m

n
+ δ

RA,m

n
− pen(m)

)

+

)

≤ en,

E

(

sup
m∈Mn

(

pen(m) − 4DA,m

n
− δ̄

RA,m

n

)

+

)

≤ en.

Let MCn be the mixing complexity defined in Theorem 4.3.1 and let

c′n =

(

1+δ̄+55εn

2(1+δ−125εn)
if 1 + δ − 125εn > 0

+∞ if 1 + δ − 125εn ≤ 0
.

There exists a constant C > 0, such that,

E (DA,m̂) ≤ cn (RA,mo + n(CτqMCn + en)) . (4.17)

E
(

‖s− s̃‖2
)

≤ cn

(

E

(

inf
m∈Mn

‖s− ŝA,m‖2

)

+ C (τqMCn + en)

)

(4.18)

Comments:
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• DA,m̂ jumps from DA,m∗ (Theorem 4.3.2) to RA,mo when pen(m) is around
2DA,m/n, this justifies the second point of the slope heursitic and clarifies
what we meant by “much smaller”. Point 3 of the slope heuristic comes from
inequalities (4.16) and (4.18) applied with δ = δ̄ = 0.

• We see in this theorem why it may be usefull to overpenalize a little from a
non asymptotic point of view. Imagine that 1−67εn is very close to 0, then cn
will be much smaller if we choose δ > 0 than if we take its asymptotic optimal
value 0.

• Theorem 4.3.3 can be compared with Theorem 2.2.2 in Chapter 2. We ob-
serve the same differences as those between Theorem 4.3.1 and Theorem 2.2.5
in Chapter 2. In the following Section we will discuss more precisely these
differences under classical Assumptions on the mixing coefficients.

• The practical implementation of these algorithms is discussed in general in
Arlot & Massart [7], see also the discussion for density estimation in Chapter
2. The slope heuristic is very quick to compute and shall be prefered when we
know a shape of the ideal penalty. The resampling-based estimators give this
shape for more general collections. The resampling penalty given in Theorem
4.3.1 do not depend on the observation of a jump of Dm̂ that may be hard
to detect in practice. However, the constant CW given in this theorem is
asymptotically optimal and the slope algorithm clearly improves the selected
estimator in the simulation study of Chapter 2.

4.4 Comparison with previous results

In this section, we compare the estimator given by the resampling penalty with
those given in Chapter 3. Let us first insist here on the fact that the resampling
procedure is totally data driven and entirely computable. In Chapter 3, recall that
the estimator was chosen among the collection of least-squares estimators (ŝm)m∈Mn ,
where ŝm = arg mint∈Sm PnQ(t), by a penalization procedure

s̃ = ŝm̂, where m̂ = arg min
m∈Mn

PnQ(ŝm) + pen(m). (4.19)

Mixing assumptions In Chapter 3, we considered two kinds of rates of convergence
to 0 of the mixing coefficients. Let γ = β or τ .
[AR(θ)] arithmetical γ-mixing with rate θ: there exists C > 0 such that, for all k
in N, γk ≤ C(1 + k)−(1+θ),
[GEO(θ)] geometrical γ-mixing with rate θ: there exists C > 0 such that, for all k
in N, γk ≤ Ce−θk.

4.4.1 β-mixing processes

In Chapter 3, in the β-mixing framework, the collection of models was assumed to
satisfy the following assumptions.

[M1] (ψλ)λ∈Λ is an orthonormal system of L2(µ) and, for all m ∈ Mn, Sm is the
linear span of {ψλ}λ∈m with finite dimension dm = |m| ≥ 2 and Nn = maxm∈Mn dm
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satisfies Nn ≤ n;
[M2] there exists a constant Φ such that

∀m,m′ ∈ Mn, ∀t ∈ Sm, ∀t′ ∈ Sm′ , ‖t+ t′‖∞ ≤ Φ
√

dim(Sm + Sm′)‖t+ t′‖2;

[M3] dm ≤ dm′ implies that m ⊂ m′ and so Sm ⊂ Sm′.

We can easily deduce from [M1] that for all k > n, Mk
n = ∅ and, from [M3], for all

k ≤ n, Card(Mk
n) ≤ 1. Hence, there exists a constant cV such that, for all γ > 1,

lm,m′ ≤ cV (lnn)2γ

In Chapter 3, we derived the following inequalities. If there exists θ > 1 such that
X1, ..., Xn are arithmetically [AR(θ)], β-mixing, there exists constants cv, ce, cD,
cM such that, for all m, m′ in Mn,

v2
A,m,m′ ≤ cv(dm ∨ dm′)3/4, b2A,m,m′ ≤ ce(dm ∨ dm′), DA,m ≤ cDdm.

The constants cv and cD depend on the mixing coefficients and are unknown in
practice. In order to verify [V’], we need two other assumptions.

[M4] There exists c′D > 0 such that, for all n in N∗, for all m in Mn, DA,m ≥ c′Ddm.
[M5] There exist γ > 1 and a sequence rn → ∞ such that Rn(lnn)−4γ ≥ rn, where
Rn = infm∈Mn RA,m.

Without loss of generality, assume that γ ≤ 3/2 in [M5]. Now, choose p ≥√
n(lnn)2/2, q ≥ √

n(lnn)−2/2 such that 2pq = n. Hence, there exists a constant
cM such that pβq ≤ cM(log n)2(θ+2)n−θ/2. For all m, m′ in Mn,

eA,m,m′ ≤ 2ce
dm ∨ dm′

(lnn)4
≤ 2ce
c′D

DA,m ∨DA,m′

(lnn)4
≤ 2ce
c′D

(lnn)−1RA,m ∨RA,m′

(lnn)2γ
.

When dm ∨ dm′ ≤ rn(lnn)4γ , then

v2
A,m,m′ ≤ cv(dm ∨ dm′)3/4 ≤ cv(rn)−1/4 Rn

(lnn)γ
≤ cv(rn)−1/4RA,m ∨RA,m′

(lnn)γ
.

When dm ∨ dm′ ≥ rn(lnn)4γ , then

v2
A,m,m′ ≤ cv(dm ∨ dm′)3/4 ≤ cv

c′D

DA,m ∨DA,m′

(dm ∨ dm′)1/4
≤ cv
c′D

RA,m ∨RA,m′

r
1/4
n (lnn)γ

.

Therefore, [M1]-[M5] and [AR(θ)] with θ > 1 imply [V’] with

εn = C
(

(lnn)−1/4 ∧ r−1/8
n

)

.

We have obtained the following corollary of Theorem 4.3.1.

Corollary 4.4.1 Let Mn be a collection of models satisfying [M1]- [M5]. Assume
that the process (Xn)n∈Z is strictly stationary and arithmetically [AR(θ)] β-mixing
with mixing rate θ > 1. Let s̃ be the estimator defined in (4.9) with a resampling

penalty (4.8). Let ε∗n = (lnn)−1/4 ∧ r−1/8
n .

There exist constants C > 0 and κ > 0 such that

P

(

‖s̃− s‖2
2 > (1 + κε∗n) inf

m∈Mn

‖s− ŝA,m‖2
2

)

≤ C
(logn)2(θ+2)

nθ/2
.
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Comments: This result can be compared with Corollary 2.3.1 in Chapter 2. In the
independent case, these rates of convergence of the leading constant is always given
by (rn)

−1/4 and his rate is often polynomial in n. It is not faster than (lnn)−1/4 in

the β-mixing case. The deviation probability was upper bounded by Ce−
1
2
(ln n)γ

for
some constants C > 0 and γ > 1, it is now polynomial in n.
[M5] is hard to check in general. Let c−1

d = 2 supx≥1(ln x)
8x−1. [M5] is satisfied

for example, if there is no model in Mn that have dimension dm ≤ cd(lnn)8 and if
[M4] is satisfied. In this case, [M5] holds with rn = (lnn)2 and we deduce from our
previous computations the following result.

Corollary 4.4.2 Let Mn be a collection of models satisfying [M1]- [M4]. Assume
that the process (Xn)n∈Z is strictly stationary and arithmetically [AR(θ)] β-mixing
with mixing rate θ > 1. Let s̃ be the estimator defined in (4.9) with a resampling
penalty (4.8). Then, there exist constants κ > 0, C > 0 such that, with probability
larger than 1 − Cn−θ/2(log n)2(θ+2),

‖s̃− s‖2
2 ≤

(

1 +
κ

(lnn)1/4

)

inf
m∈Mn,dm≥cd(ln n)8

‖s− ŝA,m‖2
2 .

Recall the theorem we proved in Chapter 3 for β-mixing sequences.

Theorem 4.4.3 Let Mn be a collection of models satisfying [M1], [M2] and [M3].
Assume that the process (Xn)n∈Z is strictly stationary and arithmetically [AR(θ)]
β-mixing with mixing rate θ > 2. Let s̃ be the estimator defined in (4.19) with

pen(m) = KcD
dm

n
, where K > 4.

Then, for all κ > 2, there exist c0 > 0, Ls > 0, γ1 > 0 and a sequence εn → 0, such
that, with probability larger than 1 − Cn−θ/2(log n)κ(θ+2)

‖s̃− s‖2
2 ≤ (1 + εn) inf

m∈Mn,dm≥c0(log n)γ1

(

‖s− sm‖2
2 + pen(m)

)

.

Comments: Both procedures lead to trajectorial oracle inequalities (4.3). The pro-
cedure of Theorem 4.4.3 depends on the constant cD, which is in general unknown
and which may be be very pessimistic. On the other hand, in Corollary 4.4.2, the
selection algorithm X1, ...., Xn 7→ s̃ is totally computable in practice. Moreover, the
risk of s̃ in Corollary 4.4.2 is compared with the best of the risks in the collection
Mn. It is compared with an upper bound on ‖s − sm‖2 + 2E (‖sm − ŝA,m‖2) in
Theorem 4.4.3. Finally, Theorem 4.4.3 does not require [M4] to work. However, our
new estimator improves the estimator given in Theorem 4.4.3 every time that [M4]
(or any other assumption ensuring [V’]) holds.

Let us now assume that there exists θ > 0 such that the data X1, ..., Xn are ge-
ometrically [GEO(θ)] β-mixing. We still assume [M1]- [M5] on the models. Let
p ≥ n(ln n)−2/2, q ≥ (lnn)2/2 such that 2pq = n. Then there exist constants ce, cM
such that, for all m, m′ in Mn,

pβq ≤ cM
n

(lnn)2
e−

θ
2
(ln n)2 ,
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eA,m,m′ ≤ ce
(lnn)4

n
(dm ∨ dm′) ≤ ce

c′D

(lnn)4+2γ

n

RA,m ∨ RA,m′

(lnn)2γ
.

Thus, we deduce from the previous computations the following corollary.

Corollary 4.4.4 Let Mn be a collection of models satisfying [M1]- [M5]. Assume
that the process (Xn)n∈Z is strictly stationary and geometrically [GEO(θ)] β-mixing
with mixing rate θ > 0. Let s̃ be the estimator defined in (4.9) with a resampling

penalty (4.8). Let ε∗n =
(

r
−1/8
n ∨ n−1/4(lnn)1+γ/2

)

and θ1 = θ ∧ 1.

There exist constants C > 0 and κ > 0 such that

P

(

‖s̃− s‖2
2 > (1 + κε∗n) inf

m∈Mn

‖s− ŝA,m‖2
2

)

≤ C
n

(lnn)2
e−

θ1
2

(ln n)2

Comments : Under the stronger assumption that the process is geometrically
β-mixing, we recover the same results as in the independent case. The rate of

convergence is essentially given by r
−1/8
n , it was r

−1/4
n in the independent case and the

deviation probability is upper bounded by Cn(lnn)−2e−
θ1
2

(ln n)2 instead of Ce−
1
2
(ln n)2 .

4.4.2 τ-mixing processes

Our results for τ -mixing processes do not apply to general collections of models as
mentioned before. We give in this section a classical collection where they might be
used.
Dyadic Wavelet spaces:
This collection was the one of Chapter 3. Wavelet spaces are classically considered
because the oracle is adaptive over Besov spaces (see for example Birgé & Massart
[15] or Chapter 3). Hereafter, r is a real number, r ≥ 1 and we work with an r-
regular orthonormal multiresolution analysis of L2(µ), associated with a compactly
supported scaling function φ and a compactly supported mother wavelet ψ. Without
loss of generality, we suppose that the support of the functions φ and ψ is included
in an interval [A1, A2) where A1 and A2 are integers such that A2 −A1 = A ≥ 1.
For all functions t in L2(µ), we denote by ‖t‖BV its bounded variation semi-norm,
that is

‖t‖BV = sup
l∈N∗

sup
−∞<a1<...<al<+∞

l−1
∑

j=1

|t(aj+1) − t(aj)|.

For all k in Z and j in N∗, let ψ0,k : x→
√

2φ(2x− k) and ψj,k : x → 2j/2ψ(2jx−
k). The family {(ψj,k)j≥0,k∈Z} is an orthonormal basis of L2(µ). Let us recall the

following inequalities: let K∞ = (
√

2‖φ‖∞) ∨ ‖ψ‖∞, KL = (2
√

2Lip(φ)) ∨ Lip(ψ),
KBV = AKL.
Then for all j ≥ 0, we have ‖ψj,k‖∞ ≤ K∞2j/2,

∥

∥

∥

∥

∥

∑

k∈Z

|ψj,k|
∥

∥

∥

∥

∥

∞

≤ AK∞2j/2 (4.20)

Lip(ψj,k) ≤ KL23j/2, (4.21)

‖ψj,k‖BV ≤ KBV 2j/2, . (4.22)

We assume that Mn is the following collection.
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[W] dyadic wavelet generated spaces: let Jn = [ln(n)/ ln(2)], for all Jm = 1, ..., Jn,
let

m = {(j, k), 0 ≤ j ≤ Jm, k ∈ Z}
and let Sm be the linear span of {ψj,k}(j,k)∈m.

It is a classical result (see for example Birgé & Massart [15]) that this collection
satisfies the following Assumptions

[T1] for all m ∈ Mn, 2Jm ≤ n;
[T2] there exists a constant Φ such that

∀m,m′ ∈ Mn, ∀t ∈ Sm, ∀t′ ∈ Sm′ , ‖t+ t′‖∞ ≤ Φ2(Jm∨Jm′ )/2‖t+ t′‖2;

[T3] |Mn| ≤ lnn/ ln 2.

Under these Assumptions, the following Lemma hold.

Lemma 4.4.5 Let θ > 2 and assume that X1, ..., Xn are arithmetically [AR(θ)]
τ -mixing and let u = 3/(1 + θ)∧ 1. Let Mn be a collection of regular wavelet spaces
[W]. There exist constants cD, cv, cb such that, for all m, m′ in Mn,

DA,m ≤ cD2Jm , v2
A,m,m′ ≤ cv

(

2Jm∨Jm′
)

1
2
(1+u)

, b2A,m,m′ ≤ cb2
Jm∨Jm′ .

Moreover, MCn ≤ cTn
2.

Hereafter, u denotes the real number defined in Lemma 4.4.5, that is

u =
3

1 + θ
∧ 1.

As in the previous section, we add extra assumptions to prove [V’].

[T4] There exists a constant c′D > 0 such that, for all n ∈ N∗, for all m in Mn,

DA,m ≥ c′D2Jm.

[T5] There exist a sequence rn → ∞ and a constant γ > 1 such that,

Rn(lnn)−
2γ

1−u ≥ rn.

Without loss of generality, assume that γ ≤ 3/2 in [T5] and that there exists θ > 2
such that X1, ..., Xn are arithmetically [AR(θ)] τ -mixing. Choose p ≥ √

n(lnn)2/2,

q ≥ √
n(lnn)−2/2 such that 2pq = n. Then, u < 1 and there exists constants c

(2)
T ,

ce such that

τqMCn ≤ c
(2)
T

(lnn)2(1+θ)

n(θ−3)/2
, eA,m,m′ ≤ ce

lnn

RA,m ∨ RA,m′

(lnn)2γ
.

When 2Jm∨Jm′ ≤ rn(lnn)
2γ

1−u ,

v2
A,m,m′ ≤ cv

(

rn(lnn)
2γ

1−u

)
1
2
(1+u)

≤ cvr
− 1−u

2
n

Rn

(lnn)γ
≤ cv

RA,m ∨RA,m′

r
1−u

2
n (lnn)γ

.
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When 2Jm∨Jm′ ≥ rn(lnn)
2γ

1−u ,

v2
A,m,m′ ≤ cv

c′D

DA,m ∨DA,m′

(

rn(lnn)
2γ

1−u

)
1−u

2

≤ cv
c′D
r
− 1−u

2
n

RA,m ∨RA,m′

(lnn)γ
.

As in the β-mixing case, we deduce the following corollary.

Corollary 4.4.6 Assume that the process (Xn)n∈Z is strictly stationary and arith-
metically [AR(θ)] τ -mixing with mixing rate θ > 2. Let Mn be a collection of regular
wavelet spaces [W] and assume moreover that [T4], [T5] hold. Let s̃ be the estima-

tor defined in (4.9) with a resampling penalty (4.8). Let ε∗n = (lnn ∧ r1−u
n )

−1/4
.

There exist constants C > 0 and κ > 0 such that

E
(

‖s̃− s‖2
2

)

≤ (1 + κε∗n)E

(

inf
m∈Mn

‖s− ŝA,m‖2
2

)

+ C
(lnn)2(1+θ)

n(θ−3)/2
.

Comments:

• With a mixing rate θ > 5, the estimator selected by a resampling penalty
satisfies an oracle inequality (4.4). This result can be compared with Corol-
lary 4.4.1. When the data are τ -mixing, we do not obtain a trajectorial oracle
inequality (4.3) and the condition on the mixing rate is stronger than in the
β-mixing case, but, as mentioned in the introduction, this result is very inter-
esting because there is a lot of examples of processes that are τ -mixing and
not β-mixing.

• Assumption [T5] is hard to check in practice but it can be removed as in the
β-mixing, provided that we only consider models with dimension larger than
cM(lnn)η for some well chosen constants cM and η.

• We can get better rates of convergence if we assume that the process is geo-
metrically τ -mixing and if we choose p and q as in Corollary 4.4.4.

This result can also be compared with our result on τ -mixing processes proved in
Chapter 3. Let us recall here this result.

Theorem 4.4.7 Let (Xn)n∈Z be a strictly stationary process and assume that there
exists θ > 5 such that it is arithmetically [AR](θ) τ -mixing. Let Mn be a collection
of wavelet models satisfying [W]. Let s̃ be the estimator defined in (4.9) with

pen(m) = KcD
Dm

n
, where K > 4.

Then there exist constants c0 > 0, γ1 > 0 and a sequence εn → 0 such that

E
(

‖s̃− s‖2
2

)

≤ (1 + εn)

(

inf
m∈Mn, Dm≥c0(log n)γ1

‖s− sm‖2
2 + pen(m)

)

.

Comments: As in the β-mixing case, the main improvement of Corollary 4.4.6 is
that the new procedure is totally data driven. Moreover the risk of the selected esti-
mator is compared with the oracle in Corollary 4.4.6 whereas it is compared with an
upper bound on infm∈Mn {‖s− sm‖2 + 2E (‖sm − ŝA,m‖2)} in Theorem 4.4.7. There-
fore, our new procedure improve the one given in Chapter 3 every time that As-
sumption [T4] or any other Assumption ensuring [V’] holds. [T4] is not necessary
in Theorem 4.4.7.
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4.5 Proofs

This section is devoted to the proof of the main results. Let us give some notations
that we will use repeatedly all along the proofs.
For all k = 0, ..., p−1, let Ik = (2kq+1, ..., (2k+1)q), Ak = (Xi)i∈Ik

and I = ∪p−1
k=0Ik.

For all functions t in L2(µ) and all x1, ..., xq in X, let

Lq(t)(x1, ..., xq) =
1

q

q
∑

i=1

t(xi), PAt =
1

p

p−1
∑

k=0

Lq(t)(Ak) =
2

n

∑

i∈I

t(Xi),

νA(t) = (PA − P )(t).

The estimator ŝA,m associated to the model Sm, is then defined as

ŝA,m ∈ arg min
t∈Sm

PAQ(t).

For all m, m′ in Mn, let

Tm =
∑

λ∈m

(Lq(ψλ) − Pψλ)
2,

Um =
1

p(p− 1)

p−1
∑

i6=j=0

∑

λ∈m

(Lq(ψλ)(Ai) − Pψλ)(Lq(ψλ)(Aj) − Pψλ),

p(m) = ‖sm − ŝA,m‖2 = sup
t∈Bm

(νA(t))2 =
∑

λ∈m

(νA(ψλ))
2.

pW (m) =
1

v2
W

∑

λ∈m

E
W
(

(νW
A (ψλ))

2
)

, δ(m,m′) = 2νA(sm − sm′).

Lemma 4.6.2 applied with n = p, Λ = m, tλ = Lq(ψλ), Xi = Ai−1, gives

pW (m) = 1
p
(PA(Tm) − Um) (4.23)

p(m) − pW (m) = Um, (4.24)

where PA(Tm) =
∑p−1

k=0 Tm(Ak)/p.
For all functional T = F (A0, ..., Ap−1), let T ∗ = F (A∗

0, ..., A
∗
p−1), where the random

variables (A∗
k) are given by the coupling Lemmas given in Section 4.2.3. In particular,

we will use repeatedly the notations P ∗
A, ν∗A, U∗

m, p∗(m), p∗W (m), δ∗(m,m′).
For all function t of L2(µ), for all r in N and all x1, ..., xr, y1, ...yr in X,

|Lr(t)(x1, ..., xr) − Lr(t)(y1, ..., yr)| ≤ 1

r

r
∑

i=1

|t(xi) − t(yi)|

≤ 1

r
Lipd(t)dr((x1, ..., xr), (y1, ..., yr)).

Thus Lipdr
(Lr(t)) ≤ Lipd(t)/r.

For all k ∈ N, Mk
n = {m ∈ Mn, RA,m ∈ [k, k + 1)} and for all n in N and, for all

k > 0, k′ > 0 and γ ≥ 0, let

ln,γ(k, k
′) = ln

(

(1 + Card(M[k]
n ))(1 + Card(M[k′]

n ))(k + 1)(k′ + 1)
)

+ (lnn)γ .
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For all m, m′ in Mn, let lm,m′ = ln,γ(RA,m, RA,m′). From Lemma 4.6.1, for all K > 1,
there exists a constant C > 0 such that

∑

(m,m′)∈(Mn)2

e−Klm,m′ = Ce−K(lnn)γ

.

Under [V’],

sup
(m,m′)∈(Mn)2

{(

(

v2
A,m,m′

RA,m ∨ RA,m′

)2

∨ eA,m,m′

RA,m ∨ RA,m′

)

l2m,m′

}

≤ ε4n.

We will now state and prove some technical lemmas. Lemmas 4.5.1 and 4.5.2 are
coupling lemmas. They allow to work with p∗(m), p∗W (m), δ∗(m,m′) instead of p(m),
pW (m), δ(m,m′). Lemma 4.5.3 is a consequence of our study of the independent
case. It allows to extend the proofs of Chapter 2 to the mixing case. It is the main
tool of this paper.

Lemma 4.5.1 Let X1, ..., Xn be stationary random variables, real valued and β-
mixing. Let p and q be two integers such that 2pq = n and let A∗

0, ..., A
∗
p−1 be the

random variables given by Viennet’s Lemma in Section 4.2.3. There exists an event
ΩC such that P(Ωc

C) ≤ pβq and such that, on ΩC, for all m, m′ in Mn, we have

p(m) = p∗(m), pW (m) = p∗W (m), δ(m,m′) = δ∗(m,m′). (4.25)

Proof :

Let ΩC = {∀k = 0, ..., p− 1, Ak = A∗
k}. It comes from Viennet’s Lemma that

P(Ωc
C) ≤ pβq and it is clear that, on ΩC , (4.25) holds.

Lemma 4.5.2 Let X1, ..., Xn be stationary random variables, real valued, τ -mixing
and with common density s. Let p and q be two integers such that 2pq = n and let
A∗

0, ..., A
∗
p−1 be the random variables given by the coupling’s Lemma in Section 4.2.3.

Let Mn be a collection of models and let MCn be the associated mixing complexity
defined by

MCn =
∑

m∈Mn

(∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ) + ‖s‖|Mn| sup
t∈Bm

Lip(t)

)

.

For all m, m′ in Mn,

E

(

sup
m∈Mn

|p(m) − p∗(m)|
)

≤ 4τqMCn (4.26)

E

(

sup
m∈Mn

|pW (m) − p∗W (m)|
)

≤ 8τq
p
MCn (4.27)

E

(

sup
m,m′∈Mn

δ(m,m′) − δ∗(m,m′)

)

≤ 4τqMCn. (4.28)

Proof :

For all m in Mn, we have

E

(

sup
m∈Mn

|p(m) − p∗(m)|
)

≤
∑

m∈Mn

E (|p(m) − p∗(m)|) .



104 CHAPTER 4. OPTIMAL MODEL SELECTION FOR MIXING DATA

Moreover, for all m in Mn,

|p(m) − p∗(m)| =

∣

∣

∣

∣

∣

∑

λ∈m

((PA − P )ψλ)
2 − ((P ∗

A − P )ψλ)
2

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

λ∈m

((νA + ν∗A)ψλ) ((PA − P ∗
A)ψλ)

∣

∣

∣

∣

∣

≤
∑

λ∈m

|(νA + ν∗A)ψλ|
1

p

p−1
∑

k=0

|Lq(ψλ)(Ak) − Lq(ψλ)(A
∗
k)|

≤ 4

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipdq
(Lq(ψλ))

1

p

p−1
∑

k=0

dq(Ak, A
∗
k)

≤ 4

q

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ)
1

p

p−1
∑

k=0

dq(Ak, A
∗
k).

We take the expectation in this last inequality and we use the τ -coupling Lemma of
Section 4.2.3 to obtain (4.26).
From (4.23), we have

|pW (m) − p∗W (m)| =
1

p
|(PA − P ∗

A)(Tm) − (Um − U∗
m)| .

We have

(PA − P ∗
A)Tm =

∑

λ∈m

1

p

p−1
∑

k=0

(Lq(ψλ)(Ak) − Lq(ψλ)(A
∗
k)) (Lq(ψλ)(Ak) + Lq(ψλ)(A

∗
k) − 2Pψλ) ,

thus

|(PA − P ∗
A)Tm| = 4

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipdq
(Lq(ψλ))

1

p

p−1
∑

k=0

dq(Ak, A
∗
k)

≤ 4

q

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ)
1

p

p−1
∑

k=0

dq(Ak, A
∗
k).

Moreover

Um − U∗
m =

1

p(p− 1)

p−1
∑

i6=j=0

∑

λ∈m

(Lq(ψλ(Aj)) − Pψλ)(Lq(ψλ(Ai)) − Lq(ψλ(A
∗
i )))

+
1

p(p− 1)

p−1
∑

i6=j=0

∑

λ∈m

(Lq(ψλ(A
∗
i )) − Pψλ)(Lq(ψλ(Aj)) − Lq(ψλ(A

∗
j))),

thus

|Um − U∗
m| ≤

4

q

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ)
1

p

p−1
∑

k=0

dq(Ak, A
∗
k).
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Therefore,

E (|pW (m) − p∗W (m)|) ≤ 8

pq

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ)
1

p

p−1
∑

k=0

E(dq(Ak, A
∗
k))

≤ 8τq
p

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ).

Thus

E

(

sup
m∈Mn

|pW (m) − p∗W (m)|
)

≤
∑

m∈Mn

E (|pW (m) − p∗W (m)|)

≤ 8τq
p

∑

m∈Mn

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ).

Finally,

E

(

sup
m,m′∈Mn

δ(m,m′) − δ∗(m,m′)

)

≤
∑

m,m′∈Mn

E (|δ(m,m′) − δ∗(m,m′)|)

and, for all m, m′ in Mn,

E (|δ(m,m′) − δ∗(m,m′)|) = 2E (|(PA − P ∗
A)(sm − sm′)|)

≤ 2

pq
Lipd(sm − sm′)

p−1
∑

k=0

E (dq(Ak, A
∗
k))

≤ 2τqLipd(sm − sm′).

For all x, y in X and all m,m′ in Mn,

(sm − sm′)(x) − (sm − sm′)(y) ≤ ‖s‖
(

sup
t∈Bm

Lip(t) + sup
t∈Bm′

Lip(t)

)

d(x, y)

Hence, Lipd(sm − sm′) ≤ ‖s‖
(

supt∈Bm
Lip(t) + supt∈Bm′

Lip(t)
)

, thus

E

(

sup
m,m′∈Mn

δ(m,m′) − δ∗(m,m′)

)

≤ 4τq‖s‖|Mn|
∑

m∈Mn

sup
t∈Bm

Lip(t).

Let us now derive some consequences of the results of Chapter 2.

Lemma 4.5.3 Let Mn be a collection of models satisfying [V’]. Then there exists
a constant C > 0 such that

P

(

⋃

m∈Mn

{

p∗(m) − 2DA,m

n
> 15εn

RA,m

n

}

)

≤ Ce−
1
2
(ln n)γ

, (4.29)

P

(

⋃

m∈Mn

{

p∗(m) − 2DA,m

n
< −25εn

RA,m

n

}

)

≤ Ce−
1
2
(ln n)γ

. (4.30)
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P

(

⋃

m∈Mn

{

p∗(m) − p∗W (m) > 15εn
RA,m

n

}

)

≤ Ce−
1
2
(ln n)γ

, (4.31)

P

(

⋃

m∈Mn

{

p∗(m) − p∗W (m) < −25εn
RA,m

n

}

)

≤ Ce−
1
2
(ln n)γ

. (4.32)

P

(

⋃

m,m′∈Mn

{

δ∗(m,m′) > 12εn

(

RA,m ∨RA,m′

n

)}

)

≤ Ce−(ln n)γ

. (4.33)

There exists an absolute constant C > 0 such that

E

(

sup
m∈Mn

(

p∗(m) − 2DA,m

n
− 15εn

RA,m

n

)

+

)

≤ Ce−
1
2
(ln n)γ

. (4.34)

E

(

sup
m∈Mn

(

−p∗(m) +
2DA,m

n
− 35εn

RA,m

n

)

+

>

)

≤ Ce−
1
2
(ln n)γ

. (4.35)

E

(

sup
m∈Mn

(

p∗(m) − p∗W (m) − 20εn
RA,m

n

)

+

)

≤ Ce−
1
2
(ln n)γ

. (4.36)

E

(

sup
m∈Mn

(

−p∗(m) + p∗W (m) − 35εn
RA,m

n

)

+

)

≤ Ce−
1
2
(ln n)γ

. (4.37)

E

(

sup
m,m′∈Mn

(

δ∗(m,m′) − 20εn

(

RA,m ∨ RA,m′

n

))

+

)

≤ Ce−
1
2
(ln n)γ

. (4.38)

Proof of the concentration inequalities :
p∗(m) = supt∈Bm

((ν∗A)(t))2 and A∗
0, ..., A

∗
p−1 are independent. Thus

E(p∗(m)) =
∑

λ∈m

Var (Lq(ψλ)(A0))

p
=

2DA,m

n
,

sup
t∈Bm

Var (Lq(t)(A0)) =
v2

A,m

q
,

supt∈Bm
‖Lq(t)‖2

∞
p

≤ eA,m

q
.

We apply Proposition 4.6.3 in the Appendix with B = {Lq(t), t ∈ Bm},D = DA,m/q,
v2 = v2

A,m/q, ε = eA,m/q and n = p. For all x > 0 and all m in Mn, with probability
larger than 1 − e−x

p∗(m) − 2DA,m

n
≤

2D
3/4
A,m(eA,m(19x)2)1/4 + 6

√

DA,mv2
A,mx+ 6v2

A,mx+ 2eA,m(19x)2

n

and, with probability larger than 1 − 2.8e−x

2DA,m

n
− p∗(m) ≤

16D
3/4
A,m(eA,mx

2)1/4 + 15.22
√

DA,mv2
A,mx+ 2eA,m(40.25x)2

n
.

(4.39)
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Let K > 0 be a constant to be chosen later, let lm = ln,γ(Rm, Rm), and let x = K2lm.
From [V’] applied with m = m′, since DA,m ≤ RA,m,

v2
A,mx ≤ (Kεn)2RA,m, eA,mx

2 ≤ (Kεn)4RA,m,

D
3/4
A,m(eA,mx

2)1/4 ≤ KεnRA,m,
√

DA,mv2
A,mx ≤ KεnRm. (4.40)

Let en(K) = (2
√

19 + 6)K + 6K2εn + 2(19)2K4ε3n, from (4.40),

2D
3/4
A,m(eA,m(19x)2)1/4 + 6

√

DA,mv2
A,mx+ 6v2

A,mx+ 2eA,m(19x)2

n
≤ en(K)εn

Rm

n
.

Thus, from Lemma 4.6.1, for all K > 1/
√

2, there exists a constant C > 0 such that

P

(

⋃

m∈Mn

{

2DA,m

n
− p∗(m) > en(K)εn

RA,m

n

}

)

≤

∑

m∈Mn

P

(

p∗(m) − 2DA,m

n
> en(K)εn

RA,m

n

)

≤
∑

m∈Mn

e−K2lm ≤ Ce−K2(ln n)γ

.

Let K = 11/(2
√

19 + 6) > 1/
√

2 and choose n sufficiently large such that 6K2εn +
2(19)2K4ε3n ≤ 4, then en(K) ≤ 15 and (4.29) holds for all n sufficiently large. It
holds for all n provided that we enlarge C if necessary.

Let e
(2)
n (K) = 31, 22K + 2(40, 25)2K4ε3n, from (4.40),

16D
3/4
A,m(eA,mx

2)1/4 + 15.22
√

DA,mv2
A,mx+ 2eA,m(40.25x)2

n
≤ e(2)n (K)εn

RA,m

n
.

We apply inequality (4.39) with x = K2lm. For all K > 1/
√

2, there exists a
constant C > 0 such that

P

(

⋃

m∈Mn

{

p∗(m) − 2DA,m

n
< −e(2)n (K)εn

RA,m

n

}

)

≤

∑

m∈Mn

P

(

p∗(m) − 2DA,m

n
< −e(2)n (K)εn

RA,m

n

)

≤ 2.8
∑

m∈Mn

e−K2lm ≤ Ce−K2(ln n)γ

.

Take K = 23/31.22 > 1/
√

2 and n sufficiently large to have 2(40, 25)2K4ε3n ≤ 2,

then e
(2)
n (K) ≤ 25 and (4.30) holds for sufficiently large n. It holds then in general,

provided that we enlarge the constant C if necessary.
From (4.24), p∗(m) − p∗W (m) = U∗

m. Therefore, from Lemma 4.6.4 in the appendix,
for all m in Mn and all x > 0, with probability larger than 1 − 2e−x,

p∗(m)−p∗W (m) ≤
10.62D

3/4
A,m(eA,mx

2)1/4 + 6
√

v2
A,mDA,mx+ 6v2

A,mx+ 2eA,m(19.1x)2

n− 1
,

(4.41)
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and, with probability larger than 1 − 3.8e−x,

p∗W (m)−p∗(m) >
18D

3/4
A,m(eA,mx

2)1/4 + 15.22
√

v2
A,mDA,mx+ 2eA,m(40.3x)2

n− 1
. (4.42)

Let K > 0, e
(3)
n (K) = (16.62K + 6K2εn + 2(19.1)2K4ε3n)n/(n − 1) and x = K2lm,

from (4.40),

10.62D
3/4
A,m(eA,mx

2)1/4 + 6
√

v2
A,mDA,mx+ 6v2

A,mx+ 2eA,m(19.1x)2

n− 1
≤ e(3)n (K)εn

RA,m

n
.

We apply (4.41) with x = K2lm. From Lemma 4.6.1, for all K > 1/
√

2, there exists
a constant C such that

P

(

⋃

m∈Mn

{

p∗(m) − p∗W (m) > e(3)n (K)εn
RA,m

n

}

)

≤

∑

m∈Mn

P

(

p∗(m) − p∗W (m) > e(3)n (K)εn
RA,m

n

)

≤ 2
∑

m∈Mn

e−K2lm ≤ Ce−K2(ln n)γ

.

Take K = 12/16.62 > 1/
√

2 and n ≥ 15 such that 6K2εn + 2(19.1)2K4ε3n ≤ 2, then

e
(3)
n (K) ≤ 15 and (4.31) holds for sufficiently large n. It holds in general provided

that we enlarge C if necessary.

Let K > 0, e
(4)
n (K) = (33.22K + 2(40.3)2K4ε3n)n/(n − 1) and x = K2lm. From

(4.40),

18D
3/4
A,m(eA,mx

2)1/4 + 15.22
√

v2
A,mDA,mx+ 2eA,m(40.3x)2

n− 1
≤ e(4)n (K)εn

RA,m

n
.

We apply (4.41) with x = K2lm. From Lemma 4.6.1, for all K > 1/
√

2, there exists
a constant C such that

P

(

⋃

m∈Mn

{

p∗W (m) − p∗(m) > e(4)n (K)εn
RA,m

n

}

)

≤

∑

m∈Mn

P

(

p∗W (m) − p∗(m) > e(4)n (K)εn
RA,m

n

)

≤ 3.8
∑

m∈Mn

e−K2lm ≤ Ce−K2(ln n)γ

.

Take K = 23.5/33.22 > 1/
√

2 and n ≥ 25 such that 2(40.3)2K4ε3n ≤ 0.5, then

e
(4)
n (K) ≤ 25 and (4.32) holds for sufficiently large n. It holds in general provided

that we enlarge C if necessary.
Finally, we apply Lemma 4.6.5 in the appendix to the functions sm − sm′, with
L = Lq and νn = νA, we have v2 ≤ v2

A,m,m′/q and ε ≤ eA,m,m′/q. For all m,m′ in
Mn,

‖sm − sm′‖2 ≤ 2(‖sm − s‖2 + ‖sm′ − s‖2) ≤ 4
RA,m ∨RA,m′

n
,

thus, for all η > 0, for all x > 0,

P

(

δ∗(m,m′) > 4η

(

RA,m ∨RA,m′

n

)

+
8v2

A,m,m′x+ 4eA,m,m′x2/9

ηn

)

≤ e−x. (4.43)
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Let K > 0, lm,m′ = ln,γ(RA,m, RA,m′), x = K2lm,m′ and e
(5)
n (K) =

√

2K2 +K4ε2n/9.
From (4.40),

8v2
A,m,m′x+ 4eA,m,m′x2/9 ≤ 4(e(5)n (K))εn)2RA,m ∨ RA,m′,

thus, for η = e
(5)
n (K))εn,

4η

(

RA,m ∨ RA,m′

n

)

+
8v2

A,m,m′x+ 4eA,m,m′x2/9

ηn
≤ 8e(5)n (K))εn

RA,m ∨ RA,m′

n
.

Hence, for all K > 1, there exists a constant C > 0 such that

P

(

⋃

m,m′∈Mn

{

δ∗(m,m′) > 8e(5)n (K))εn
RA,m ∨RA,m′

n

}

)

≤
∑

m,m′∈Mn

P

(

δ∗(m,m′) > 8e(5)n (K))εn
RA,m ∨RA,m′

n

)

≤
∑

m,m′∈Mn

e−K2lm,m′ ≤ Ce−K2(ln n)γ

.

Take K = 11.4/(8
√

2) > 1 and n sufficiently large to have 8
√

K4ε2n/9 ≤ 0.6, then

8e
(5)
n (K)) ≤ 12 and (4.33) holds for sufficiently large n. It holds in general provided

that we increase C if necessary.
Proof of the results in expectation
Let K > 0, z > 0, lm = ln,γ(Rm, Rm), x = K2lm(1 + z) and

e(6)n (K, z) = (2
√

19 + 6)K
√
x+ 6K2εnx+ 4(19)2K4ε3nx

2.

From (4.40),

2D
3/4
A,m(eA,m(19x)2)1/4 + 6

√

DA,mv
2
A,mx+ 6v2

A,mx+ 2eA,m(19x)2

n

≤ (e(6)n (K, 1) + e(6)n (K, z))εn
RA,m

n
.

Thus, from Proposition 4.6.3 in the Appendix, for all z > 0 and all m in Mn,

P

(

p∗(m) − 2DA,m

n
− e(6)n (K, 1)εn

RA,m

n
> e(6)n (K, z))εn

RA,m

n

)

≤ e−K2lm(1+z).

Let us now briefly explain how to deduce from this concentration inequalities the
results in expectation.
[MI]: Integration of the concentration inequality

Let εm = εnRA,m/n and f(m) = p∗(m) − 2DA,m/n− e
(6)
n (K, 1)εm, we have

E

(

sup
m∈Mn

(f(m))+

)

≤
∑

m∈Mn

E
(

(f(m))+

)

=
∑

m∈Mn

∫ ∞

0

P (f(m) > y)dy.
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Since z 7→ g(z) = e
(6)
n (K, z)) is clearly a C1-diffeomorphism of R∗

+, this last integral
is equal to

∫ ∞

0

P (f(m) > εmg(y)) εmg
′(y)dy

For all K > 0, there exists a constant C > 0 such that g′(z) ≤ C(z−1/2 + 1 + z).
From Lemma 4.6.1, for all K > 1, n ≥ 2, there exists a constant C > 0 such that

E

(

sup
m∈Mn

(

p∗(m) − 2DA,m

n
− e(6)n (K, 1)εn

RA,m

n

)

+

)

≤

C
∑

m∈Mn

εnRA,me
−K2lm

(
∫ ∞

0

(z−1/2 + 1 + z)e−K2lmzdz

)

≤ Ce−K2(ln n)γ

.

The last inequality comes from the fact that εn is bounded and K2lm ≥ c > 0 for
all n ≥ 2, K > 1. Take K = 14.75/(2

√
19 + 6) > 1 and choose n sufficiently large

such that 6K2εn + 4(19)2K4ε3n ≤ 0.25, then e
(6)
n (K) ≤ 15 and (4.34) holds for all n

sufficiently large. It holds for all n provided that we enlarge C if necessary.
We obtain (4.35) with the same arguments.
Let us now turn to the result on the resampling estimator of p(m). Let K > 0,
z > 0, lm = ln,γ(Rm, Rm), x = K2lm(1 + z),

e(7)n (K, z) =
n

n− 1

(

16, 62K
√
x+ 6K2εnx+ 4(19.1)2K4ε2nx

2
)

,

From inequalities (4.40), we have

10.62D
3/4
A,m(eA,mx

2)1/4 + 6
√

v2
A,mDA,mx+ 6v2

A,mx+ 2eA,m(19.1x)2

n− 1

≤ (e(7)n (K, 1) + e(7)n (K, z))εn
RA,m

n

From inequalities (4.41) with x = K2lm(1 + z) and for all z > 0, for all m in Mn

and all z > 0

P

(

p∗(m) − p∗W (m) − e(7)n (K, 1)εn
RA,m

n
> e(7)n (K, z)εn

RA,m

n

)

≤ 2e−K2lm(1+z).

We use again the method of integration [MI] to prove that, for all K > 1, there
exists a constant C > 0 such that

E

(

sup
m∈Mn

(

p∗(m) − p∗W (m) − e(7)n (K, 1)εn
RA,m

n

)

+

)

≤ Ce−K2(ln n)γ

.

Take K = 17/16.62 > 1 and n ≥ 20 such that 6K2εn + 4(19.1)2K4ε3n ≤ 2, then

e
(7)
n (K, 1) ≤ 20 and (4.36) holds for sufficiently large n. It holds in general provided

that we enlarge C if necessary.
We obtain (4.37) with the same arguments.
Let K > 0, lm,m′ = ln,γ(Rm, Rm′), z > 0, x = K2lm,m′(1 + z),

e(8)n (K, z) =
√

2K2z + 2K4ε2nx
2/9,
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e
(8)
n (K) = e

(8)
n (K, 1), gK(z) = (e

(8)
n (K, z))2/e

(8)
n (K) and η = e

(8)
n (K, 1)εn.

4η
RA,m ∨RA,m′

n
+

8v2
A,m,m′x+ 4eA,m,m′x2/9

ηn

≤ 4
(

2e(8)n (K) + gK(z)
)

εn
RA,m ∨ RA,m′

n
.

Thus from (4.43), for all z > 0, for all m, m′ in Mn and all K > 0,

P

(

δ(m,m′) − 8e(8)n (K)εn
RA,m ∨RA,m′

n
> εn

RA,m ∨RA,m′

n
gK(z)

)

≤ e−K2lm,m′ (1+z).

Thus

E

(

sup
(m,m′)∈M2

n

(

δ∗(m,m′) − 8e(8)n (K)εn
RA,m ∨ RA,m′

n

)

+

)

≤
∑

(m,m′)∈M2
n

E

((

δ∗(m,m′) − 8e(8)n (K)εn
RA,m ∨RA,m′

n

)

+

)

=
∑

(m,m′)∈M2
n

∫ ∞

0

P

(

δ∗(m,m′) − 8e(8)n (K)εn
RA,m ∨ RA,m′

n
> x

)

dx

Let x = εn
RA,m∨RA,m′

n
gK(z). For all K > 0, for all n ≥ 2, there exists a constant

C > 0 such that gK(z)′ ≤ C(1+ z). Thus, from Lemma 4.6.1, for all K >
√

2, there
exists a constant C > 0 such that

E

(

sup
(m,m′)∈M2

n

(

δ∗(m,m′) − 8e(8)n (K)εn
RA,m ∨RA,m′

n

)

+

)

≤ C
∑

(m,m′)∈M2
n

εn
RA,m ∨ RA,m′

n
e−K2lm,m′

∫ ∞

0

(1 + z)e−K2lm,m′zdz ≤ Ce−K2(ln n)γ

.

Take K = 17/(8
√

2) >
√

2 and n sufficiently large to have 8
√

2K4ε2n/9 ≤ 3, then

8e
(8)
n (K, 1)) ≤ 20 and (4.38) holds for sufficiently large n. It holds in general provided

that we increase C if necessary. We can now turn to the proofs of the main results

of this part.

4.5.1 Proof of Theorem 4.3.1

Let us first assume that X1, ..., Xn are β-mixing. Let us define the events

Ωp =
⋂

m∈Mn

{

−25ε(Rm)
Rm

n
≤ p∗(m) − 2DA,m

n
≤ 15ε(Rm)

Rm

n

}

, (4.44)

Ω̃p =
⋂

m∈Mn

{

−25ε(Rm)
Rm

n
≤ p∗(m) − p∗W (m) ≤ 15ε(Rm)

Rm

n

}

Ωd =
⋂

(m,m′)∈Mn

{

δ(m,m′) ≤ 12εn

(

RA,m ∨ RA,m′

n

)}

, (4.45)
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ΩC =

(

⋂

m∈Mn

{p(m) = p∗(m)}
)

∩
(

⋂

m∈Mn

{pW (m) = p∗W (m)}
)

∩





⋂

(m,m′)∈Mn

{δ(m,m′) = δ∗(m,m′)}



 . (4.46)

From Lemmas 4.5.1 and 4.5.3, there exists a constant C > 0 such that

P(Ωc
p) ≤ Ce−

1
2
(ln n)γ

, P(Ω̃c
p) ≤ Ce−

1
2
(ln n)γ

, P(Ωc
d) ≤ Ce−(ln n)γ

, P(Ωc
C) ≤ pβq.

Let Ω = Ωp ∩ Ω̃p ∩ Ωd ∩ ΩC . Recall that pen(m) = 2pW (m). On Ω, from inequality
(4.6), for all m in Mn,

‖s− s̃‖2 ≤ ‖s− ŝA,m‖2 + 2 (pW (m) − p(m)) − 2 (pW (m̂) − p(m̂)) + δ(m, m̂)

= ‖s− ŝA,m‖2 + 2 (p∗W (m) − p∗(m)) − 2 (p∗W (m̂) − p∗(m̂)) + δ∗(m, m̂)

≤ ‖s− ŝA,m‖2 + 62εn
Rm

n
+ 42εn

Rm̂

n
.

On Ω,

Rm

n
= ‖s− ŝA,m‖2 +

2DA,m

n
− p∗(m) ≤ ‖s− ŝA,m‖2 + 25εn

Rm

n
.

If 25εn < 1, on Ω,

‖s− s̃‖2 ≤ 1 + 37εn
1 − 25εn

‖s− ŝA,m‖2 +
42εn

1 − 25εn
‖s− s̃‖2.

Hence, if 67εn < 1, on Ω,

P

(

‖s− s̃‖2 >
1 + 37εn
1 − 67εn

inf
m∈Mn

‖s− ŝA,m‖2

)

≤ Ce−
1
2
(ln n)γ

+ pβq.

Take n sufficiently large to have 67εn < 1 and 104/(1 − 67εn) ≤ 110. Then,

1 + 37εn
1 − 67εn

= 1 +
104

1 − 67εn
εn ≤ 1 + 110εn

and (4.11) holds for sufficiently large n. It holds in general provided that we increase
the constant C if necessary.
From inequality (4.6), for all m in Mn,

‖s− s̃‖2 ≤ ‖s− ŝA,m‖2 + 2 (pW (m) − p(m)) − 2 (pW (m̂) − p(m̂)) + δ(m, m̂)

= ‖s− ŝA,m‖2 + 2

(

p∗W (m) − p∗(m) − 35εn
RA,m

n

)

+ 90εn
RA,m

n

+2

(

p∗(m̂) − p∗W (m̂) − 20εn
RA,m̂

n

)

+ 60εn
RA,m̂

n

+δ∗(m, m̂) − 20εn
RA,m ∨RA,m̂

n
+ 2(pW (m) − p∗W (m))

+2(p∗(m) − p(m) + p∗W (m̂) − pW (m̂) + p(m̂) − p∗(m̂))

+δ(m, m̂) − δ∗(m, m̂).
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For all m in Mn,

RA,m

n
=

‖s− ŝA,m‖2

1 − 35εn
+

(1 − 35εn)RA,m/n− ‖s− ŝA,m‖2

1 − 35εn

=
‖s− ŝA,m‖2

1 − 35εn
+

2DA,m/n− 35εnRA,m/n− ‖sm − ŝA,m‖2

1 − 35εn
. (4.47)

In the control of ‖s−s̃‖2, we replace RA,m/n and RA,m̂/n by the expressions obtained
in (4.47) in the terms 90εnRA,m/n and 60εnRA,m̂/n. Assume that 35εn < 1,

1 − 95εn
1 − 35εn

‖s− s̃‖2 ≤ 1 + 55εn
1 − 35εn

inf
m∈Mn

‖s− ŝA,m‖2

+
150εn

1 − 35εn
sup

m∈Mn

(

2DA,m

n
− p∗(m) − 35εn

Rm

n

)

+

4 + 10εn
1 − 35εn

sup
m∈Mn

|p∗(m) − p(m))| + sup
m,m′∈Mn

(

δ∗(m,m′) − 20εn

(

RA,m ∨ RA,m′

n

))

+2 sup
m∈Mn

(

p∗W (m) − p∗(m) − 35ε(Rm)
Rm

n

)

+ 4 sup
m∈Mn

|pW (m) − p∗W (m)|

+2 sup
m∈Mn

(

p∗(m) − p∗W (m) − 15ε(Rm)
Rm

n

)

+ sup
m,m′∈(Mn)2

δ(m,m′) − δ∗(m,m′).

We take the expectation in this last inequality and we use inequalities (4.26), (4.27),
(4.28), (4.35), (4.36), (4.37) and (4.38) to obtain that, when 95εn < 1, there exists
a constant C > 0 such that

‖s− s̃‖2 ≤ 1 + 55εn
1 − 95εn

inf
m∈Mn

‖s− ŝA,m‖2 + C
(

τqMCn + e−
1
2
(ln n)γ

)

Take n sufficiently large to have 95εn < 1 and 150/(1 − 95εn) ≤ 160. Then,

1 + 55εn
1 − 95εn

= 1 +
150

1 − 95εn
εn ≤ 1 + 160εn

and (4.12) holds for sufficiently large n. It holds in general provided that we increase
the constant C if necessary.

4.5.2 Proof of Theorem 4.3.2

Let us first assume that X1, ..., Xn are β-mixing and let A∗
0, ..., A

∗
p−1 be the random

variables built with Viennet’s Lemma. Let ΩT = Ωp ∩ Ωd ∩ ΩC where Ωp, Ωd and
ΩC are defined respectively in (4.44), (4.45) and (4.46). Recall that there exists a
constant C > 0 such that

P(Ωc
p) ≤ Ce−

1
2
(ln n)γ

, P(Ωc
d) ≤ Ce−(ln n)γ

, P(Ωc
C) ≤ pβq.

If cn ≤ 0, there is nothing to prove, hence, we can assume that cn > 0 and thus that
75ε∗n < δ < 1.
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m̂ minimizes by definition the following criterion

Crit(m) = ‖ŝA,m‖2 − 2PA(ŝA,m) + pen(m) + ‖s‖2 + 2νA(smo)

= ‖ŝA,m‖2 − 2P (ŝA,m) + ‖s‖2 − 2νA(ŝA,m) + 2νA(smo) + pen(m)

= ‖ŝA,m − s‖2 − 2νA(ŝA,m − sm) + 2νA(smo − sm) + pen(m)

= ‖ŝA,m − s‖2 − 2‖ŝA,m − sm‖2 + δ(mo, m) + pen(m)

= ‖s− sm‖2 − p(m) + δ(mo, m) + pen(m)

since p(m) = ‖sm−ŝA,m‖2 = νA(ŝA,m−sm). Thus, on ΩT , m̂ minimizes the following
criterion

Crit(m) = ‖s− sm‖2 − p∗(m) + δ∗(m,mo) + pen(m)

For all m in Mn, we have 0 ≤ pen(m) < (2 − δ)DA,m/n and Rmo ≤ Rm. Thus, for
all m in Mn, on ΩT

Crit(m) ≥ ‖s− sm‖2 − 2DA,m

n
+

(

2DA,m

n
− p∗(m)

)

+ δ∗(m,mo)

≥ (1 − 27εn)‖s− sm‖2 − (1 + 27εn)
2DA,m

n
≥ − (1 + 27εn)

2DA,m

n

Crit(m) ≤ ‖s− sm‖2 − (δ − 74εn)
DA,m

n
.

If DA,m > cnDA,m∗, then

Crit(m) ≥ − (1 + 27εn)
2DA,m

n
> − (1 + 27εn) cn

2DA,m∗

n

≥ −(δ − 74εn − h∗n)
DA,m∗

n
≥ Crit(m∗).

This proves that DA,m ≥ cnDA,m∗.
It follows that, on ΩT ,

‖s− s̃‖2 =
RA,m̂

n
+

(

p(m̂) − 2DA,m̂

n

)

≥ (1 − 25εn)
RA,m̂

n

≥ (1 − 25εn)
2DA,m̂

n
≥ (1 − 25εn)cn

2DA,m∗

n
.

Moreover, on ΩT ,

inf
m∈Mn

‖s− ŝA,m‖2 ≤ inf
m∈Mn

RA,m

n
(1 + 15εn) ≤ RA,mo

n
(1 + 15εn).

Thus

‖s− s̃‖2 ≥ (1 − 25εn)cn
2DA,m∗

n
≥ 2cn

(

1 − 25εn
1 + 15εn

)

DA,m∗

Rmo

inf
m∈Mn

‖s− ŝA,m‖2.

Since εn < 1/75, we have 2(1 − 25εn)(1 + 15εn) ≤ 2(1 − 1/3)(1 + 1/5) ≤ 1. This
conclude the proof of (4.13).
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In order to prove inequality (4.14) observe that, for all m in Mn, since pen(m) ≥ 0,
and ‖s− sm‖2 − 35εnRA,m/n ≥ −35εnDA,m/n

Crit(m) ≥ ‖s− sm‖2 +

(

−p∗(m) + 15εn
RA,m

n

)

+ (p∗(m) − p(m)) − 35εn
RA,m

n

+

(

δ∗(m,mo) + 20εn
RA,m

n

)

+ (δ(m,mo) − δ∗(m,mo))

= −(1 + 35εn)
2DA,m

n
+

(

2DA,m

n
− p∗(m) + 15εn

RA,m

n

)

+ (p∗(m) − p(m))

+

(

δ∗(m,mo) + 20εn
RA,m

n

)

+ (δ(m,mo) − δ∗(m,mo)).

Therefore,

−2DA,m̂

n
(1 + 35εn) ≤ Crit(m̂) + sup

m∈Mn

(

p∗(m) − 2DA,m

n
− 15εn

RA,m

n

)

+ sup
(m,m′)∈M2

n

(

δ∗(m,m′) − 20εn
RA,m ∨ RA,m′

n

)

+ sup
m∈Mn

(p(m) − p∗(m)) + sup
m,m′∈Mn

(δ(m,m′) − δ∗(m,m′)).(4.48)

Since, for all m in Mn, pen(m) ≤ (2 − δ)DA,m/n,

Crit(m) ≤ ‖s− sm‖2 +

(

2DA,m

n
− p∗(m)

)

− δ
DA,m

n
+ (p∗(m) − p(m)) + δ(m,mo).

(4.49)
Since Crit(m̂) ≤ Crit(m∗), from (4.49) and (4.26),

E (Crit(m̂)) ≤ E (Crit(m∗)) ≤ ‖s− sm∗‖2 − δ
DA,m∗

n
+ 4τqMCn

≤ −(δ − h∗n)
DA,m∗

n
+ 4τqMCn ≤ −c′n(1 + 35εn)

2DA,m∗

n
+ 4τqMCn.

Take the expectation in (4.48) and use inequalities (4.26), (4.28), (4.34) and (4.38)
to obtain (4.14).
We deduce from (4.14) that there exists a constant C > 0 such that

E
(

‖s− s̃‖2
)

≥ 2

n
E (DA,m̂) ≥ 2c′n

DA,m∗

n
− C(e−

1
2
(ln n)γ

+ τqMCn)

≥ 2
c′n
ho

n

Rmo

n
− C(e−

1
2
(ln n)γ

+ τqMCn).

The proof of (4.15) is conclude since

E

(

inf
m∈Mn

‖s− ŝA,m‖2

)

≤ inf
m∈Mn

E
(

‖s− ŝA,m‖2
)

=
Rmo

n
+ CτqMCn.
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4.5.3 Proof of Theorem 4.3.3

If cn = ∞, there is nothing to prove. Thus we can assume that cn <∞ and thus that
1+ δ−27εn > 0. Let us first assume that X1, ..., Xn are β-mixing and let A∗

0, ...A
∗
p−1

be the random variables given by Viennet’s Lemma. Recall that m̂ minimizes over
Mn the following criterion.

Crit(m) = ‖s− sm‖2 − p(m) + δ(m,mo) + pen(m).

We keep the notations Ωp, Ωd and ΩC defined by (4.44), (4.45), (4.46). We introduce
the event

Ωpen =
⋂

m∈Mn

{

4DA,m

n
+ δ

RA,m

n
≤ pen(m) ≤ 4DA,m

n
+ δ̄

RA,m

n

}

and let Ω = Ωp ∩ Ωd ∩ ΩC ∩ Ωpen. Since Rmo ≤ Rm, on Ω,

Crit(m) ≥ (1 + δ − 12εn)
RA,m

n
+

(

2DA,m

n
− p∗(m)

)

≥ (1 + δ − 27εn)
RA,m

n
≥ (1 + δ − 27εn)

2DA,m

n
.

Crit(m) ≤ (1 + δ̄ + 37εn)
RA,m

n
.

If DA,m > cnRA,mo ,

Crit(m) ≥ (1 + δ − 27εn)
2DA,m

n
≥ 2(1 + δ − 27εn)cn

RA,mo

n

≥ (1 + δ̄ + 37εn)
RA,mo

n
≥ Crit(mo)

This implies that Dm̂ ≤ cnRA,mo . Moreover, we have, from (4.6), for all m in Mn

‖s− s̃‖2 ≤ ‖s− ŝA,m‖2 + (pen(m) − 2p∗(m)) + (2p∗(m̂) − pen(m̂)) + δ∗(m, m̂)

≤ ‖s− ŝA,m‖2 + 2

(

2DA,m

n
− p∗(m)

)

+ (δ̄ + 12εn)
RA,m

n

+2

(

p∗(m̂) − 2DA,m̂

n

)

+ (−δ + 12εn)
RA,m̂

n

≤ ‖s− ŝA,m‖2 + (37εn + δ̄)
RA,m

n
+ (27εn − δ)

RA,m̂

n
.

For all m in Mn, we have, on Ω,

‖s− ŝA,m‖2 =
RA,m

n
+

(

p∗(m) − 2DA,m

n

)

≥ (1 − 25εn)
RA,m

n
.

Assume that 25εn < 1, then, for all m ∈ Mn,

‖s− s̃‖2 ≤ ‖s− ŝA,m‖2

(

1 +
37εn + δ̄

1 − 25εn

)

+
27εn − δ

1 − 25εn
‖s− s̃‖2.
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This proves (4.16) for sufficiently large n. (4.16) holds in general provided that we
increase the constant C if necessary.
Let us now assume that X1, ..., Xn τ -mixing and let A∗

0, ..., A
∗
p−1, be the random

variables given by the τ -mixing Lemma. Recall that

E

(

sup
m∈Mn

(

4DA,m

n
+ δ

RA,m

n
− pen(m)

)

+

)

≤ en,

E

(

sup
m∈Mn

(

pen(m) − 4DA,m

n
− δ̄

RA,m

n

)

+

)

≤ en.

For all m in Mn, we have,

RA,m

n
= Crit(m) +

(

p∗(m) − 2DA,m

n
− 15εn

RA,m

n

)

+

(

4DA,m

n
− pen(m) + δ

RA,m

n

)

−
(

δ∗(m,mo) + 20εn
RA,m

n

)

+ (p(m) − p∗(m))

+(35εn − δ)
RA,m

n
+ (δ∗(m,mo) − δ(m,mo)).

Therefore

(1 + δ − 35εn)
RA,m̂

n
≤ Crit(mo) + sup

m∈Mn

(

p∗(m) − 2DA,m

n
− 15εn

RA,m

n

)

+ sup
m∈Mn

(

4DA,m

n
− pen(m) + δ

RA,m

n

)

+ sup
(m,m′)∈M2

n

(

δ(m,m′) − 20εn
RA,m ∨RA,m′

n

)

+ sup
(m,m′)∈M2

n

(δ∗(m,m′) − δ(m,m′))

+ sup
m∈Mn

|p(m) − p∗(m)|. (4.50)

On the other hand, for allm in Mn, Crit(m) = ‖s−sm‖2−p(m)+δ(mo, m)+pen(m),
thus

Crit(mo) ≤ (1 + δ̄)RA,mo +

(

2DA,mo

n
− p∗(mo)

)

+ (p∗(mo) − p(mo))

+pen(mo) −
4DA,mo

n
− δ̄

RA,mo

n
.

Since E
(

pen(mo) − 4DA,mo/n− δ̄RA,mo/n
)

≤ en and 2DA,mo/n = E(p∗(mo)), from
inequality (4.26), there exists a constant C > 0 such that

E (Crit(mo)) ≤ (1 + δ̄)
RA,mo

n
+ CτqMCn + en.

For all m in Mn, 2DA,m ≤ RA,m. Take the expectation in (4.50), from inequalities
(4.26), (4.28), (4.34) and (4.38), there exists an absolut constant C > 0 such that

E (Dm̂) ≤ cn

(

Rmo + Cn
[

τqMCn + e−
1
2
(ln n)γ

+ en

])

.
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This proves inequality (4.17).

From (4.6), for all m in Mn, we have

‖s− s̃‖2 ≤ ‖s− ŝA,m‖2 + 2

(

2DA,m

n
− p∗(m) − 35εn

RA,m

n

)

+

(

δ∗(m, m̂) − 20εn
RA,m ∨RA,m̂

n

)

+2

(

−2DA,m̂

n
+ p∗(m̂) − 15ε(Rm̂)

Rm̂

n
)

)

+

(

−pen(m̂) + 2
2Dm̂

n
+ δ

RA,m̂

n

)

+

(

pen(m) − 2
2DA,m

n
− δ̄

RA,m

n

)

+(90εn + δ̄)
RA,m

n
+ (50εn − δ)

RA,m̂

n
+4 sup

m∈Mn

|p(m) − p∗(m)| + sup
(m,m′)∈M2

n

(δ(m,m′) − δ∗(m,m′)). (4.51)

Assume that 35εn < 1, for all m in Mn, we have

RA,m

n
=

(1 − 35εn)RA,m

n
− ‖s− ŝA,m‖2

1 − 35εn
+

‖s− ŝA,m‖2

1 − 35εn

≤ 1

1 − 35εn

(

‖s− ŝA,m‖2 +
2DA,m

n
− p(m) − 35εn

RA,m

n

)

≤ 1

1 − 35εn

(

‖s− ŝA,m‖2 +
2DA,m

n
− p∗(m) − 35εn

RA,m

n
+ p(m) − p∗(m)

)

We use this expression in the terms (90εn + δ̄)RA,m/n and (50εn − δ)RA,m̂/n of
inequality (4.51). We deduce that, for all m in Mn,

1 + δ − 85εn
1 − 35εn

‖s− s̃‖2 ≤ 1 + δ̄ + 55εn
1 − 35εn

inf
m∈Mn

‖s− ŝA,m‖2

+
2 + 70εn + δ̄ − δ

1 − 35εn
sup

m∈Mn

(

2DA,m

n
− p∗(m) − 35εn

RA,m

n

)

+ sup
m∈Mn

(

pen(m) − 4DA,m

n
− δ̄

RA,m

n

)

+ sup
m∈Mn

(

4DA,m

n
+ δ)

RA,m̂

n
− pen(m)

)

+2 sup
m∈Mn

(

p∗(m) − 2DA,m

n
− 15εn

RA,m

n
)

)

+ sup
(m,m′)∈M2

n

(

δ∗(m,m′) − 20εn
RA,m ∨RA,m′

n

)

+
4 + δ̄ − δ

1 − 35εn
sup

m∈Mn

|p(m) − p∗(m)| + sup
(m,m′)∈M2

n

(δ(m,m′) − δ∗(m,m′)).

We take the expectation in this last inequality and we deduce that, for sufficiently
large n, (4.18) comes from (4.26), (4.28), (4.34), (4.35) and (4.38). It holds in general
provided that we enlarge the constant C if necessary.
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4.5.4 Proof of Lemma 4.4.5

Let us first recall the covariance inequality proved by Dedecker & Prieur [25] for
τ -mixing sequences.

Lemma 4.5.4 Let X, Y be two identically distributed real valued random variables,
with common density s in L2(µ). There exists a constant cτ and a random variable

b(σ(X), Y ) such that E(b(σ(X), Y )) = cτ (τ(σ(X), Y ))1/3 such that, for all Lipschitz
functions f and all h in BV

|Cov(f(X), h(Y ))| ≤ ‖h‖BV E (|f(X)|b(σ(X), Y )) ≤ cτ ‖h‖BV ‖f‖∞ (τ(σ(X), Y ))1/3 .
(4.52)

It comes from this Lemma and inequalities (4.20, 4.21, 4.22) that

DA,m =
1

q

∑

(j,k)∈m

Var

(

q
∑

i=1

ψj,k(Xi)

)

≤ 2
∑

(j,k)∈m

q
∑

l=1

(q + 1 − l)|Cov(ψj,k(X1), ψj,k(Xl))|

≤ 2

q

Jm
∑

j=0

∑

k∈Z

q
∑

l=1

‖ψj,k‖BV E (|ψj,k(X1)|b(σ(X1), Xl))

≤ 2cτKBV

Jm
∑

j=0

2j/2

∥

∥

∥

∥

∥

∑

k∈Z

|ψj,k|
∥

∥

∥

∥

∥

∞

q
∑

l=1

τ
1/3
l−1

≤ 4

(

cτAK∞KBV

∞
∑

l=0

τ
1/3
l

)

2Jm.

When θ > 2, the series
∑∞

l=0 τ
1/3
l is convergent and we obtain the inequality on

DA,m with cD = 4
(

cτAK∞KBV

∑∞
l=0 τ

1/3
l

)

.

As the models are nested, we only have to compare, for all m in Mn, b
2
A,m and

v2
A,m with 2Jm. From [T2], b2m ≤ Φ22Jm , this proves the inequality on b2A,m,m′ with

cb = Φ2.
For all t in Bm,

qVar(Lq(t)(A0)) ≤ 2

q
∑

l=1

|Cov(t(X1), t(Xl))|. (4.53)

Let X∗
l be a random variable, independent of X1, with law P , such that

E (|Xl −X∗
l |) ≤ τl−1.

This random variable can be defined thanks to the coupling lemma of Dedecker &
Prieur [25] (section 7.1).

|Cov(t(X1), t(Xl))| = |Cov(t(X1), t(Xl) − t(X∗
l ))|

≤
√

Var(t(X1))E ((t(Xl) − t(X∗
l ))2)

≤
√

2Var(t(X1)) ‖t‖∞ E (|t(Xl) − t(X∗
l )|)

≤
√

2‖s‖ ‖t‖2
∞ Lip(t)τl−1.
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Since t belongs to Bm, ‖t‖2
∞ ≤ Φ22Jm. Moreover, let aj,k =

∫

R
tψj,kdµ, then

Lip(t) = sup
x 6=y∈R

|t(x) − t(y)|
|x− y| ≤

Jm
∑

j=0

sup
x 6=y∈R

∑

k∈Z

|aj,k|
|ψj,k(x) − ψj,k(y)|

|x− y|

≤ 2AKL

Jm
∑

j=0

23j/2 sup
k∈Z

|aj,k|. (4.54)

The last inequality holds since, for all x, y in R there is less than 2A indices k in
Z such that |ψj,k(x) − ψj,k(y)| 6= 0. Since t belongs to Bm,

∑

(j,k)∈m a
2
j,k ≤ 1, in

particular, for all j, supk∈Z
|aj,k| ≤ 1. Thus, there exists a constant c such that

Lip(t) ≤ c23Jm/2. Hence, there exists a constant c such that, for all t in Bm and all
l in N∗

|Cov(t(X1), t(Xl))| ≤ c25Jm/4√τl−1.

Remark that we also have

|Cov(t(X1), t(Xl))| ≤ ‖t‖∞ ‖t‖‖s‖ ≤ c2Jm/2.

Recall that u = 3/(1 + θ), there exist constants c, which may vary from line to line
such that

q
∑

l=1

|Cov(t(X1), t(Xl))| ≤ c2Jm/2

∞
∑

l=1

(23Jm/4√τl−1 ∧ 1)

≤ c2Jm/2
∞
∑

l=1

(23Jm/4l−(1+θ)/2 ∧ 1)

≤ c2Jm/2





2uJm/2
∑

l=1

1 +
∞
∑

l=2uJm/2

23Jm/4l−(1+θ)/2





≤ c2
Jm
2

(1+u).

We deduce the inequality on v2
A,m,m′ from (4.53) and this last inequality.

It remains to control MCn, recall that

MCn =
∑

m∈Mn

(∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

sup
λ∈m

Lipd(ψλ) + ‖s‖|Mn| sup
t∈Bm

Lip(t)

)

.

From (4.20, 4.21), for all m in Mn,

∥

∥

∥

∥

∥

∑

λ∈m

|ψλ|
∥

∥

∥

∥

∥

∞

≤
√

2√
2 − 1

AK∞2Jm/2, sup
λ∈m

Lipd(ψλ) ≤ KL23Jm/2.

From (4.54), for all m in Mn, there exists a constant c such that supt∈Bm
Lip(t) ≤

c23Jm/2. Since Card(Mn) ≤ lnn/ ln 2, and 2maxm∈Mn Jm ≤ n, there exists a constant
cM such that MCn ≤ cMn

2.
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4.6 Appendix

In this section, we recall some technical lemmas proved in Chapter 2.

Lemma 4.6.1 For all α ≥ 0, K > α + 1,

Σ(K,α) =
∑

k∈N

∑

m∈Mk
n

(1 + k)αe−K[ln(1+Card(Mk
n))+ln(1+k)] <∞.

For all m in Mn, let lm = ln,γ(RA,m, RA,m). Then, for all α ≥ 0, for all K >
√

(1 + α)/2,
∑

m∈Mn

Rα
A,me

K2lm ≤ Σ(K2, α)e−K2(ln n)γ

.

For all m in Mn, let lm,m′ = ln,γ(RA,m, RA,m′). Then, for all α ≥ 0, α′ ≥ 0 and all
K >

√
1 + α ∨ α′,

∑

(m,m′)∈(Mn)2

Rα
A,mR

α′

A,m′e−K2lm,m′ = Σ(K2, α)Σ(K2, α′)e−K2(ln n)γ

.

Lemma 4.6.2 Let n be an integer and let X1, ..., Xn be identically distributed ran-
dom variables valued in a measurable space (X,X ) with common law P . Let (tλ)λ∈Λ

be a collection of functions in L2(µ). Let p(Λ) =
∑

λ∈Λ(νn(tλ))
2. Let (W1, ...,Wn)

be a resampling scheme, let W̄n =
∑n

i=1Wi/n and let v2
W = Var(W1 − W̄n). Let

pW (Λ) = (v2
W )−1

∑

λ∈Λ

E
W
(

(νW
n (tλ))

2
)

,

T =
∑

λ∈Λ(tλ − Ptλ)
2 and

U =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)(tλ(Xj) − Ptλ).

Then

p(Λ) =
1

n
PnT +

n− 1

n
U, pW (Λ) =

1

n
PnT − 1

n
U, p(Λ) − pW (Λ) = U.

Proposition 4.6.3 Let X,X1, ..., Xn be i.i.d random variables with common law P .
Let B be a symetric class of functions bounded by b. Let Z = supt∈B(νnt), ε = b2/n,
v2 = supt∈B Var(t(X)), D = E (supt∈B(t(X) − Pt)2). For all x > 0, we have

P

(

Z2 − D

n
>
D3/4(ε(19x)2)1/4 + 3

√
Dv2x+ 3v2x+ ε(19x)2

n

)

≤ e−x.

P

(

Z2 − D

n
< −8D3/4(εx2)1/4 + 7.61

√
v2Dx+ ε(40.25x)2

n

)

≤ 2.8e−x.
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Lemma 4.6.4 Let X,X1, ..., Xn be i.i.d random variables taking value in a mea-
surable space (X,X ) with common law P . Let µ be a measure on (X,X ) and let
(tλ)λ∈Λ be a set of functions in L2(µ). Let B = {t =

∑

λ∈Λ aλtλ,
∑

λ∈Λ a
2
λ ≤ 1},

D = E (supt∈B(t(X) − Pt)2), v2 = supt∈B Var(t(X)), b = supt∈B ‖t‖∞ and ε = b2/n.
Let

U =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ

(tλ(Xi) − Ptλ)(tλ(Xj) − Ptλ).

Then the following inequality holds

∀x > 0, P

(

U >
5.31D3/4(εx2)1/4 + 3

√
v2Dx+ 3v2x+ ε(19.1x)2

n− 1

)

≤ 2e−x.

∀x > 0, P

(

U < −9D3/4(εx2)1/4 + 7.61
√
v2Dx+ ε(40.3x)2

n− 1

)

≤ 3.8e−x.

Lemma 4.6.5 Let X,X1, ..., Xn be i.i.d random variables taking value in a measur-
able space (X,X ) with common law P . Let µ be a measure on (X,X ) and let (ψλ)λ∈Λ

be an orthonormal system in L2(µ). Let L be a linear functional in L2(µ) and let
B = {t =

∑

λ∈Λ aλL(ψλ),
∑

λ∈Λ a
2
λ ≤ 1}, v2 = supt∈B Var(t(X)), b = supt∈B ‖t‖∞

and ε = b2/n. Let s be a function in S, the linear space spanned by the functions
(tλ)λ∈Λ and let η > 0. Then the following inequality holds

∀x > 0, P

(

νn(L(s)) >
η

2
‖s‖2 +

2v2x+ εx2/9

ηn

)

≤ e−x.



Chapter 5

Confidence balls in density
estimation

Abstract:

We build non asymptotic confidence balls in L2-norm for the unknown density s of
a real valued random variable X. We first use resampling methods to obtain confi-
dence balls for the orthogonal projection of s onto a finite dimensional linear space.
We give an application of this result to model selection theory. Then we investi-
gate the problem of adaptation over a collection of linear subaspaces for confidence
balls. We build adaptive confidence balls when it is possible. We deduce adaptive
confidence balls over a class of Besov balls. We prove lower bounds and show the
optimality of all our results.

Key words: Confidence Balls, Density estimation, Resampling methods, Hypoth-
esis testing.
AMS subject classification: 62G07, 62G09, 62G10, 62G15.

5.1 Introduction

Let X,X1, ..., Xn be i.i.d. real valued random variables, defined on a probability
space (Ω,A,P), with common law P . We assume that P has a density s with
respect to a positive measure µ and that s belongs to L2(µ). In this article, we
consider the problem of adaptation for confidence balls in L2-norm for s. More
precisely, let (Sm)m∈Mn and S be a collection of subsets of L2(µ) such that, for all
m in Mn, Sm ⊂ S. Let α be a real number in (0, 1) and let ‖.‖2 be the usual L2-norm
on L2(µ). Let ŝ, r̂ be random variables, measurable with respect to σ(X1, ..., Xn),
valued in L2(µ) and in R respectively. We say that the L2-random ball B(ŝ, r̂) is a
(1 − α)-confidence ball on S if it satisfies the following covering property

∀s ∈ S, P (‖s− ŝ‖2 ≤ r̂) ≥ 1 − α. (5.1)

Let B(ŝ, r̂) be a (1 − α)-confidence ball on Sm. We say that B(ŝ, r̂) is optimal in
expectation, respectively in probability, on Sm if there exists a constant C such that

sup
s∈Sm

E(r̂2) ≤ C inf
r̃

sup
s∈Sm

E(r̃2), (5.2)

123
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respectively if, there exists a constant C such that, for all β in (0, 1) the supremum
qβ over Sm of the (1 − β)-quantiles of r̂2 satisfies

inf
r̃

sup
s∈Sm

P(r̃2 > Cqβ) ≤ β. (5.3)

In (5.2) and (5.3), the infimum is taken over all the radius r̃ of (1 − α)-confidence
balls on Sm. When a confidence ball is optimal in expectation and in probability,
we simply say that it is optimal. A confidence ball B(ŝ, r̂) on S is adaptive over the
collection (Sm)m∈Mn if there exists a constant C such that, for all m in Mn, (5.2)
and (5.3) hold.
This problem has been studied in various frameworks. Hoffmann & Lepskii [38], Cai
& Low [20] and Juditsky & Lambert-Lacroix [43] worked in the Gaussian white noise
model, Li [50] and Baraud [8] in the finite dimensional Gaussian regression model,
Beran [11], Beran & Dümberg [12] and Genovese & Wasserman [36] in the fixed
design regression framework and Robins & Van der Vaart [61] in a general setting
including the density estimation framework. Baraud [8] built non-asymptotic confi-
dence balls in Euclidian norm for a Rn-vector and obtained (5.1) on the whole space
S = Rn. In infinite dimensional settings like the Gaussian white noise framework
or the density estimation framework, one cannot choose S as the all set L2(µ) if we
want to ensure that r̂ is almost surely finite. It is classical to suppose that S is some
ball in a Sobolev or a Besov space. Approximation theory allows then to work in
finite dimensional spaces. This idea was developed to build asymptotic confidence
balls, see for example Hoffmann & Lepskii [38], Juditsky & Lambert-Lacroix [43],
Robins & Van der Vaart [61] and the references therein. In this paper, we always
assume that S is a linear space with finite dimension D. As our results are non
asymptotic, this dimension can grow with the sample size n and we can prove re-
sults on Besov balls (see Section 3.3.1).
First, we consider the problem of confidence balls on a linear space Sm with finite
dimension Dm. In Section 2.2, we propose a procedure to obtain such balls. A
natural choice for the center of the ball is the least-squares estimator ŝm of s onto
Sm. Thus, (5.1) holds for any upper bound r̂2 on the (1− α)-quantile of ‖ŝm − s‖2

2.
‖ŝm − s‖2

2 is a functional of the centered empirical process νn. Efron’s resampling
heuristic (see Efron [30]) provides a natural estimator of this quantity. The differ-
ence Um between ‖ŝm − s‖2

2 and this estimator is a totally degenerate U -statistic
of order 2. We give upper bounds on Um. They are derived from a concentration
inequality for U -statistics of order 2 proved by Houdré & Reynaud-Bouret [39]. We
deduce (1 − α)-confidence balls B(ŝ, r̂) for s in Sm. E(r̂2) and the quantiles of r̂2

are upper bounded by CDm/n.
In Section 2.4, we study the optimality of these balls. We give an example of space
Sm, where the radius r̃ of any confidence ball satisfies E(r̃2) ≥ CDm/n. This proves
that the bounds given in Corollary 5.2.2 cannot be improved in general. Section 2.5
is devoted to a short simulation study. In a first part, we illustrate the main theorem
of Section 2, then we test another procedure to obtain confidence balls, still based on
resampling ideas. In Section 2.6, we introduce an application to model selection that
will be fully developed in a forthcoming article. Resampling based confidence balls
have recently been studied from a non-asymptotic point of view in the regression
framework by Arlot, Blanchard and Roquain [6]. Resampling penalties have been
used in model selection by Arlot [5] in the regression framework and by Fromont
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[32] in classification.
In Section 3, we consider the problem of adaptation for confidence balls. In or-
der to build such balls, we need informations on the distance between sn and Sm,
where sn denotes the projection of s onto S. The necessary estimation of this
bias leads to an irreductible limitation in the adaptive property. More precisely,
we prove in Theorem 5.3.1 that all (1 − α)-confidence balls B(ŝ, r̂) over S satisfy

E(r̂2) ≥ C
√
D/n. From Section 2, for all s in Sm, an adaptive confidence ball should

satisfy E(r̂2) ≤ CDm/n. Thus, we can build confidence balls on S that are adaptive

over (Sm)m∈Mn only if all the models Sm satisfy Dm ≥ C
√
D. The main problem is

that we cannot build a test of null hypothesis s ∈ Sm against the alternative s ∈ S
and s /∈ Sm with asymptotic rate of convergence (as defined in Ingster [40]-[41]-[42])

smaller than C
√
D/n. Then, we discuss the link with adaptive estimation. Actu-

ally, the problem of adaptive confidence balls can be viewed as the problem of giving
empirical bounds on ‖s̃− s‖2

2 for an adaptive estimator s̃ as mentioned in Section
3.1.2 and fully discussed in Hoffmann & Lepskii [38]. We adapt Baraud’s model
selection algorithm to the density estimation framework and obtain non asymptotic
confidence balls on S, adaptive over (Sm)m∈Mn when it is possible. Finally, we derive
some applications, in particular, we build non asymptotic confidence balls on Besov
balls Bw,2,∞(M) (for a precise definition see Section 3.3.1). In this framework, the
problem of adaptation can be stated as follows. It is well known that

∀w > 0, lim
n→∞

n2w/(2w+1) inf
ŝ

sup
s∈Bw,2,∞(M)

E ‖s− ŝ‖2
2 = CM .

Therefore, there is no hope to build confidence balls on Bw,2,∞(M) with radius
r̂ satisfying asymptotically Er̂2 ≤ CMn

−2w/(2w+1). A (1 − α)-confidence ball on
Bw,2,∞(M) is adaptive over the class of Besov balls (Bv,2,∞(M))v≥w if, for all v ≥ w,
sups∈Bv,2,∞(M) Er̂2 ≤ CMn

−2v/(2v+1). Robins & Van der Vaart [61] proved that all

(1−α)-confidence balls over Bw,2,∞(M) satisfy Er̂2 ≥ CM

(

n−2v/(2v+1) ∨ n−4w/(4w+1)
)

.
Thus, we can build (1−α)-confidence balls on Bw,2,∞(M) that are adaptive only over
the class (Bv,2,∞(M))w≤v≤2w. Moreover, Robins & Van der Vaart built such adaptive
(1−α)-confidence balls. The same phenomenon occurs in various statistical frame-
works, see for example, Hoffman & Lepskii [38] and Juditsky & Lambert-Lacroix
[43], Robins & Van der Vaart [61] and Baraud [8].
In this paper, we consider the problem of adaptive confidence balls in L2-norm. It
is not clear if this work can be done for other norms. Low [52] proved for density
estimation at a single point, that fixed radius confidence intervals perform as well
as random length intervals, that is, the data do not help to reduce the length of
the balls. In particular, adaptation is impossible for confidence balls in L∞-norm.
This result has been extended by Genovese and Wasserman [35] to non paramet-
ric regression and other frameworks. They proved that adaptation on Sm ⊂ S is
impossible because of the functions that are close to Sm in L2 norm but far in L∞

norm, and develop a theory of adaptation with a weaker definition of covering (in
particular, they did not guarantee the covering property (5.1) on the whole space
S).
The paper is organized as follows. In Section 2, we study the problem of confidence
balls on a finite dimensional linear subspace Sm. First, we present our resampling
algorithm to estimate ‖s− ŝm‖2

2. Then, in Section 2.3, we give upper bounds on

the difference between ‖s− ŝm‖2
2 and this estimator and we use them to build our
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confidence balls. We prove the optimality of this procedure in Section 2.4. In a
short simulation study, we compute the difference between ‖s− ŝm‖2

2 and its resam-
pled estimator and remark that the upper bounds given in Theorem 5.2.1 seem to
be sharp. Finally, we give an application of our main theorem in model selection
theory.
In Section 3, we study the problem of adaptation for confidence balls. We prove
lower bounds on the size of an adaptive confidence ball and use it to discuss the links
with adaptive estimation. Then, we build an optimal test for the null hypothesis
s ∈ Sm against the alternative s ∈ S and s /∈ Sm, we use it to extend Baraud’s
algorithm to the density estimation framework and we derive adaptive confidence
balls. These balls happen to be optimal in view of the lower bounds. We conclude
the paper with two applications. We give adaptive confidence balls for a regular
density and for the vector (P(X ∈ Iλ))λ∈Λ, where (Iλ)λ∈Λ is a partition of X. All
the proofs are postponed to Section 4.

5.2 Confidence balls for sm by resampling methods

5.2.1 Definition and assumptions

Hereafter, X denotes a measurable subspace of R and X denotes the Borel σ-algebra
on X. Let µ be a fixed measure on (X,X ). Let L2(µ) be the linear space of functions
t from X to R such that

∫

X
t2dµ <∞. For all linear subspaces S in L2(µ), we denote

by S̄ the set of all densities s with respect to µ in S, that is, the set of all non negative
functions s in S such that

∫

X
sdµ = 1. Let X,X1, X2, ..., Xn be iid random variables

defined on a probability space (Ω,A,P), taking value in (X,X ), with common law
dPs = sdµ for some s in L2(µ). Let Ps, Pn and νn be the following processes, defined
for every functions t in L2(µ) by Pst = Et(X) =

∫

x
tsdµ, Pnt =

∑n
i=1 t(Xi)/n and

νnt = (Pn−Ps)t. Ps is defined on L2(µ) thanks to Cauchy-Schwarz inequality. When
no confusion can occur, we simply write P instead of Ps. Let Ps denote the product
measure P⊗N

s .
Let Sm be a linear subspace of L2(µ), with finite dimension Dm. We assume that
Sm satisfies the following property.
[M1]:

√
Dm ≤ n, the constant functions belong to Sm and, for all t in Sm, ‖t‖∞ ≤

Φ0

√
Dm ‖t‖2.

Four examples are usually developed as fulfilling this set of assumptions:
[H] histogram spaces: Sm is the space of all the functions constant on a finite
partition (Iλ)λ∈m of X such that, for all λ in m, µ(Iλ) ≥ 1/(Φ2

0|m|). Dm = |m|.
In the three other examples, X = [0, 1] and µ is the Lebesgue measure on (X,X ).
[T] trigonometric spaces: Sm is the linear span of ψ0,0(x) = 1, ψj,1(x) = cos(2πjx)
and ψj′,2(x) = sin(2πjx) for all 1 ≤ j, j′ ≤ Jm. Dm = 2Jm + 1;
[P] regular piecewise polynomial spaces: Sm is the linear span of the functions (ψj,k)
for j = 1, ..., Jm, k = 0, ..., r− 1, where, for all j = 1, ..., Jm and k = 0, ..., r− 1, ψj,k

is a polynomial of degree k on [(j − 1)/Jm, j/Jm]. Dm = rJm;
[W] spaces spanned by dyadic wavelets with regularity r as described in Section
3.3.
For a precise description of those spaces and their properties, we refer to Birgé &
Massart [15].
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5.2.2 Resampling estimators of the quantiles of ‖sm − ŝm‖2
2

Let sm be the orthogonal projection of s onto Sm and let ŝm be the projection
estimator of s onto Sm. In this section, for a real number α in (0, 1), we want to
estimate the (1 − α)-quantile of ‖sm − ŝm‖2

2. Let (ψλ)λ∈m be an orthonormal basis
of Sm. We have sm =

∑

λ∈m(Pψλ)ψλ, ŝm =
∑

λ∈m(Pnψλ)ψλ and

‖sm − ŝm‖2
2 =

∑

λ∈m

(Pψλ − Pnψλ)
2 =

∑

λ∈m

[νnψλ]
2.

In order to estimate the quantiles of this functional F (νn), we apply Efron’s resam-
pling heuristic. We introduce a resampling scheme W1, ...Wn, ie a vector of random
variables independent ofX,X1, ..., Xn and exchangeable, that is, for all permutations
τ of (1, ..., n),

(W1, ...,Wn) has the same law as (Wτ(1), ...,Wτ(n)).

Let W̄n =
∑n

1=1Wi/n. For all functions t, let PW
n t =

∑n
i=1Wit(Xi)/n and νW

n t =
(PW

n − W̄nPn)t. Let EW and LW be respectively the expectation and the law with
respect to the resampling scheme W1, ...,Wn, i.e. conditionally to X1, ..., Xn. Efron’s
heuristic states that the law of the functional F (νn) is close to its resampled conter-
part, that is LW (F [CWν

W
n ]) where CW is a normalizing constant depending only on

the resampling scheme W1, ...,Wn (see Theorem 5.2.1). We can use this heuristic in
two different ways.
The quantiles of the law of ‖sm − ŝm‖2

2 can be estimated by those of the conditional
law LW

(

CW

∑

λ∈m[(νW
n )ψλ]

2
)

. We do not use this estimation in this note. Never-
theless, we show in a short simulation study that it seems to give very good results
in practice.
We use another approach based on the concentration of measure phenomenon. In
Lemma 5.4.3, we prove a concentration inequality for ‖sm − ŝm‖2

2 around its ex-

pectation. Basically, it says that, with large probability, ‖sm − ŝm‖2
2 is close to

E(‖sm − ŝm‖2
2) = E(

∑

λ∈m[νn(ψλ)]
2). Hence, an estimator of ‖sm − ŝm‖2

2 is the re-

sampled conterpart of this expectation, that is EW
(

CW

∑

λ∈m[νW
n (ψλ)]

2
)

. Then, we
have to control the error made in this estimation. In the next section, we obtain
this control thanks to a concentration inequality (see Lemma 5.26) for U -statistics
based on an orthonormal system.

5.2.3 Confidence balls on Sm

Let us first state the main result of this Section. It is a concentration inequality for
‖sm − ŝm‖2

2 around the resampling estimator of its expectation.

Theorem 5.2.1 Let X1, ..., Xn be i.i.d real valued random variables with common
law Ps. Assume that s belongs to L2(µ). Let Sm be a linear subspace in L2(µ)
with dimension Dm satisfying Assumption [M1] and let (ψλ)λ∈m be an orthonormal
basis of Sm. Let sm be the orthogonal projection of s onto Sm and let ŝm be the
projection estimator of s onto Sm. Let W1, ...,Wn be a resampling scheme. Let
v2

W = Var(W1 − W̄n) and

R2
W =

1

v2
W

E
W

(

∑

λ∈m

[νW
n ψλ]

2

)

.
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For all ε > 0, for all s in L̄2(µ) and for all x > 0, we have

Ps

(

‖sm − ŝm‖2
2 > (1 + ε)3R2

W + η(ε)
(Φ0

√
Dm ‖s‖2 x) ∨ 1

n
+Kn(ε)

Dmx
2

n2

)

≤ 4.8e−x

(5.4)
and

Ps

(

‖sm − ŝm‖2
2 > (1 + ε)3R2

W + η(ε)
Φ2

0Dmx

n
+Kn(ε)

Dmx
2

n2

)

≤ 4.8e−x, (5.5)

where η(ε) = 4(1 + ε−1) + (1 + ε)3 and

Kn(ε) = Φ2
0

(

(1 + ε)3

(

14.7 +
384√
n

+
1020

n

)

+ 2(1 + ε−1)(ε−1 + 1/3)2

)

.

Comments:
Inequality (5.4) gives a control of ‖sm − ŝm‖2

2 with a remainder term of order√
Dm/n. This is sufficient to derive sharp oracle inequalities in model selection

as mentioned in the next section. However, Inequality (5.4) involves the unknown
‖s‖2, thus, we cannot derive from it a confidence ball for sm unless we have an upper

bound on ‖s‖2. This is why we give Inequality (5.5) where the control of ‖sm − ŝm‖2
2

is totally data driven. The main drawback is that the remainder term in (5.5) is of
order Dm/n instead of

√
Dm/n. Hence, Inequality (5.5) is too conservative and the

confidence balls derived from it also. Nevertheless, we will prove in Section 2.3 that
these balls are optimal, at least, up to the constant. Let us now give the confidence
balls that we obtain in the following corollary.

Corollary 5.2.2 Let us keep the notations of Theorem 5.2.1. Let α be a real number
in (0, 1) such that ln(1/α) ≤ C∗n for some constant C∗. Let

rm(x)2 = (1 + ε)3R2
W + η(ε)

Φ2
0Dmx

n
+Kn(ε)

Dmx
2

n2
.

Then, the set B(ŝm, rm(ln(4.8/α))) is a (1 − α)-confidence ball for sm, that is

∀s ∈ L̄2(µ), Ps (sm ∈ B(ŝm, rm(ln(4.8/α)))) ≥ 1 − α. (5.6)

There exists a constant C such that E (r2
m(ln(4.8/α))) ≤ C ln(α−1)Dm/n. Moreover,

there exists a constant C such that, for all β in (0, 1) such that ln(1/β) ≤ C∗n,

Ps

(

r2
m(ln(4.8/α)) ≤ C ln(α−1 ∨ β−1)

Dm

n

)

≥ 1 − β.

Assume that there exists M ≥ 1 such that ‖s‖2 ≤M and let

r̂m(x)2 = (1 + ε)3R2
W + η(ε)

Φ0M
√
Dmx

n
+Kn(ε)

Dmx
2

n2
.

Then, the set B(ŝm, r̂m(ln(4.8/α))) is a (1 − α)-confidence ball for sm, that is

∀s ∈ L̄2(µ), Ps (sm ∈ B(ŝm, r̂m(ln(4.8/α)))) ≥ 1 − α. (5.7)
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If ln(1/α) ≤ C∗n/
√
Dm, there exists a constant C such that

E
(

r̂2
m(ln(4.8/α))

)

≤ C

n

(

Dm + ln(α−1)
√

Dm

)

.

Moreover, there exists a constant C such that, for all β in (0, 1) such that ln(1/β) ≤
C∗n/

√
Dm, we have

Ps

(

r̂2
m(ln(4.8/α)) ≤ C

n
(Dm + ln(α−1 ∨ β−1)

√

Dm)

)

≥ 1 − β. (5.8)

Comments:
The upper bounds given on the radius of the confidence balls (5.6) and (5.7) have
the same order. Thus there is only a loss in the constants when we use (5.6) instead
of (5.7). The main advantage of (5.8) is that the term ln(α−1 ∨ β−1)

√
Dm will be

small compared with Dm in our application in Section 3.3.1.
We can derive from this result two statistical applications:
Let (Iλ)λ∈m be a finite partition of X, then we can obtain a confidence set for the
vector (P(X ∈ Iλ))λ∈m.
If we have some regularity assumptions on s, we can obtain a confidence ball for s.
These applications will be developed in Section 3.3.

5.2.4 Optimality of the confidence balls

The aim of this section is to prove that Corollary 5.2.2 provides optimal confidence
sets for sm from a minimax point of view. More precisely, we want to prove that
the upper bounds given on the radius of our balls cannot be improved in general.
In order to see this, let us consider the following particular case.

Proposition 5.2.3 Let X = [0, 1) and let µ be the Lebesgue measure on X. Let
Sm be the set of functions constant on the intervals [k/Dm, (k + 1)/Dm), for all
k = 0, ..., Dm − 1. Let S̄m be the set of all densities with respect to µ in Sm. Let
X1, ..., Xn be i.i.d random variables with common law Ps. Let α, β be real numbers
in (0, 1) such that α + β < 1 and let ŝ, r̂ be random variables satisfying

∀s ∈ S̄m, Ps(s ∈ B(ŝ, r̂)) ≥ 1 − α, (5.9)

∀s ∈ S̄m, Ps(r̂ ≤ dm) ≥ 1 − β. (5.10)

Then, if Dm ≥ 3 + 18 log(
√

2/(1 − α− β)) and if n ≥ Dm + 1, we have

d2
m ≥ Dm − 1

6n
.

In particular inf r̂ sups∈S̄m
Esr̂

2 ≥ β(Dm − 1)/(6n).

Comments:
The space Sm described in Proposition 5.2.3 satisfies Assumption [M1]. Thus, we
can build confidence balls for sm thanks to Corollary 5.2.2. These balls satisfy both
conditions (5.9) and (5.10) with d2

m = Cα,βDm/n. Proposition 5.2.3 ensures that
this bound is optimal, at least, up to the constant Cα,β. This justifies the choice of
the least-squares estimator as the center of the ball.
It is well known that the minimax rate of convergence in L2-norm over Sm is of order
Dm/n. Therefore, there is intuitively no hope to build confidence balls over Sm such
that E(r̂2) ≤ CDm/n. Proposition 5.2.3 shows that this intuition is correct.
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5.2.5 Simulation study

In this section, our first goal is to illustrate Theorem 5.2.1. In Proposition 5.2.3,
we proved that the choice of ŝm as the center of our balls is optimal. Actually,
we give upper bounds on ‖sm − ŝm‖2

2 that are of optimal order Dm/n. Moreover,

Inequality (5.4) in Theorem 5.2.1 ensures that R2
W is a tight estimate of ‖sm − ŝm‖2

2

since we provide a control of the difference ‖sm − ŝm‖2
2 − R2

W of order
√
Dm/n,

which is smaller than Dm/n. We want here to illustrate that this control seems
to be sharp also. Then, we consider the second possible use of Efron heuris-
tics that we mentioned in Section 2.1. Recall that it states that the quantiles of
‖sm − ŝm‖2

2 are close to their resampled conterpart: the quantiles of the conditional
law LW

(

CW

∑

λ∈m[(νW
n )ψλ]

2
)

. In a second simulation, we test this method and
remark that it seems to give very good results.

Illustration of Theorem 5.2.1

In this simulation, µ is the Lebesgue measure on R and the density s = 1[0,1).
Sm is the set of histograms on the partition ([(k − 1)/Dm, k/Dm))k=1,...,Dm. The
resampling scheme (W1, ...,Wn) is given by Efron’s weights, which means that the
law L(W1, ...,Wn) is the multinomial law M(n, 1/n, ..., 1/n). In order to compute
R2

W , we estimate the conditional expectation EW (
∑

λ∈m[νW
n ψλ]

2) by a Monte Carlo
method with nb repetitions. Finally, we repeat p = 1000 times the experiment.
We plot the histograms of the p values of the normalized difference n(‖sm − ŝm‖2

2 −
R2

W )/
√
Dm that we obtained. The first histogram is obtained with n = 50, Dm =

10, nb = 100 and the second for n = 200, Dm = 50, nb = 500. We remark that
the law of n(‖sm − ŝm‖2

2 − R2
W )/

√
Dm does not seem to change with n or Dm,

thus
√
Dm/n seems to be the correct order of the difference ‖sm − ŝm‖2

2 − R2
W . In

particular, the control (5.4) in Theorem 5.2.1 seems to be sharp, at least, up to the
constant in front of the remainder term.
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Figure 5.1: n√
Dm

(‖sm − ŝm‖2
2 − R2

W ).

Illustration of the second Efron’s heuristic

In this simulation, we keep the same s and the same law of W1, ...,Wn as in the
previous simulation. Sm is the set of functions constant on the partition ([(k −
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1)/Dm, k/Dm))k=1,...,Dm, with Dm = 50. n = 100, N = 100 and ((XJ
i )i=1,...,n)J=1,...,N

are N independent samples with common law P⊗n
s . For all J = 1, ..., N , we compute

the projection estimator ŝJ
m on Sm with the sample (XJ

i )i=1,...,n. Then, we take nb =
10000 resampling schemes (W1, ...,Wn). For all resampling schemes, we compute
the quantity

QJ
W,m =

1

v2
W

(

∑

λ∈m

[νJ,W
n ψλ]

2

)

and we obtain an approximation of the (1 − α)-quantiles q̂J
α of its conditional law

LW (QJ
W,m). We plot the frequency of J such that

∥

∥sm − ŝJ
m

∥

∥

2 ≤ q̂J
α and the function

f(α) = α when α varies in (0.5, 1) in the following curves.

0.5 0.6 0.7 0.8 0.9 1
0.4

0.5

0.6

0.7

0.8

0.9

1

level

fre
qu

en
cy

Comments:
We see that the covering property of this empirical ball is very close to the one we
would like to obtain. Hence, this method seems to give sharp confidence balls for
sm. However, we do not prove any theoretical evidence of this fact. In particular,
we cannot guarantee that the covering property P(‖sm − ŝm‖2

2 ≤ q̂α) ≥ 1−α occurs
in general. The practical user can evaluate this estimation of the quantiles of the
conditional law LW (QW,m) (the computation time is the same as the one needed to
evaluate R2

W ). He can compare it with the majorations given in Corollary 5.2.2 and

have an idea of the size of ‖sm − ŝm‖2
2 but the covering property is only guaranteed

when one uses a radius given in Corollary 5.2.2.

5.2.6 Application to model selection

Let (Sm)m∈Mn be a collection of finite dimensional linear subspaces in L2(µ) and let
(sm)m∈Mn and (ŝm)m∈Mn be respectively the collection of the orthogonal projections
of s and the collection of the projection estimators onto the linear spaces (Sm)m∈Mn .
The problem of model selection is to select a model m̂ in the collection Mn satisfying
a so called oracle inequality, that is an inequality of the form

P

(

‖s− ŝm̂‖2
2 ≤ C inf

m∈Mn

{

‖s− ŝm‖2
2 +R(m,n)

}

)

≥ 1 − cn, (5.11)

where C is a constant, R(m,n) is a (possibly random) remainder term and cn → 0.
A classical way to obtain m̂ (see for example Birgé & Massart [15]) is to build a
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function pen(m) measuring the complexity of the model Sm and to choose

m̂ ∈ arg min
m∈Mn

Pnγ(ŝm) + pen(m),

where for all t in L2(µ), γ(t) = ‖t‖2
2 − 2t. This way we have, for all m in Mn,

Pnγ(ŝm̂) + pen(m̂) ≤ Pnγ(ŝm) + pen(m)

Pγ(ŝm̂) + νnγ(ŝm̂) + pen(m̂) ≤ Pγ(ŝm) + νnγ(ŝm) + pen(m)

‖ŝm̂ − s‖2
2 − 2νn(ŝm̂ − sm̂) + pen(m̂) ≤ ‖ŝm − s‖2

2 − 2νn(ŝm − sm)

+pen(m) − 2νn(sm − sm̂). (5.12)

The last inequality comes from Pγ(t) = ‖t− s‖2
2 − ‖s‖2

2 and from νnγ(t) = −2νn(t)
for all t in L2(µ).
We can prove with Bernstein’s inequality that νn(sm − sm̂) is small compared with
‖ŝm̂ − s‖2

2 + ‖ŝm − s‖2
2. Thus, a good penalty is a tight estimate of

penid(m) = 2νn(ŝm − sm) = 2 ‖ŝm − sm‖2
2 .

Assume that, for all m in Mn,
√
Dm ≤ n, then we can apply inequality (5.4) and

obtain, for ε > 0,

∀x > 0, P

(

‖sm − ŝm‖2
2 ≤ (1 + ε)3R2

W + (η(ε)Φ0 ‖s‖2 +Kn(ε))

√
Dm

n
x2

)

≤ 4.8e−x

(5.13)
Suppose that there exists γ > 1 such that, for all c > 0, the series

∑

m∈Mn
e−c(log(Dm))γ

is convergent. Then, inequality (5.13) applied with

x =
(log

√
Dm)γ + (logn)γ

√

η(ε)Φ0 ‖s‖2 +Kn(ε)

gives

P

(

∀m ∈ Mn, ‖sm − ŝm‖2
2 ≤ (1 + ε)2R2

W +
4
√
Dm(log n)2γ

n

)

≤ Ls,εe
−cs,ε(log n)γ

,

with Ls,ε > 0 and cs,ε > 0. In particular, (5.12) applied with

pen(m) = 2(1 + ε)3R2
W +

8
√
Dm(log n)2γ

n
,

leads to

P

(

‖s− ŝm̂‖2
2 + 2νnsm̂ ≤ inf

m∈Mn

{

‖s− ŝm‖2
2 +R(m,n)

}

)

≥ 1 − cn, (5.14)

where R(m,n) = pen(m)−2 ‖sm − ŝm‖2−2νn(sm) and cn = Ls,εe
−cs,ε(log n)γ

. We can
derive an oracle inequality from (5.14) thanks to a control of νnsm̂ by Bernstein’s
inequality. Moreover, we can prove a lower bound on our penalty and obtain under
reasonable assumptions on the collection (Sm)m∈Mn that, with large probability,
|R(m,n)| = εn ‖s− ŝm‖2

2 with εn → 0. The proof of these results is beyond the
scope of this paper. It will be fully developed in a forthcoming article (see Chapter
2).
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5.3 Adaptive confidence balls

Let Sm be a linear subspace of L2(µ) with finite dimension Dm and let α be a real
number in (0, 1). In Section 2, we proved that any (1−α)-confidence ball of sm, i.e.
any random set B(ŝ, r̂α) such that

∀s ∈ L̄2(µ), Ps (sm ∈ B(ŝ, r̂α)) ≥ 1 − α

satisfies E(r̂2
α) ≥ CαDm/n. Moreover, we built (1 − α)-confidence balls such that

E(r̂2
α) ≤ CαDm/n. In this framework, the problem of adaptation can be stated as

follows. Let S be a linear subspace in L2(µ) with dimension D and let (Sm)m∈Mn

be a collection of linear subspaces in S. A (1 − α)-confidence ball B(ŝ, r̂α) for the
projection sn of s onto S is said to be adaptive over the collection (Sm)m∈Mn if
there exists a constant Cα such that, for all m in Mn, for all s in L2(µ) such that
sn belongs to Sm, we have E(r̂2

α) ≤ CαDm/n. In order to build such balls, we need
informations on the distance between sn and Sm d(sn, Sm) = inft∈Sm ‖s− t‖2. The
necessary estimation of this bias leads to an irreductible limitation in the adaptive
property. More precisely, we will prove in Theorem 5.3.1 that all (1−α)-confidence

balls B(ŝ, r̂) over S satisfy E(r̂2) ≥ C(Dm ∨
√
D)/n. Thus, we can build confi-

dence balls on S that are adaptive over (Sm)m∈Mn only if all the models Sm satisfy

Dm ≥ C
√
D. The main problem is that we cannot build a test of null hypothesis

s ∈ Sm against the alternative s ∈ S and s /∈ Sm with asymptotic rate of conver-
gence (as defined in Ingster [40, 41, 42] smaller than C

√
D/n. In this section, we

prove non asymptotic lower bounds on the radius of a confidence ball in our finite
dimensional setting. Then, we adapt Baraud’s model selection algorithm to the
density estimation framework and obtain non asymptotic adaptive confidence balls
for sn. Finally, we derive some applications, in particular, we build non asymptotic
confidence balls for s under regularity assumptions.

5.3.1 Minimax lower bounds

The result

Theorem 5.3.1 Let X = [0, 1) and let µ be the Lebesgue measure on X. Let S be the
linear subspace of L2(µ) spanned by the functions 1[k/D,(k+1)/D) for k = 0, ..., D − 1
and let Sm be the linear subspace of S with dimension Dm spanned by the functions
1[k/Dm,(k+1)/Dm) for k = 0, ..., Dm − 1. We assume that there exists an integer l such
that D = lDm, thus Sm is a subset of S. As before, we denote by S̄, respectively S̄m,
the set of all densities in S, respectively in Sm. Let α, β be real numbers in (0, 1)
such that 2α+β < 1. Let (X1, ..., Xn) be i.i.d random variables with common law Ps

and let ŝ, r̂ be random variables measurable with respect to σ(X1, ..., Xn) such that

∀s ∈ S̄, Ps(s ∈ B(ŝ, r̂)) ≥ 1 − α, (5.15)

∀s ∈ S̄m, Ps(r̂ ≤ rm) ≥ 1 − β. (5.16)

Assume that D ≥ 10 and that n ≥
√
D. Then, there exists a positive constant Cα,β

such that

r2
m ≥ Cα,β

√
D

n
.

In particular, inf r̂ sups∈Sm
Esr̂

2 ≥ βCα,β

√
D/n.



134 CHAPTER 5. CONFIDENCE BALLS IN DENSITY ESTIMATION

Comments:
We want to build confidence balls B(ŝ, r̂) on S̄ such that, when s belongs to S̄m,
E(r̂2) ≤ CDm/n. Theorem 5.3.1 shows that we can achieve this goal only if Dm ≥
C
√
D.

Actually, we prove a slightly more general result since we obtain that the separation
rate (as defined for example in Ingster [40, 41, 42]) for the test of null hypothesis

H0 : s ∈ Sm against the alternative H1 : s ∈ S̄ − Sm is lower bounded by C
√
D/n.

Thus, we extend the asymptotic result of Ingster since we prove it for any fixed
n ≥ 10.

Connection with adaptive estimation

There is a large amount of litterature on adaptive estimation (see for example [15] or
[16] and the references therein). In our framework, an estimator s̃m of s is minimax
on Sm if there exists a constant C such that

sup
s∈Sm

E
(

‖s̃m − s‖2
2

)

≤ C inf
s̃

sup
s∈Sm

E
(

‖s̃− s‖2
2

)

,

where the infimum is taken over all the possible estimators of s. The quantity
Mm = inf s̃ sups∈Sm

E
(

‖s̃− s‖2
2

)

is called the minimax rate of convergence on Sm.
In our framework, it is well known that this minimax rate of convergence is of order
Dm/n and that the projection estimator is minimax over Sm. We proved in Sections
2.2 and 2.3 that Dm/n is also the minimax size for a confidence ball on Sm. An
estimator ŝ is said to be adaptive over a collection of models (Sm)m∈Mn if there
exists a constant C such that

∀m ∈ Mn, sup
s∈Sm

E
(

‖s̃− s‖2
2

)

≤ CMm.

An adaptive estimator behaves as well as possible over all the models (Sm)m∈Mn

simultaneously. We can prove under reasonnable assumptions on the collection
(Sm)m∈Mn that the penalized least-squares estimator defined in Section 2.5 is adap-
tive over all the collection (Sm)m∈Mn . On the other hand, given an adaptive es-
timator s̃ over a collection (Sm)m∈Mn , one may wonder if we can learn from the
data the actual size of ‖s̃− s‖2

2. More precisely, given α ∈ (0, 1), the problem
is to build an (eventually random) bound r̂2 such that, for all s in (Sm)m∈Mn

P(‖s̃− s‖2
2 > r̂2) ≤ 1 − α and such that, for all s in Sm, E(r̂2) is of order Dm/n. In

other words, the problem is to build adaptive confidence balls centered in s̃. Theo-
rem 5.3.1 can be interpreted in this context. In order to build r̂2, we have to choose
a subset M̃n of Mn such that the linear span Sn of (Sm)m∈M̃n

has finite dimension

D. Then, every bound r̂2 on ‖s̃− s‖2
2 satisfy E(r̂2) ≥ C

√
D/n. In particular, E(r̂2)

does not give the actual order of E(‖s̃− s‖2
2) when s is closed to a model Sm such

that Dm ≤ C
√
D. This is a fundamental difference with the problem of adaptive

estimation where we do not need to specify a space Sn and where adaptation is pos-
sible without limitations on the dimensions of the models involved. This idea was
extensively discussed in Hoffmann & Lepskii [38]. Nevertheless, adaptive confidence
balls can be informative for applications, this is why we explain now how to obtain
such adaptive confidence balls.
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5.3.2 An adaptive algorithm

In this section, α and β denote some real numbers in (0, 1). Let Sn be a linear
subspace of L2(µ), with finite dimension D. Let (Sm)m∈Mn be a collection of sub-
spaces in Sn with respective dimensions (Dm)m∈Mn . Assume that Assumption [M1]
is fulfilled in all the spaces (Sm)m∈Mn and in Sn with the same constant Φ0. As
in the previous sections, we denote by S̄ and S̄m the set of all densities in S and
Sm. Given i.i.d observations X1, ..., Xn, we want to build random variables s̃, R̃α

measurable with respect to σ(X1, ..., Xn) such that

∀s ∈ S̄, Ps

(

s ∈ B(s̃, R̃α)
)

≥ 1 − α.

∀m ∈ Mn, ∀s ∈ S̄m, Ps

(

R̃2
α ≤ Cα,β

(

Dm

n
∨
√
D

n

))

≥ 1 − β.

As in the previous sections, for all m in Mn, we denote by sm and ŝm the orthogonal
projection of s onto Sm and the projection estimator of s onto Sm. Moreover, let sn

be the orthogonal projection of s onto Sn. From Pythagoras Theorem, we have

∀s ∈ L̄2(µ), ∀m ∈ Mn, ‖ŝm − s‖2
2 = ‖ŝm − sm‖2

2 + ‖sm − sn‖2
2 + ‖sn − s‖2

2 .

From Corollary 5.2.1, for all m in Mn, we can build v2
m such that

P
(

‖ŝm − sm‖2
2 > v2

m

)

≤ α.

Moreover, there exists a constant Cα,β, such that P(v2
m > Cα,βDm/n) ≤ β/2. We

do not deal with the bias of our collection of models and we assume that some
bound ‖sn − s‖2

2 ≤ η2 is known. We will see in the applications in Section 3.3 that
there exist some classical problems where such bound is available. Thus, in order to
achieve our goal, it remains to control the quadratic functional ‖sm − sn‖2

2. This is
the aim of the following subsection.

An estimation of d(sn, Sm) and a test

In order to build estimators of quadratic functionals such as ‖sm − sn‖2
2, Laurent

& Massart [45] and Fromont & Laurent [33] used U -statistics of order 2. We use
the same idea here. We deduce from Theorem 3.4 in Houdré & Reynaud-Bouret
[39] a concentration inequality for U -statistics of order 2. We use this inequality to
obtain a control of ‖sm − sn‖2

2. In order to prove an optimal result, we need another
assumption on the density s.
[D]: s ∈ L∞(M) = {t ∈ L2(µ), ‖t‖∞ ≤M}.
We prove the following result.

Proposition 5.3.2 Let X1, ..., Xn be i.i.d random variables valued in a measurable
subspace (X,X ) of R, with common law Ps. Assume that s satisfies Assumption [D]
for some constant M . Let Sn and Sm be linear subspaces in L2(µ), with respective
dimension D and Dm. Assume that Sn and all the Sm’s satisfy Assumption [M1]
with the same constant Φ0. Let sn and sm be respectively the orthogonal projections
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of s onto Sn and Sm. Let (ψλ)λ∈Λ be an orthonormal basis of Sn such that (ψλ)λ∈m

is a basis of Sm. Let

Um =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ−m

(ψλ(Xi) − Psψλ)(ψλ(Xj) − Psψλ),

Vm =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ−m

ψλ(Xi)ψλ(Xj). (5.17)

Then, for all ξ in {−1, 1}, for all x > 0 and all ε > 0, we have

Ps

(

ξUm > C1

√
Dx

n
+ C2(ε)

x

n
+ C3(ε)D

(x

n

)2
)

≤ 2.8e−x, (5.18)

Ps

(

ξ
(

Vm − ‖sn − sm‖2
2

)

>
1

2
‖sn − sm‖2

2 + C(ε,D, n, x)

)

≤ 3.8e−x. (5.19)

where C1 = 5.7
√
MΦ0, C2(ε) = (8 + 192ε)M , C3(ε) = 192Φ2

0(5.4 + ε−1) and

C(ε,D, n, x) = C1(ε)

√
Dx

n
+ (C2(ε) + 8M)

x

n
+ (C3(ε) + 2Φ2

0)
Dx2

n2
. (5.20)

Comments:
We deduce from Inequality (5.19) the control of ‖sn − sm‖2

2 that we need. It is
consequence of Inequality (5.18) and of Bernstein’s inequality. Inequality (5.18) can
be used to build a test for the null hypothesis H0 : s ∈ Sm against the alternative
H1 : s ∈ S − Sm. Let us now briefly explain how.
We keep the notations and assumptions of Proposition 5.3.2. Under H0, for all λ in
Λ −m, we have Ps(ψλ) =

∫

X
sψλdµ = 0. Thus

Vm =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λ−m

ψλ(Xi)ψλ(Xj)

is a totally degenerate U -statistic of order 2 and from Inequality (5.18), we have,
for all α in (0, 1),

Ps

(

|Vm| > C1

√

D ln(5.6/α)

n
+ C2(ε)

ln(5.6/α)

n
+ C3(ε)

D(ln(5.6/α))2

n2

)

≤ α.

Thus a test for H0 against H1 with confidence level α is given by

φ = 1|Vm|≤C1

√
D ln(5.6/α)/n+C2(ε) ln(5.6/α)/n+C3(ε)D(ln(5.6/α))2/n2 .

This test cannot have a well controlled error of second kind when d(s, Sm)2 ≤
Cα

√
D/n because of Inequality (5.19) but we show in the proof of Proposition 5.3.1

that this is the separation rate for this test. Thus, this test is rate-optimal. We can
now turn to the problem of adaptive confidence balls.
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Adaptive confidence balls

We apply the algorithm of Baraud [8] to obtain adaptive confidence balls in a density
model. Let us recall this algorithm. We fix α in (0, 1) and we choose a collection
(αm)m∈Mn of positive real numbers such that

∑

m∈Mn
αm = α/4. Assume moreover

that we can choose the weights αm such that ln(1/αm) ≤ C∗(n/
√
D)2/3 for some

constant C∗. Let ε > 0 and let (W1, ...,Wn) be a resampling scheme as defined
in Section 2.2. Let v2

W = Var(W1 −
∑n

i=1Wi/n). For all m in Mn, let (ψm
λ )λ∈m

denotes an orthonormal basis that we complete to obtain an orthonormal basis
(ψm

λ )λ∈Λ of Sn. When no confusion can occur, we simply write ψλ instead of ψm
λ .

Let ym = ln(4.8/αm). Let us define the following random variables:

v2
m =

(1 + ε)3

v2
W

E
W

(

∑

λ∈m

[νW
n ψm

λ ]2

)

+ η(ε)
Φ0

√
MDmym

n
+Kn(ε)

Dmy
2
m

n2
,

b2m = 2Vm + 2C(ε,D, n, ym),

where η(ε), Kn(ε) are defined in Theorem 5.2.1, C(ε,D, n, ym) is defined in (5.20) and
Vm is defined as in (5.17) with the basis (ψm

λ )λ∈Λ−m. Remark that the assumption
on αm implies that there exists a constant C such that ym ≤ Cn/

√
Dm. Thus, there

exists a constant C(ε) such that

v2
m =

(1 + ε)3

v2
W

E
W

(

∑

λ∈m

[νW
n ψm

λ ]2

)

+ C(ε)

√
Dmym

n
.

Moreover, there exists a constant C such that Dy2
m/n ≤ C

√
Dym. Thus, there exists

a constant C(ε) such that

b2m = 2Vm + C(ε)

√
Dym + ym

n
. (5.21)

Let η > 0 and, for all m in Mn, let R2
m = b2m + v2

m + η2. Let (ψλ)λ∈Λ be an
orthonormal basis of Sn, let yα = ln(9.6/α) and let

R2
n =

(1 + ε)3

v2
W

E
W

(

∑

λ∈Λ

[νW
n ψλ]

2

)

+ η(ε)
Φ0

√
MDyα

n
+Kn(ε)

Dy2
α

n2
+ η2.

Finally, for M̃n = Mn ∪ {n}, we choose

m̂ ∈ Arg min
m∈M̃n

R2
m, R̃

2 = R2
m̂, s̃ = ŝm̂. (5.22)

The following result holds.

Theorem 5.3.3 Let X1, ..., Xn be i.i.d random variables valued in a measurable
subspace (X,X ) of R, with common law Ps. Let L∞(M) = {t ∈ L2(µ), ‖t‖∞ ≤M}.
Let Sn be a linear subspace of L2(µ) with finite dimension D. Let (Sm)m∈Mn be a
collection of linear subspaces of Sn with respective dimensions (Dm)m∈Mn. Assume
that Sn and all the Sm’s satisfy Assumption [M1] with the same constant Φ0. Let
sn and sm be respectively the orthogonal projections of s onto Sn and Sm. Let
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(αm)m∈Mn be a collection of positive real numbers such that
∑

m∈Mn
αm = α/4 and

such that ln(1/αm) ≤ C∗(n/
√
D)2/3 for some constant C∗. Let η > 0 and let s̃, R̃

be the random variables defined in (5.22). Then, for all s in L∞(M) such that
d(s, Sn) ≤ η, we have

Ps

(

s ∈ B(s̃, R̃)
)

≥ 1 − α. (5.23)

Let (ηm)m∈Mn be a collection of positive real numbers and let β be a real number in

(0, 1) such that ln(1/β) ≤ C∗(n/
√
D)2/3. There exists a constant C such that, for

all m in Mn, for all s in L∞(M) satisfying d(sn, Sm) ≤ ηm we have

Ps

(

R̃2 >
C

n

(

Dm +
√

Dmxm +
√

Dxm

)

+ η2 + 3η2
m

)

≤ β, (5.24)

where xm = ln(α−1
m ∨ β−1).

Comments:
Baraud [8] proved the same kind of result in the regression framework and was the
first, up to our knowledge, to study adaptive confidence balls from a nonasymptotic
point of view. Theorem 5.3.3 can be viewed as an extension of his results to the
density estimation framework.
The introduction of the weights (ηm)m∈Mn prove the robustness of the procedure.
Moreover, it allows us to replace the assumption s ∈ S̄ by the more classical one
that s belongs to some Besov space as we will see in Section 3.3.1.

5.3.3 Applications

Adaptive confidence balls under regularity assumptions

It is common to replace the assumption that s is close to some finite dimensional
linear space by some regularity assumption on s. Let us recall some definitions and
some results of approximation theory here.
Wavelet basis.
Hereafter, we work with an r-regular orthonormal multiresolution analysis of L2(µ),
associated with a compactly supported scaling function φ and a compactly supported
mother wavelet ψ. Without loss of generality, we suppose that the support of the
functions φ and ψ is an interval [A1, A2] where A1 and A2 are two integers such that
A2 − A1 = A ≥ 1. Let us recall that φ and ψ generate an orthonormal basis by
dilatations and translations.
For all k in Z and all j in N∗, let ψ0,k : x →

√
2φ(2x − k) and ψj,k : x →

2j/2ψ(2jx − k). The family {(ψj,k)j≥0,k∈Z} is an orthonormal basis of L2(µ). We
assume moreover that the constant functions belong to the linear span of (ψ0,k)k∈Z.
Besov balls.
Let w, p be two positive numbers such that w + 1/2 − 1/p > 0. For all functions t
in L2(µ), t =

∑

j≥0,k∈Z
βj,kψj,k, we say that t belongs to the Besov ball Bw,p,∞(M1)

on the real line if ‖t‖w,p,∞ ≤M1 where

‖t‖w,p,∞ = sup
j∈N

2j(w+1/2−1/p)

(

∑

k∈Z

|βj,k|p
)1/p

.
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It is easy to check that if p ≥ 2 Bw,p,∞(M1) ⊂ Bw,2,∞(M1) so that upper bounds on
Bw,2,∞(M1) yield upper bounds on Bw,p,∞(M1).
The framework.
Let J ∈ N and for all Jm ≤ J , let

ΛJ = {(0, k),−A2 < k < 2 − A1} ∪ {(j, k), 1 ≤ j ≤ J, −A2 < k < −A1 + 2j}

m = {(0, k),−A2 < k < 2 −A1} ∪ {(j, k), 1 ≤ j ≤ Jm, −A2 < k < −A1 + 2j}.
Let S be the linear span of (ψλ)λ∈Λ and, for all Jm = 1, ..., J , let Sm be the linear
span of (ψλ)λ∈m. In particular, we have Dm = A(Jm + 1) + 2Jm+1 − Jm and thus
2Jm+1 ≤ Dm ≤ A(Jm+1)+2Jm+1 ≤ (A+1)2Jm+1. Moreover, Sm satisfies Assumption
[M1].
Approximation results on Besov spaces.
We have the following result (Birgé & Massart [15] Section 4.7.1). Suppose that
the support of s equals [0, 1] and that s belongs to the Besov ball Bw,2,∞(M1), then
whenever r > w − 1,

‖s− sm‖2
2 ≤

‖s‖2
w,2,∞

4(4w − 1)
2−2Jmw ≤

[2(1 + A)]2w ‖s‖2
w,2,∞

4(4w − 1)
D−2w

m . (5.25)

We can now state this straightforward application of Proposition 5.3.3.

Corollary 5.3.4 Let Sn be the linear span (ψλ)λ∈ΛJ
where D = |ΛJ | satisfies

1

2

(

n
√

log(logn)

)1/(2w+1/2)

≤ D ≤
(

n
√

log(log n)

)1/(2w+1/2)

.

We have
√
D ≤ n. Let (Sm)m∈Mn be the wavelet spaces defined above for all Jm in

1, ..., J . Let αm = α/(4J) ≤ Cα/ ln(n). Let s̃, R̃ be the random variables given by
(5.22) with η2 = M2

1 2−2Jw/(4(4w − 1)). We have

∀s ∈ Bw,2,∞(M1) ∩ L∞(M), Ps(s ∈ B(s̃, R̃)) ≥ 1 − α.

Moreover, there exists a constant Cα,β such that, for all v > w, for all s in Bv,2,∞(M1)∩
L∞(M), we have

Ps



R̃2 ≤ Cα,β





(

1

n

)
2v

2v+1

∨
(

√

log(logn)

n

)
4w

4w+1







 ≥ 1 − β.

Comments:
This result extends the asymptotic result of Robins & Van der Vaart [61] since it is
valid for any fixed n.

Adaptive confidence balls for a vector ((P(X ∈ Iλ))λ∈Λ)

In this section, we suppose that a partition (Iλ)λ∈Λ with finite cardinality D of
X is given. We assume that there exists a positive constant Φ0 such that, for
all λ in Λ, µ(Iλ) > 1/(Φ2

0D). This way, the space Sn of real valued functions
constant on the partition (Iλ)λ∈Λ satisfies Assumption [M1]. For all α in (0, 1),
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we can use Theorem 5.3.3 to build adaptive (1 − α)-confidence balls for the vector

((P(X ∈ Iλ)/
√

µ(Iλ))λ∈Λ). The first step is to see that the function

sn =
∑

λ∈Λ

P(X ∈ Iλ)
1Iλ

√

µ(Iλ)

is the orthogonal projection of s onto the linear space Sn. Consider a family
(Sm)m∈Mn of linear subspaces of S. For all m in Mn, Sm is a space of function
constant on a finite partition (Im

λ )λ∈m. Thus all the spaces (Sm)m∈Mn satisfy As-
sumption [M1] for the same constant Φ0 if and only if for all m in Mn and all λ
in m, we have µ(Im

λ ) > 1/(Φ2
0Dm). Hereafter, we assume that this condition as

fulfilled. We can apply the procedure of Section 3.2, with η = 0 to provide random
variables s̃ and R̃ satisfying

Ps

(

sn ∈ B(s̃, R̃)
)

≥ 1 − α

with ER̃2 ≤ Cα,β

(

Dm +
√
Dmxm +

√
Dxm + η2

m

)

/n when d(s, sm) ≤ ηm. The func-
tion s̃ is constant on the partition (Iλ)λ∈Λ like all the functions in Sn, thus we can
consider the vector of its value on (Iλ)λ∈Λ and the ball (for the euclidian norm in
RD) centered on this vector with radius R̃ is an adaptive (1−α)-confidence ball for

the vector ((P(X ∈ Iλ)/
√

µ(Iλ))λ∈Λ).

5.4 Proofs

We start this section with a very useful lemma. It is a concentration inequality for
U -statistics based on an orthonormal basis of L2(µ) derived from Theorem 3.4 in
Houdré & Reynaud-Bouret [39].

Lemma 5.4.1 Let X,X1, ..., Xn be i.i.d random variables, valued in a measurable
subspace (X,X ) of R, with common density s with respect to a measure µ. Assume
that s belongs to L2(µ). Let Sm be a linear subspace of L2(µ) and let (ψλ)λ∈Λm be an
orthonormal basis of Sm. Let Bm = {t ∈ Sm, ‖t‖2 ≤ 1}, v2

m = supt∈Bm
Var(t(X))

and bm = supt∈Bm
‖t− Pt‖∞. Let

U(Λm) =
1

n(n− 1)

n
∑

i6=j=1

∑

λ∈Λm

(ψλ(Xi) − Pψλ)(ψλ(Xj) − Pψλ).

Then for all x > 0 and all ξ in {−1, 1}, there exists a space Ωx such that P(Ωc
x) ≤

2.8e−x and such that, on Ωx,

ξU(Λm) ≤ 5.7vmbm

√
x

n
+ 8v2

m

x

n
+ 384vmbm

(x

n

)3/2

+ 1020

(

bmx

n

)2

. (5.26)

Proof :

We apply Theorem 3.4 in Houdré & Reynaud-Bouret [39]. We have, for all x > 0

P

(

ξU(Λm) >
1

n2

(

5.7B1

√
x+ 8B2x+ 384B3x

3/2 + 1020B4x
2
)

)

≤ 2.8e−x, (5.27)
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where

U(x, y) =
∑

λ∈Λm
(ψλ(x) − Pψλ)(ψλ(y) − Pψλ),

B2
1 = n2E

[

(U(X1, X2))
2] , B2

3 = n supx E
[

(U(x,X2))
2] , B4 = supx,y U(x, y),

B2 = sup

{∣

∣

∣

∣

∣

E

n
∑

i=1

i−1
∑

j=1

U(X1, X2)αi(X1)βj(X2)

∣

∣

∣

∣

∣

, E

n
∑

i=1

α2
i (X1) ≤ 1, E

n
∑

j=1

β2
j (X1) ≤ 1

}

.

Let Tm =
∑

λ∈Λm
(ψλ − Pψλ)

2 and let bm = supt∈Bm
‖t− Pt‖∞. From Cauchy-

Schwarz inequality, we have, for all real numbers (bλ)λ∈Λm

∑

λ∈Λm

b2λ =

(

sup
P

a2
λ≤1

∑

λ∈Λm

aλbλ

)2

. (5.28)

In particular, since the system (ψλ)λ∈Λm is orthonormal, we have, for all x in X,
Tm(x) = (supt∈Bm

(t(x) − Pt))2. Thus

PTm ≤ ‖Tm‖∞ ≤ b2m. (5.29)

Let us now evaluate B1, B2, B3 and B4.
Evaluation of B1:

B2
1

n2
=

∑

λ,λ′∈Λm

(P ((ψλ − Pψλ)(ψλ′ − Pψλ′)))2

=
∑

λ∈Λm

(

sup
P

a2
λ′≤1

P

(

(ψλ − Pψλ)

[

∑

λ′∈Λm

aλ′ψλ′ − P

(

∑

λ′∈Λm

aλ′ψλ′

)]))2

=
∑

λ∈Λm

(

sup
t∈Bm

P ((ψλ − Pψλ)(t− Pt))

)2

≤ PTmv
2
m,

where we use successively the independence of X1 and X2, Inequality (5.28), the
orthonormality of the system (ψλ)λ∈Λm and Cauchy-Schwarz inequality. Thus we
obtain

B1 ≤ nvmbm. (5.30)

Evaluation of B2: For all real numbers y, z, we have 2yz ≤ y2 + z2, thus, for all
i, j in {1, ..., n}, we have

2P ((ψλ − Pψλ)αi)P ((ψλ′ − Pψλ′)βj) ≤ (P ((ψλ − Pψλ)αi))
2+(P ((ψλ′ − Pψλ′)βj))

2 .

We apply (5.28) with bλ = P ((ψλ − Pψλ)αi), since the system (ψλ)λ∈Λm is orthonor-
mal, we have for all i in {1, ..., n},

∑

λ∈Λm

(P ((ψλ − Pψλ)αi))
2 =

(

sup
t∈Bm

P (t− Pt)αi

)2

≤ v2
mPα

2
i .

Since
∑n

i=1 Pα
2
i ≤ 1 we deduce that

n
∑

i,j=1

∑

λ∈Λm

(P ((ψλ − Pψλ)αi))
2 ≤ nv2

m.
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The same inequality holds for βj , thus we obtain

B2 ≤ nv2
m. (5.31)

Evaluation of B3: For all x in X, E[(U(x,X2))
2] is the variance of the function

tx =
∑

λ∈m(ψλ(x) − Pψλ)ψλ. tx is a function in Sm and, from inequality (5.28), we
have

‖tx‖2
2 =

∑

λ∈Λm

(ψλ(x) − Pψλ)
2 =

(

sup
t∈Bm

(t(x) − Pt)

)2

≤ b2m.

Thus E[(U(x,X2))
2] = Var(tx(X)) = b2mVar(tx(X)/bm) ≤ b2mv

2
m. Thus

B3 ≤
√
nvmbm. (5.32)

Evaluation of B4: We apply Cauchy-Schwarz inequality and we obtain

B4 ≤ ‖Tm‖∞ ≤ b2m. (5.33)

Let Ωc
x be the event defined by inequality (5.27). From (5.30), (5.31), (5.32) and

(5.33), we have, on Ωx,

ξU(Λm) ≤ 5.7vmbm
√
x

n
+

8v2
mx

n
+ 384vmbm

(x

n

)3/2

+ 1020b2m

(x

n

)2

. (5.34)

5.4.1 Proof of Theorem 5.2.1:

Inequalities (5.4) and (5.5) are trivial when x ≤ 1 so that we only have to prove
them for all x ≥ 1. We decompose the proof into several lemmas.

Lemma 5.4.2 Let

Um =
1

n(n− 1)

∑

λ∈m

n
∑

l 6=l′=1

(ψλ(Xl) − Pψλ)(ψλ(Xl′) − Pψλ).

Then we have
‖sm − ŝm‖2

2 = R2
W + Um. (5.35)

In particular,
E
(

‖sm − ŝm‖2
2

)

= E
(

R2
W

)

. (5.36)

Proof of Lemma 5.4.2:

For all i = 1, ..., n, let W̃i = Wi − W̄n. For all functions t, we have νW
n (t) =

∑n
i=1 W̃it(Xi)/n.

∑n
i=1 W̃i = 0, thus, for all λ inm we have νW

n (Pψλ) = 0.Moreover,

0 = E





(

n
∑

i=1

W̃i

)2


 =
n
∑

i=1

E

(

W̃ 2
i

)

+
n
∑

i6=j=1

E

(

W̃iW̃j

)

= nE(W̃ 2
1 )+n(n−1)E(W̃1W̃2).

The second equality comes from the exchangeability of the weights. Thus, we have

v2
W = E(W̃ 2

1 ) = −(n− 1)
∑

i6=j

E(W̃1W̃2).
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Hence,

v2
WR

2
W =

∑

λ∈m

E
W
(

[νW
n (ψλ)]

2
)

=
∑

λ∈m

E
W
(

[νW
n (ψλ − Pψλ)]

2
)

=
∑

λ∈m

E
W

(

1

n2

n
∑

i,j=1

W̃iW̃j(ψλ(Xi) − Pψλ)(ψλ(Xj) − Pψλ)

)

=
1

n2

∑

λ∈m

n
∑

i=1

E

(

W̃ 2
i

)

(ψλ(Xi) − Pψλ)
2

+
1

n2

∑

λ∈m

n
∑

i6=j=1

E(W̃iW̃j)(ψλ(Xi) − Pψλ)(ψλ(Xj) − Pψλ)

=
v2

W

n

(

Pn

(

∑

λ∈m

(ψλ − Pψλ)
2

)

− Um

)

. (5.37)

On the other hand, easy algebra leads to

‖sm − ŝm‖2
2 =

∑

λ∈m

(

[νn(ψλ)]
2
)

=
1

n

(

Pn

(

∑

λ∈m

(ψλ − Pψλ)
2

)

+ (n− 1)Um

)

.

Thus, we have ‖sm − ŝm‖2
2−R2

W = Um. This proves (5.35). In order to prove (5.36),
just remark that Um is a totally degenerate U -statistic of order 2.

The next lemma is a straightforward application of Bousquet’s version of Talagrand’s
Theorem (see [18]).

Lemma 5.4.3 Let ε > 0, α(ε) = 4(1 + ε−1), β(ε) = 2(1 + ε−1)(ε−1 + 1/3)2. Then,
for all x > 0, with probability larger than 1 − e−x,

‖sm − ŝm‖2
2 ≤ (1+ ε)3

E
(

‖sm − ŝm‖2
2

)

+α(ε)
Φ0

√
Dm ‖s‖2 x

n
+β(ε)

Φ2
0Dmx

2

n2
. (5.38)

and, with probability larger than 1 − e−x,

‖sm − ŝm‖2
2 ≤ (1 + ε)3

E
(

‖sm − ŝm‖2
2

)

+ α(ε)
Φ2

0Dmx

n
+ β(ε)

Φ2
0Dmx

2

n2
. (5.39)

Proof of Lemma 5.4.3:

We apply Inequality (5.28) with bλ = νn(ψλ), and we obtain

‖sm − ŝm‖2 =

√

∑

λ∈m

[νn(ψλ)]2 = sup
P

a2
λ≤1

∑

λ∈m

aλ[νn(ψλ)] = sup
t∈Sm, ‖t‖2≤1

νn(t).

Let ε > 0, κ(ε) = ε−1 + 1/3, Bm = {t ∈ Sm, ‖t‖2 ≤ 1}, v2
m = supt∈Bm

Var(t(X))
and bm = supt∈Bm

‖t‖∞. Talagrand’s Theorem (see for example Bousquet’s version
in Bousquet [18]) states that

∀x > 0, P

(

‖sm − ŝm‖2 > (1 + ε)E (‖sm − ŝm‖2) + vm

√

2x

n
+ κ(ε)

bmx

n

)

≤ e−x.
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For all real numbers y, z, we have (y + z)2 ≤ (1 + ε)y2 + (1 + ε−1)z2. Thus for all
x > 0, we obtain that, with probability less than e−x,

‖sm − ŝm‖2
2 > (1 + ε)3 (E (‖sm − ŝm‖2))

2 +

(

1 +
1

ε

)

(

vm

√

2x

n
+ κ(ε)

bmx

n

)2

.

(5.40)
From Jensen inequality, we have (E (‖sm − ŝm‖2))

2 ≤ E
(

‖sm − ŝm‖2
2

)

, thus using
again the inequality (y + z)2 ≤ 2y2 + 2z2, we obtain

∀x > 0, P

(

‖sm − ŝm‖2
2 > (1 + ε)3

E
(

‖sm − ŝm‖2
2

)

+ α(ε)
v2

mx

n
+ β(ε)

b2mx
2

n2

)

≤ e−x.

(5.41)
From Assumption [M1], we have bm ≤ Φ0

√
Dm and by Cauchy-Schwarz inequality

and Assumption [M1], we have, for all t in Sm such that ‖t‖2 ≤ 1

Var(t(X1)) ≤ Et2(X1) ≤ ‖t‖∞ P |t| ≤ Φ0

√

Dm ‖t‖2 ‖s‖2 ≤ Φ0

√

Dm ‖s‖2 .

Thus v2
m ≤ Φ0

√
Dm ‖s‖2 . Plugging the evaluation of bm and v2

m in (5.41), we obtain

(5.38). Using the inequality Var(t(X1)) ≤ Et2(X1) ≤ ‖t‖2
∞ ≤ Φ2

0Dm, we obtain
(5.39).�

The next lemma is a consequence of (5.26) and of Bernstein’s inequality.

Lemma 5.4.4 We keep the notations of Lemmas 5.4.2 and 5.4.3. For all x ≥ 1,
and all ξ in {−1, 1}, there exists an event Ωx with P(Ωc

x) ≤ 3.8e−x such that, on Ωx,
we have

ξ(R2
W − ER2

W ) ≤ 1

n
+

Φ2
0Dm

n

(

5.7

√
x

n
+ 9

x

n
+ 384

(x

n

)3/2

+ 1020
(x

n

)2
)

. (5.42)

Proof :

From (5.37), we have ER2
W = P

(
∑

λ∈m(ψλ − Pψλ)
2
)

, thus

R2
W − ER2

W =
1

n

(

νn

(

∑

λ∈m

(ψλ − Pψλ)
2

)

− Um

)

. (5.43)

Let Tm =
∑

λ∈m(ψλ − Pψλ)
2. Since the constant functions are assumed to belong

to Sm, for all function t in Sm, t− Pt belongs to Sm. Thus, from assumption [M1],
bm ≤ Φ2

0Dm. We apply inequality (5.29) with Λm = m and we obtain

nE(R2
W ) = PTm ≤ ‖Tm‖∞ ≤ Φ2

0Dm. (5.44)

Thus, from Bernstein’s inequality, we have

∀x > 0, P

(

ξνn(Tm) >

√

2Φ2
0Dmx

n
+

Φ2
0Dmx

3n

)

≤ e−x.

We apply the inequality yz ≤ y2/4 + z2 to y =
√

2Φ2
0Dmx/n and z = 1 and we

obtain

∀x > 0, P

(

ξνn(Tm) > 1 +
Φ2

0Dmx

n

)

≤ e−x. (5.45)
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In order to control the U -statistic, we use inequality (5.26) with Λm = m and
v2

m = supt∈Bm
Var(t(X)). For all x > 0, there exists an event Ωx with P(Ωc

x) ≤ 2.8e−x

such that, on Ωx

ξUm ≤ 5.7vm
Φ0

√
Dmx

n
+ 8v2

m

x

n
+ 384

√
vm

(

Φ0

√
Dmx

n

)3/2

+ 1020

(

Φ0

√
Dmx

n

)2

.

(5.46)
For all t in Bm, from Assumption [M1], we have ‖t‖∞ ≤ Φ0

√
Dm, thus Var(t(X)) ≤

‖t‖2
∞ ≤ Φ2

0Dm. In particular v2
m ≤ Φ2

0Dm. We plug (5.46) and (5.45) in (5.43) to
conclude the proof of Lemma 5.4.4.

Conclusion of the proof of Theorem 5.2.1.
Let x ≥ 1, ε > 0. From Inequality (5.38) of Lemma 5.4.3, we have, on an event Ω2

such that P(Ωc
2) ≤ e−x,

‖sm − ŝm‖2
2 ≤ (1 + ε)3

E
(

‖sm − ŝm‖2
2

)

+ α(ε)
Φ0

√
Dm ‖s‖2 x

n
+ β(ε)

Φ2
0Dmx

2

n2
.

From Lemma 5.4.2, we have E
(

‖sm − ŝm‖2
2

)

= E (R2
W ), thus, on Ω2

‖sm − ŝm‖2
2 ≤ (1 + ε)3

E
(

R2
W

)

+ α(ε)
Φ0

√
Dm ‖s‖2 x

n
+ β(ε)

Φ2
0Dmx

2

n2
.

From Lemma 5.4.4, there exists an event Ω3 with P(Ωc
3) ≤ 3.8e−x such that, on Ω3

E
(

R2
W

)

≤ R2
W +

1

n
+

Φ2
0Dm

n

(

5.7

√
x

n
+ 9

x

n
+ 384

(x

n

)3/2

+ 1020
(x

n

)2
)

≤ R2
W +

1

n
+

Φ2
0Dm

n2

(

14.7 +
384√
n

+
1020

n

)

x2.

In the last inequality, we use the inequality x ≥ 1. Therefore, on Ω2 ∩ Ω3, we have

‖sm − ŝm‖2
2 ≤ (1 + ε)3(R2

W +
1

n
) + α(ε)

Φ0

√
Dm ‖s‖2 x

n
+Kn(ε)

Dmx
2

n2
.

This concludes the proof of (5.4). In order to prove (5.5), we use inequality (5.39)
of Lemma 5.4.3 rather than (5.38).

5.4.2 Proof of Corollary 5.2.2:

The covering properties are straightforward from Theorem 5.2.1. When ln(1/α) ≤
C∗n, we have Dm(ln(1/α))2/n2 ≤ C∗Dm ln(1/α)/n and when ln(1/α) ≤ C∗n/

√
Dm,

we have
Dm(ln(1/α))2

n2
≤ C∗

√
Dm ln(1/α)

n
.

Moreover, from Inequality (5.44), we have E(R2
W ) ≤ Φ2

0Dm/n. Thus the bound in
expectation is proved. From inequalities (5.42) and (5.44), there exists a constant
C such that

P

(

R2
W > C

Dm

n

(

1 +
(ln(1/β))2

n

))

≤ β.

When ln(1/β) ≤ C∗n, we have (ln(1/β))2/n ≤ C∗ ln(1/β) and when ln(1/β) ≤
C∗n/

√
Dm, we have Dm(ln(1/β))2/n ≤ C∗

√
Dm ln(1/β)/n. This concludes the proof

of the upper bound in probability.



146 CHAPTER 5. CONFIDENCE BALLS IN DENSITY ESTIMATION

5.4.3 Proof of Proposition 5.2.3:

The proof is decomposed in two lemmas.

Lemma 5.4.5 Let us assume (5.9-5.10). For all s in Sm, we have

Ps

(

‖s− ŝ‖2
2 > d2

m

)

≤ α + β. (5.47)

Proof of Lemma 5.4.5:

Ps [‖s− ŝ‖2 > dm] = Ps [‖s− ŝ‖2 > dm ∩ dm ≥ r̂] + Ps [‖s− ŝ‖2 > dm ∩ dm < r̂]

≤ Ps [‖s− ŝ‖2 > r̂] + Ps [dm < r̂] ≤ α + β.

Lemma 5.4.6 Let δ = α + β and let dm(δ) be any real number satisfying (5.47).
Then we have

d2
m(δ) ≥ Dm − 1

2n
− 1

n

√

√

√

√2(Dm + 1) ln

[

√

1 + (Dm + 1)n−1

1 − δ

]

.

Remark: When Dm ≥ 3 + 18 log(
√

2/(1 − δ)) and n ≥ Dm + 1, we have

√

√

√

√2(Dm + 1) ln

[

√

1 + (Dm + 1)n−1

1 − δ

]

≤ Dm − 1

3
,

thus d2
m(δ) ≥ (Dm − 1)/(6n).

Proof :

We prove that if

d2
m(δ) =

Dm − 1

2n
− 1

n

√

√

√

√2(Dm + 1) ln

[

√

1 + (Dm + 1)n−1

1 − δ

]

then

inf
s∈Sm

Ps [‖s− ŝ‖2 ≤ dm(δ)] ≤ 1 − δ.

Let s0 = 1[0,1), m = {1, ..., [Dm/2]} and for all λ in m, let

ψλ =

√

Dm

2

(

1[2(λ−1)/Dm,(2λ−1)/Dm) − 1[(2λ−1)/Dm,2λ/Dm)

)

.

It is easy to check that (ψλ)λ∈m is an orthonormal system in Sm, orthogonal to s0

such that, for all λ in m, ‖ψλ‖∞ ≤
√

Dm/2. Let ŝ0 =
∫

ŝs0dµ and for all λ in

m, let β̂λ =
∫

ŝψλdµ. Let (ξλ)λ∈m be independent Rademacher random variables,
independent of X1, ..., Xn, let ρ be some real number to be chosen later and let
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sξ = s0+ρ
∑

λ∈m ξλψλ. The ψλ have distinct support, thus
∥

∥

∑

λ∈m |ψλ|
∥

∥

∞ ≤
√

Dm/2

and sξ is a density if −
√

2/Dm ≤ ρ ≤
√

2/Dm. We have

inf
s∈Sm

Ps [‖s− ŝ‖2 ≤ dm(δ)] ≤ Psξ

[

‖sξ − ŝ‖2
2 ≤ d2

m(δ)
]

= Esξ

(

1
(1−ŝ0)2+

P

λ∈m(ρξλ−β̂λ)
2≤d2

m(δ)

)

=

∫ 1

0

(

1
(1−ŝ0)2+

P

λ∈m(ρξλ−β̂λ)
2≤d2

m(δ)

)

sξdµ.(5.48)

We have
∑

λ∈m

(

ρξλ − β̂λ

)2

=
∑

λ∈m

ρ2 − 2ρξλβ̂λ + β̂2
λ ≥

∑

λ∈m, ρξλβ̂λ≤0

ρ2 − 2ρξλβ̂λ + β̂2
λ ≥ ρ2N(ξ, ŝ).

(5.49)

where N(ξ, ŝ) = Card({λ ∈ m, ρξλβ̂λ ≤ 0}) =
∑

λ∈m 1{ρξλβ̂λ≤0}. If we plug (5.49) in

(5.48), we obtain

inf
s∈Sm

Ps [‖s− ŝ‖2 ≤ dm(δ)] ≤
∫ 1

0

1ρ2N(ξ,ŝ)≤d2
m(δ)sξdµ.

We integrate with respect to ξ and we apply Fubbini’s theorem, we obtain

inf
s∈Sm

Ps [‖s− ŝ‖2 ≤ dm(δ)] ≤
∫ 1

0

Eξ

(

1ρ2N(ξ,ŝ)≤d2
m(δ)sξ

)

dµ. (5.50)

From Cauchy-Schwarz inequality, we have

E
2
ξ

(

1ρ2N(ξ,ŝ)≤d2
m(δ)sξ

)

≤ Pξ

(

ρ2N(ξ, ŝ) ≤ d2
m(δ)

)

Eξ

(

s2
ξ

)

. (5.51)

We have Eξs
2
ξ = s2

0 + ρ2
∑

λ∈m ψ
2
λ. For all λ in m,

∫ 1

0
ψ2

λ = 1, thus

∫ 1

0

Eξs
2
ξdµ = 1 + ρ2[Dm/2]. (5.52)

Moreover, conditionally to ŝ, N(ξ, ŝ) is a sum of [Dm/2] independent random vari-
ables valued in {0, 1}. Thus, from Hoeffding’s inequality, we have

∀t > 0, Pξ

(

N(ξ, ŝ) ≤ Eξ (N(ξ, ŝ)) −
√

[Dm/2]t
)

≤ e−2t. (5.53)

We have

Eξ (N(ξ, ŝ)) =
∑

λ∈m

Eξ

(

1ξλβ̂λ≤0

)

≥ [Dm/2]

2
.

We choose

t = ln

[

√

1 + ρ2[Dm/2]

1 − δ

]

, ρ =

√

2

n
≤
√

2

Dm

.

Since (Dm − 1)/2 ≤ [Dm/2] ≤ (Dm + 1)/2, we have

t ≤ ln

[

√

1 + (Dm + 1)/n

1 − δ

]

, Eξ (N(ξ, ŝ)) ≥ Dm − 1

4
.
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Thus
{ρ2N(ξ, ŝ) ≤ d2

m(δ)} ⊂ {N(ξ, ŝ) ≤ Eξ (N(ξ, ŝ)) −
√

[Dm/2]t}.
Hence, from (5.53), we have

Pξ

(

ρ2N(ξ, ŝ) ≤ d2
m(δ)

)

≤ (1 − δ)2

1 + ρ2[Dm/2]
. (5.54)

We plug inequalities (5.52) and (5.54) in (5.51) to obtain

∫ 1

0

E
2
ξ

(

1Dmρ2N(ξ,ŝ)≤d2
m(δ)sξ

)

≤ (1 − δ)2.

Thus, from (5.50) and Jensen inequality, we have

inf
s∈Sm

Ps [‖s− ŝ‖2 ≤ dm(δ)] ≤ 1 − δ.

5.4.4 Proof of Theorem 5.3.1:

We decompose the proof into two lemmas.

Lemma 5.4.7 Let S(2rm) = {t ∈ S − Sm ; ‖t− s0‖2 ≥ 2rm}. Under the assump-
tions of Theorem 5.3.1, there exists a test φ such that

Ps0(φ) ≥ 1 − α, inf
s∈S(2rm)

Ps(1 − φ) ≥ 1 − (α + β).

Proof of Lemma 5.4.7:

Let φ = 1s0∈B(ŝ,r̂). From Inequality (5.15), we have Ps0(φ) ≥ 1 − α. Moreover,
for all s in S(2rm), we have

Ps(φ) = Ps(s0 ∈ B(ŝ, r̂)) = Ps(‖s0 − ŝ‖2 ≤ r̂)

≤ Ps(‖s0 − s‖2 − ‖s− ŝ‖2 ≤ r̂) ≤ Ps(‖s− ŝ‖2 ≥ 2rm − r̂)

= Ps(‖s− ŝ‖2 ≥ 2rm − r̂ ∩ r̂ > rm) + Ps(‖s− ŝ‖2 ≥ 2rm − r̂ ∩ r̂ ≤ rm)

≤ Ps(r̂ > rm) + Ps(‖s− ŝ‖2 ≥ r̂) ≤ β + α.�

The second lemma gives the separation rate for the test of null hypothesis H0 : s = s0

Lemma 5.4.8 Let η = 2(1− 2α−β), let Φα be the set of functions φα taking value
in {0, 1} such that P⊗n

s0
(φα) ≥ 1−α, let r be a positive real number and S(r) be the

set of all densities s in S such that ‖s− s0‖2 ≥ r.
Let β (S(r)) = infφα∈Φα sups∈S(r) P

⊗n
s (φα).

If D ≥ 10 and r2 ≤
√

ln(1 + η2)/3.2(
√
D − 1/n) then β (S(r)) ≥ β + α.

Comments: From Lemmas 5.4.7 and 5.4.8, we deduce that

r2
m ≥

√

ln(1 + η2)

3.2

√
D − 1

4n
.

Thus the proof of Lemma 5.4.8 concludes the proof of Theorem 5.3.1.
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Proof of lemma 5.4.8:

It is clear that the function β (S(r)) is non-increasing with r. Thus we take

r2 =
√

ln(1 + η2)/3.2
√
D − 1/n and we want to prove that β (S(r)) ≥ α + β. Let

µr be a probability measure on S(r) and let Pµr =
∫

Psdµr, then we have

β (S(r)) ≥ inf
φα∈Φα

P⊗n
µr

(φα)

= inf
φα∈Φα

(

P⊗n
µr

(φα) − P⊗n
s0

(φα) + P⊗n
s0

(φα)
)

≥ 1 − α+ inf
φα∈Φα

(

P⊗n
µr

(φα) − P⊗n
s0

(φα)
)

(5.55)

≥ 1 − α− sup
A ; P⊗n

s0
(A)≤α

∣

∣P⊗n
µr

(A) − P⊗n
s0

(A)
∣

∣

≥ 1 − α− 1/2
∥

∥P⊗n
µr

− P⊗n
s0

∥

∥

TV
(5.56)

where ‖.‖TV denote the total variation distance. We can easily compute this distance
if P⊗n

µr
is absolutely continuous with respect to P⊗n

s0
. If Lµr = dP⊗n

µr
/dP⊗n

s0
, we have

∥

∥P⊗n
µr

− P⊗n
s0

∥

∥

TV
= Es0 |Lµr(X1, ..., Xn) − 1| ≤

(

P⊗n
s0

(

L2
µr

)

− 1
)1/2

and then

β (S(r)) ≥ 1 − α−

√

P⊗n
s0

(

L2
µr

)

− 1

2
. (5.57)

From (5.56) and (5.57), β (S(r)) ≥ α + β if P⊗n
s0

(

L2
µr

)

≤ 1 + η2. Let us now give a

probability measure on S(r) such that P⊗n
s0

(

L2
µr

)

≤ 1 + η2.
Let (ψλ)λ=1,...,[D/2] be the following orthonormal system. Let ψ0 = s0, φ = 1[0,1/2) −
1[1/2,1) and for all λ = 1, ..., [D/2], ψλ =

√

D/2φ(Dx/2 − (λ − 1)). We have
∥

∥

∥

∑[D/2]
λ=1 |ψλ|

∥

∥

∥

∞
≤
√

D/2.We denote by µr the law of sξ = s0+r
∑[D/2]

λ=1 ξλψλ/
√

[D/2]

where ξ = (ξλ)λ=1,...,[D/2] are independent Rademacher random variables. Since

2α+ β < 1, η2 ≤ 4 and ln(1 + η2) ≤ ln(5).
√
D ≤ n, hence

r2 ≤
√

ln(5)

3.2

√
D − 1

n
≤ 1.

Finally, we have
∥

∥

∥

∑[D/2]
λ=1 ξλψλ

∥

∥

∥

∞
/
√

[D/2] ≤ 1, thus sξ is a real density. Since

(ψλ)λ=1,..,[D/2] is an orthonormal system, we have ‖sξ − s0‖2 = r, thus sξ belongs to
S(r) and µr is a law on S(r). Moreover

dP⊗n
sξ

dP⊗n
s0

(x1, .., xn) =
n
∏

α=1



1 +
r

√

[D/2]

[D/2]
∑

λ=1

ξλψλ(xα)



 .

Thus

Lµr(x1, .., xn) =
1

2[D/2]

∑

ξ∈{−1,1}[D/2]

n
∏

α=1



1 +
r

√

[D/2]

[D/2]
∑

λ=1

ξλψλ(xα)



 .
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Hereafter, in order to symplify the notations, we write
∑

ξ instead of
∑

ξ∈{−1,1}[D/2]

and
∑

λ instead of
∑[D/2]

λ=1 . Let Φ(r, ξ) = r
∑

λ ξλψλ/
√

[D/2], we have

L2
µr

(x1, .., xn) =
1

22([D/2])

∑

ξ,ξ′

n
∏

α=1

(1 + Φ(r, ξ)(xα)) (1 + Φ(r, ξ′)(xα)) .

P⊗n
s0

(L2
µr

) =
1

22[D/2]

∑

ξ

∑

ξ′

n
∏

α=1

Ps0 (1 + Φ(r, ξ) + Φ(r, ξ′) + Φ(r, ξ)Φ(r, ξ′)) .

For all λ 6= λ′ = 1, ..., [D/2], ψλψλ′ = 0, thus

Φ(r, ξ)Φ(r, ξ′) =
r2

[D/2]

(

∑

λ

ξλψλ

)(

∑

λ

ξ′λψλ

)

=
r2

[D/2]

∑

λ

ξλξ
′
λψ

2
λ.

For all λ = 1, ..., [D/2] and all α = 1, ..., n, Ps0(ψλ) = 0, Ps0(ψ
2
λ) = 1, thus

P⊗n
s0

(L2
µr

) ≤ 1

22[D/2]

∑

ξ

∑

ξ′

(

1 +
r2

[D/2]

∑

λ

ξλξ
′
λ

)n

=
1

22[D/2]

∑

ξ

[D/2]
∑

l=0

∑

ξ′;Card(λ, ξ′λ=ξλ)=l

[

1 +
r2

[D/2]
(2l − [D/2])

]n

=
1

2[D/2]

[D/2]
∑

l=0

C l
[D/2]

[

1 +
r22l

[D/2]
− r2

]n

For all real numbers u ≥ −1, we have 0 ≤ 1 + u ≤ eu, thus (1 + u)n ≤ enu. Since
r2 ≤ 1, we can apply this inequality to all the ul = (2l/[D/2] − 1)r2 and we obtain

P⊗n
s0

(L2
µρ

) ≤ 1

2[D/2]

[D/2]
∑

l=0

C l
[D/2] exp

(

r22nl

[D/2]
− nr2

)

=
e−nr2

2[D/2]

(

exp

(

r22n

[D/2]

)

+ 1

)[D/2]

Thus, P⊗n
s0

(

L2
µr

)

≤ 1 + η2 if

−nr2 + ([D/2]) ln





exp
(

r22n
[D/2]

)

+ 1

2



 ≤ ln(1 + η2).

For all positive u, ln(1 + u) ≤ u, thus, we only have to prove that

−nr2 +
[D/2]

2

(

exp

(

r22n

[D/2]

)

− 1

)

≤ ln(1 + η2).

[D/2] ≥ (D − 1)/2 and D ≥ 10, thus

r22n

[D/2]
= 2

√

ln(1 + η2)

3.2

√
D − 1

[D/2]
≤ 4 ∗ 0.71√

D − 1
≤ 1.

For all real numbers x in [0, 1], we have ex ≤ 1+x+3.2x2, thus exp (r22n/([D/2]))−
1 ≤ r22n/([D/2]) + 3.2 (r2n/([D/2]))

2
. Hence

−nr2+
[D/2]

2

(

exp

(

r22n

[D/2]

)

− 1

)

≤ 1.6r4n2/([D/2]) ≤ D − 1

2[D/2]
ln(1+η2) ≤ ln(1+η2).
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5.4.5 Proof of Proposition 5.3.2:

Inequalities (5.18) and (5.19) are trivial when x ≤ 1, thus we prove them for x ≥ 1.
Um is a totally degenerate U -statistic of order 2. We want to apply inequality (5.26)
with Λm = Λ − m. Let S ′

m be the linear span of (ψλ)λ∈Λ−m. Since s satisfies
assumption [D], we have v2

m = supt∈B1(S′
m) Var(t(X)) ≤ supt∈B1(S′

m) Pt
2 ≤ M . Since

the constant functions belongs to Sn, for all function t in Sn, t− Pt belongs to Sn.
Thus, from Assumption [M1], we have

bm = sup
t∈B1(S′

m)

‖t− Pt‖∞ ≤ sup
t∈B1(Sn)

‖t− Pt‖∞ ≤ sup
t∈B1(Sn)

‖t‖∞ ≤ Φ0

√
D.

From inequality (5.26), we have, with probability larger than 1 − 2.8e−x

ξUm ≤ 5.7
√
M

Φ0

√
Dx

n
+ 8M

x

n
+ 384Φ0

√
MD

(x

n

)3/2

+ 1020

(

Φ0

√
Dx

n

)2

.

We apply inequality 2yz ≤ εy2 + ε−1z2 to y =
√

Mx/n and z = Φ0

√
Dx/n and we

obtain, with probability larger than 1 − 2.8e−x

ξUm ≤ 5.7
Φ0

√
MDx

n
+ (8 + 192ε)M

x

n
+

(

1020 +
192

ε

)

Φ2
0

Dx2

n2
. (5.58)

This proves (5.18). In order to prove (5.19), note that

Vm − ‖sm − sn‖2
2 = Um +

2

n

n
∑

i=1

∑

λ∈Λ−m

Pψλ(ψλ(Xi) − Pψλ). (5.59)

Equality (5.59) corresponds to the Hoeffding’s decomposition of the U -statistic Vm.
Let

T (x) =
∑

λ∈Λ−m

Pψλ(ψλ(x) − Pψλ) = (sn − sm)(x) − P (sn − sm).

Since sn − sm belongs to S, we have

‖sn − sm‖∞ ≤ Φ0

√
D ‖sm − sn‖2 .

Thus, ‖T‖∞ ≤ 2Φ0

√
D ‖sm − sn‖2. Moreover, from Assumption [D], we have

PT 2 ≤ P (sn − sm)2 ≤ M ‖sn − sm‖2
2 .

Thus Bernstein’s inequality gives

∀x > 0, P



ξPnT >

√

2M ‖sn − sm‖2
2 x

n
+

2Φ0

√
D ‖sm − sn‖2 x

3n



 ≤ e−x.

Since 2ab ≤ a2/4 + 4b2, we obtain, for all x > 0,

P

(

ξ
2

n

n
∑

i=1

∑

λ∈Λ−m

Pψλ(ψλ(Xi) − Pψλ) >
1

2
‖sm − sn‖2

2 + 8M
x

n
+

16Φ2
0Dx

2

9n2

)

≤ e−x.

(5.60)
Plugging inequalities (5.18) and (5.60) in (5.59), we obtain (5.19).
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5.4.6 Proof of Theorem 5.3.3:

From Pythagoras theorem, we have, for all m ∈ Mn

‖s− ŝm‖2
2 = ‖s− sn‖2

2 + ‖sn − sm‖2
2 + ‖sm − ŝm‖2

2 ≤ η2 + ‖sn − sm‖2
2 + ‖sm − ŝm‖2

2 .
(5.61)

Since s satisfies Assumption [D], we have ‖s‖2
2 ≤ M , thus for allm in Mn, Inequality

(5.4) in Theorem 5.2.1 ensures that

Ps

(

‖sm − ŝm‖2
2 > v2

m

)

≤ αm and Ps

(

‖sn − ŝn‖2
2 > R2

n

)

≤ α/2.

Inequality (5.19) in Proposition 5.3.2 gives Ps

(

‖sn − sm‖2
2 > b2m

)

≤ αm. Hence

Ps

(

s /∈ B(s̃, R̃)
)

≤ Ps

(

∃m ∈ Mn ∪ {n}, s /∈ B(ŝm, R
2
m)
)

= Ps

(

‖sn − ŝn‖2
2 > R2

n

)

+ Ps

(

∃m ∈ Mn, ‖sn − ŝm‖2
2 > b2m + v2

m

)

≤ α

2
+
∑

m∈Mn

Ps

(

‖sn − sm‖2
2 > b2m

)

+ Ps

(

‖ŝm − sm‖2
2 > v2

m)
)

≤ α

2
+ 2

∑

m∈Mn

αm ≤ α,

where we use successively the definition of R̃, the decomposition (5.61) and
∑

m∈Mn
αm ≤

α/4. Since xm ≤ C∗(n/
√
D)2/3, we have Dx2

m/n
2 ≤ C∗

√
Dxm/n. Moreover, when

d(sn, Sm) ≤ ηm, Inequality (5.19) in Proposition 5.3.2 gives a constant C such that

Ps

(

Vm >
3

2
η2

m +
C

n

(

√

Dxm + xm

)

)

≤ β

2
. (5.62)

Since
√
D ≤ n, we have xm ≤ C∗(n/

√
D)2/3 ≤ C∗n/

√
D ≤ C∗n/

√
Dm. Thus, from

Corollary (5.2.2), there exists a constant C such that

P

(

v2
m >

C

n

(

Dm +
√

Dmxm

)

)

≤ β

2
. (5.63)

Thus, when d(sn, Sm) ≤ ηm, there exists a constant C which may vary from line to
line such that

Ps

(

R̃2 >
C

n

(

Dm +
√

Dmxm +
√

Dxm

)

+ η2 + 3η2
m

)

≤ Ps

(

R2
m >

C

n

(

Dm +
√

Dmxm +
√

Dxm

)

+ η2 + 3η2
m

)

≤ Ps

(

v2
m + b2m >

C

n

(

Dm +
√

Dmxm +
√

Dxm

)

+ 3η2
m

)

≤ Ps

(

v2
m >

C

n

(

Dm +
√

Dmxm

)

)

+ Ps

(

b2m >
C

n

(

√

Dxm + xm

)

+ 3η2
m

)

≤ Ps

(

Vm >
3

2
η2

m +
C

n

(

Dm +
√

Dmxm

)

)

+
β

2
≤ β,

where we use successively the inequality R̃ ≤ Rm, the definition of Rm, Inequalities
(5.21) and (5.63) and Inequality (5.62).
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5.4.7 Proof of Corollary 5.3.4:

Since αm = α/(4|Mn|), we have ln(1/αm) ≤ C ln((lnn)/α) ≤ C
√

n/D. When s
belongs to Bw,2,∞(M1), inequality (5.25) ensures that

d2(s, Sn) ≤ M2
1

4(4w − 1)
2−2Jw

so that the covering property is straightforward from (5.23). Our choices of αm and
D imply that

η2 ≤ C(n/
√

ln(lnn))−4w/(4w+1) and that
√

Dxm/n ≤ C(n/
√

ln(lnn))−4w/(4w+1).

When s belongs to Bv,2,∞(M1) for some v ≥ w, then inequality (5.25) ensures that

d2(s, Sm) ≤ M2
1

4(4v − 1)
2−2Jmv.

We apply Inequality (5.24) with η2
m = M2

1 2−2Jmv/(4(4v − 1)) to the space Sm such
that n1/(2v+1)/2 ≤ Dm ≤ n1/(2v+1). We have Dm/n ≤ n−2v/(2v+1) and there exists a
constant C such that η2

m ≤ Cn−2v/(2v+1). This proves the result.
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[15] L. Birgé and P. Massart. From model selection to adaptive estimation. In
Festschrift for Lucien Le Cam, pages 55–87. Springer, New York, 1997.
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